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Chapter I1II.1

Boundary conditions and
Chan—Paton factors

I1I.1.1 An endpoint turns a string into a brane probe

A closed string has no distinguished point at which it can be attached to a surface. An
open string has two such points. If they may move along some spacetime directions
but must remain at specified positions in the others, the surface they sweep out is a
D-brane worldvolume. The same boundary data that locate the brane also decide which
string vibrations can move on it. They will eventually give a vector field along the
worldvolume and scalars that record motion normal to it.

There is a second piece of information at each end: which brane receives it. For a
stack, the ordered pair of endpoint labels is a matrix index. A string from brane 1 to
brane 2 is then a different state from one going from 2 to 1. When the branes meet,
the states that had to span the gap become light and complete a larger matrix algebra.
We will follow that chain through five concrete operations: solve the boundary problem,
count the first physical oscillators, multiply endpoint matrices, compare stretched-string
and quadratic field-theory masses, and impose one geometric projection.

The setting is a flat ten-dimensional type-II background with parallel, oriented
Dp-branes of the same kind. Both endpoints have matching Neumann and Dirichlet
directions. There is no background B field, flux, Wilson line, compact winding or mixed
ND coordinate. Time is Neumann. For ordinary BPS branes, p is odd in type IIB
and even in type ITA. The massless spectrum below uses the sourced GSO projection;
solving a classical wave equation alone does not derive that projection.

After this chapter one should be able to solve an unequal fixed-endpoint coordinate,
obtain the position-scalar normalization, count the eight first-level bosonic modes for
D1, D3 and D9, construct an oriented U(2) endpoint algebra, and calculate a local Zs
invariant matrix spectrum. Volume II, Chapter 1 supplied the free strip normalization,
and Volume II, Chapter 4 supplies the RNS origin of the GSO premise. Chapter 2
will treat boundary states, while Chapters 3 and 4 will give brane effective actions and
nonabelian field dynamics. The orbifold example points ahead to Volume VI, Chapter 2.



I11.1.2 Neumann and Dirichlet data

Which boundary condition lets a string endpoint travel along a hypersurface while
holding its normal coordinate fixed? In conformal gauge take 0 < o < 7, gy =
diag(—1,+1), and T = 1/(27a’). A dot and a prime mean 9, and 9,. For the free
coordinate action,

1 Q .
geoy /dT/ do (X' X, — X"X!),  nu = diag(—1,+1,...,+1). (IIL1.1)
0

Sx =

Varying X and integrating by parts in both coordinates gives a bulk wave equation and
a spatial boundary term. We fix the temporal end slices in the variation, so their terms
vanish:

1 ” .. 1 o—m
SSx =g [ ar / do 6, (X0 = ) = 2 [ar(ax, x5z )

The first term sets X — X” = 0. At either spatial end the second term can vanish in
two different ways. A freely varied endpoint coordinate has X’ = 0, called Neumann or
NN when imposed at both ends. A fixed coordinate has § X = 0, called Dirichlet or DD
at both ends. The choice applies to each target coordinate separately:

0y X 0 (a=0,...,p), XN (1,0 =Yy, X'(rm =Y (I=p+1,...,9).

(IT1.1.3)
The p + 1 tangent coordinates include time. The 9 — p normal positions Yy, Y{ specify
the two branes on which the endpoints lie. Figure II1.1.1 keeps their identities fixed
while changing only the separation.

To see why these conditions produce different oscillator bases, solve one spatial
eigenvalue problem before assembling the full wave. Put X(7,0) = ¢(7)f(o) for a
nonzero frequency n. The bulk equation separates into § +n?q = 0 and f” +n%f =0,
with general spatial solution A cos(no)+ Bsin(no). At o = 0, NN requires B = 0 while
DD fluctuations require A = 0. The second endpoint then quantizes n to a positive
integer in either case:

|O,7r -

fanon(o) = cos(no), fop,n(0) = sin(no), n=12.... (I11.1.4)

The zero-frequency equation is different: f” = 0 gives A + Bo. NN sets B = 0 and
leaves a freely moving constant coordinate; fixed DD data determine both A = Yy and
B = (Y1 — Yy)/m. This limiting calculation explains why the DD affine piece must be
written separately from its positive-frequency sine series. It is not the n — 0 value of
sin(no) with an arbitrary free coefficient.
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Figure III.1.1: Two parallel branes D](ol) and D,(,2) with the same worldvolume z direction
and normal y direction. Panel (a) has AY =Y, — Y7 # 0; the oriented (1, 2) string runs
from ¢ = 0 to o = 7. Panel (b) moves the same two branes to Y7 = Y. Dashed overlap
distinguishes their labels, even though the geometric gap vanishes. This drawing fixes
endpoint order and geometry; the mass calculation follows below.

The bulk equation is linear, so solve it by separating the endpoint profile from the
oscillations. A Neumann coordinate admits the constant spatial mode and the cosine
harmonics. Their time-dependent coefficients yield

a
X%1,0) = 2%+ 2a/p*T + 2\/@2 In g=in cos(no), a®, = (e, (IIL.1.5)
n#0 n
Indeed 0, cos(no) = —nsin(no) vanishes at 0, 7, whereas the spatial constant is the only
zero-frequency Neumann solution with unconstrained temporal drift. Its normalization
is fixed by the conserved tangent momentum. With I1% = X /(2ma’), orthogonality of
the cosine modes gives

™ 1 s
P* = / doT1¢ = / do (2a'p®) = p“. (IT1.1.6)
0 0

2ma’

Thus the coefficient 2a/p® is a physical normalization, not a choice that can be halved
when the interval is [0, 7].

For a normal DD coordinate, the spatial zero-frequency solution is instead an affine
segment. A convenient real sine expansion writes

Y
XN ro) =Yy + +—L0o+ Z g, (7) sin(no) ik +n?q =0. (II1.1.7)

The sine terms vanish at both ends. The affine piece satisfies X" = 0 and fixes both
positions. A term c¢’7 would change the endpoint positions and is therefore forbidden
by the fixed DD data. In particular, there is no independent normal momentum zero
mode. Integrated normal oscillator momentum can still be nonzero at an instant: fixed
endpoints exert a force and break normal translation invariance. The affine slope on a
noncompact normal line is a physical stretch, not winding around a circle.

Take the explicit one-coordinate data o’ = 2, Yy = —7 and Y; = 4n. The unique
zero-frequency normal profile is
A — (—
Xa(o) = —7 + il G0 P Xa(0) = -7, Xa(n)=4r.  (IILL8)
T



Its derivative is five and its physical length is 57. The classical string tension therefore
contributes the rest energy
Y1 —Ys] 57 5
E =TV1 - Y|=—""——=—=-. 111.1.9
stretch | 1 O| 27_‘_&, 47T 4 ( )
Squaring gives 25/16 for the corresponding classical contribution to M?2. The worldsheet
constraint gives the same coefficient: the affine piece enters the spatial integral as
2_ Y1 — YO‘Q’ AM2 — Y1 — Yo|?
42 (2ra’)?

(I11.1.10)

4o

The first quantity is the Ly contribution in these strip conventions; its conversion to
M? divides by o/. This result describes parallel matching NN/DD ends. A coordinate
with one N and one D end has different oscillators and belongs to another chapter. The
distinction between NN drift and DD stretch will also matter when the separation is
read as a scalar expectation value.

For more than one normal coordinate, the classical profile is a straight segment in
the normal Euclidean space. If two endpoints differ by AY?P+! = 3¢ and AYP+2 = 4/,
with all other normal differences zero, the string length is 5¢, not 7¢. Both normal
slopes enter the constraint quadratically:

2502

AY|]? = 2 4 (40)% = 2507 AM? = = |
AY]? = (30)° + (40)” = 250, a7

(I11.1.11)

This geometric check is useful later when several scalar expectation values differ. A
vector of displacements produces one stretch mass through its norm. It does not create
a separate additive mass for each coordinate before squaring.

The boundary conditions also control how worldsheet energy and target momentum
cross an endpoint. In the free theory the momentum density and its normal flux obey a
local continuity equation,

Xﬂ o XIIL

L A O A (I.1.12)

Integrating the last equation shows exactly why tangent momentum is conserved: the
NN endpoint condition sets both tangent fluxes to zero. In a DD direction the slope can
exert a force on each fixed endpoint, so the string alone need not conserve its integrated
normal momentum,

o (I11.1.13)
i

d " T ks
— do 1} = —[II7]; =
T Jo
For the static affine profile both endpoint slopes coincide, making the net force on the
string zero, while the individual endpoint forces are opposite and nonzero. An oscillator
can make the two slopes unequal and transfer normal momentum to the branes. This is
why absence of a DD zero-mode charge is stronger than the false statement that every
normal momentum integral must vanish instantaneously.



One can also check the energy result directly without naming a mode operator.
The static Hamiltonian density is 7(X’)?/2 in conformal gauge, but a static stretched
string satisfying the constraints also has a target-time contribution. With static gauge
X0 =¢7/7 and X! = AY !5 /m, the Virasoro constraint fixes £ = |[AY|. Integrating the
target-time momentum then yields

1 T . AY

= / do X0 = 1aY]_ T|AY . (IT1.1.14)
2mal Jo 2mad

Thus the tension argument and the constrained strip solution agree. The chosen target-

time gauge is a check on the static classical string, not a new condition imposed on the

quantum oscillators.

I11.1.3 Light states on one brane

Which of these open-string vibrations becomes a field living on the brane? In the critical

type-II NS sector the zero-point energy is Ensg = f%. We use a positive intercept

ans = —FEns = —|—% in a subtractive mass formula. For equal endpoints, the sourced
GSO projection removes the NS vacuum and retains the first state made by one 1_; /o

oscillator:
1
a’'M? = Nys —ans,  Nns(¥¥) ,|0:k)) = > M? =0. (II1.1.15)

The eight transverse bosonic polarizations at this level are a physical spectrum premise
of the type-II theory. The finite calculation here is the way those eight modes split under
the brane’s tangent and normal rotations. It does not supply a derivation of the GSO
projection or the consistency of the complete open/closed theory. The bosonic-string
intercept @ = 1 of Volume II, Chapter 1 cannot be substituted into this NS formula.
For p > 1 choose a nonzero null momentum tangent to the brane. Transversality
and the gauge equivalence of a massless vector remove the longitudinal and temporal
components of A,. The tangent vector has (p + 1) — 2 = p — 1 local propagating
polarizations. Every normal coordinate provides one scalar polarization. Consequently

S = -1y + O-p .,
SO(8) transverse A, local modes &I normal modes (111.1.16)

1<p<9,  kk®=0, ky#0.

The hypothesis of nonzero null worldvolume momentum is essential to this light-cone
count. It applies to the massless self-endpoint or coincident sector. The separated
off-diagonal vector in Section III.1.5 is massive and obtains a longitudinal mode from a
scalar; applying p — 1 to it would count the wrong representation.

The two subtractions in p + 1 — 2 have different origins. Choose a null worldvolume

momentum with £* = (w,w,0,...,0) in a local Lorentz frame. The massless vector
polarization obeys kq.e® = 0; the gauge shift €* ~ €* 4+ ck® removes its remaining
component in the lightlike plane. Only €?,...,€P remain, giving p — 1 independent



directions:

€ e CPtL, k-e=0, e~etck = dimcPa=(p+1)—-1-1=p—1.
(II1.1.17)
For p = 1 there are no indices between 2 and p. This is the concrete reason a D1
connection can influence charges and holonomies while carrying no local photon wave.
It is not a declaration that the connection itself vanishes.
The D3 example makes the geometry visible. A D3 spans x and has six real
normal coordinates z*,...,z°. Its gauge field has two local polarizations and its six
scalars have one each:

0,1,2,3

p=3: (p—1,9—p) =(2,6), 2+6=2. (II1.1.18)

Figure II1.1.2 labels those directions. Its arrows only record the field split, not an
additional dynamical equation.

D3 along %123
ol I=4,...,9
> A, 2 modes six normal scalar modes
Y = 2ra/®!

Schematic mode count at nonzero null brane momentum

Figure I11.1.2: The D3 tangent and normal split for the first GSO-surviving NS level
at nonzero null worldvolume momentum. The two arrows on the sheet count local
vector polarizations, while I = 4,...,9 lists six scalar polarizations. The normal arrow
represents the position-scalar dictionary; it is schematic mode bookkeeping rather than
a proof of interactions.

The edge cases sharpen the meaning of “local” A D1 has a gauge connection
A, but no propagating photon in two-dimensional Maxwell theory; its eight physical
bosonic modes are transverse scalars. A D9 has no normal coordinate and eight vector
polarizations. In the theories in which these ordinary branes occur, the same arithmetic
reads

p=1: (0,8), p=3: (2,06), p=9: (8,0), N4 + Ng = 8 in each case.
(I11.1.19)
This is a kinematic count. DO and D(—1) require different treatment of a worldvolume
null momentum and are not covered by this equation. The oriented D9 vector statement,
by itself also does not construct a globally consistent space-filling ten-dimensional
vacuum.

A constant transverse scalar has a direct geometric measurement: it moves the
brane. The normalization is fixed by the physical separation of endpoint positions,
equivalently by the T-dual Wilson-line dictionary. If Y is a position with units of
length, then

Y =27d/®!, []=1% [Y=L, [®]=L"" (IT1.1.20)

6



Fix a reference length £y, hence an inverse-length unit £;'. A D3 at Y* = 37a’/4,
has ®* = 3/(24y); moving it to 5ma’/ly shifts ®* by 1/y. Tt is the difference of such
diagonal values that a stretched string measures. This is the field content from which
Chapter 4 will build a leading Yang—Mills worldvolume action; this chapter fixes neither
that action’s complete nonlinear extension nor a numerical Yang—Mills coupling.

The position map can be tested against a directly measurable gap. Move one D3
from 37’ /€y to 5ma’ /g while leaving another at the first position. The gap is 2wa’ /4y,
so the scalar difference and first-level mass are 1/¢y at tension T' = 1/(27a/):

ol fly 1 1
L IN LM (ITL.1.21)
0

AP =
‘ | 2ol f() ’

This agreement tests a normalization with units, not a choice of symbol. It also explains
why the scalar expectation value is naturally measured in inverse length even though the
brane displacement is measured in length. Multiple normal scalar differences combine
by their Euclidean norm in the free flat background.

II1.1.4 Chan—Paton endpoints

How can one oscillator carry several distinct brane fields? Label the two ends of an
oriented open string by i at 0 = 0 and j at 0 = . If there are N available same-kind
branes, its state has an oscillator factor and an ordered matrix factor:

losc; 4, j) = |osc) @ Ejj, E;j = |i){j| € End(CY). (II1.1.22)

The first index is the row, the second the column. This convention also fixes the later
quiver arrow: the component £;; is drawn from ¢ to j. An endpoint label is not an
extra target-space direction; it specifies which open-string sector is being quantized.

The algebra records joining. Compose a string ¢« — j with a string k — [. The
intermediate end must match, since

EijEw = [0)(31k) ] = 0j1Ea. (I11.1.23)

For a cyclically ordered disc boundary, the CP factors multiply in that order and the
boundary closes with a trace:

Tr(Eijy Bisjs * Einj,) = 61isOjnis =+ Ojiy - (I1.1.24)

This trace is a sourced rule for oriented disc interactions, beyond the bare fact that
vector spaces carry matrices. It is compatible with cyclicity: the starting point around
the boundary is arbitrary. It does not determine every interaction coefficient or the
global form of a gauge group.

A two-brane example displays every orientation. The four matrix units are

10 01 0 0 0 0
EH:(O 0)’ E12:(0 0)’ E21:<1 0), E22:(0 1). (I11.1.25)



For example E12E21 = E11 and its trace is one, while E12E11 =0. Also E12E21E11 =
E11, so a three-factor closed chain has trace one. Figure I11.1.3 displays the same four
sectors and their joining condition.

FEip:1—2
EijEr = 0k Eq
E21 21

Figure II1.1.3: The four oriented endpoint sectors for the same two rank-one brane
labels used in Figure II1.1.1. A loop is a same-brane sector; the arrows 1 — 2 and 2 — 1
are distinct. The matrix product on the right implements endpoint matching, and its
trace closes an oriented disc boundary.

A unitary change of endpoint basis acts by |i) — Uli), so a matrix-valued field
transforms as

M+— UMU?, UcU(N). (IT1.1.26)

For the massless vector on coincident oriented branes, Hermitian matrix fields span the
Lie algebra u(NN) in the physicist’s Hermitian generator convention. A single E1s is not
Hermitian. Its conjugate E1; = EIQ pairs with it. One possible Hermitian basis is

70 _ Ei + Ea T3 _ Ei1 — Ey
Eyyt E 2 By +iE 2 sab (I11.1.27)
71 H12 217 T2 _ g T 1 217 Trf(T“Tb) -2
2 2 2
For the relative diagonal matrix H = E1; — Eao,
[H, E12] = 2E152, [H, E21] = —2E5y, [H, E11] = [H, Ey2) = 0. (111.1.28)

The opposite charges remember the opposite string orientations. When the branes are
separated, the diagonal sectors remain self-endpoint states; the off-diagonal sectors
must span the gap. The next section converts that geometric statement into an exact
first-level mass in this flat setup.

The action of a finite diagonal basis change makes these relative charges transparent.
Let U = diag(e?1, e¥%2). Conjugation gives the two opposite phases

UE, U™t =e=%2)p,  UE U 1= 1-%)E,, (I11.1.29)

If 8; = 62, both phases are one: the common center acts trivially on this adjoint pair.
Taking 6#; = 19,05 = —1 instead reproduces the +2 eigenvalues of H by differentiating
at ¥ = 0. The integer two reflects the normalization H = diag(1, —1); halving H would
give charges +1 without changing the strings.

Joining also knows about order. The product E15F21 F12 = E12 is an open chain, and
its trace vanishes; attaching Fs; closes it and gives trace one. By contrast, F1oF15 =0



because its middle endpoints cannot meet. These are small calculations, but they
prevent a common mistake in quiver drawings: an arrow is not an unoriented adjacency
line. The ordered matrix product and a later gauge-invariant cycle both use the same
row-to-column orientation.

The rule works without restricting us to two labels. With three labels, E15FE23F31 =
F41 and the trace is one. Reordering the second and third factors gives E12F3 =0
before any trace is taken. A unitary basis change preserves the nonzero cyclic product
because adjacent inverse matrices cancel:

To(UM U ' UMU ™ UM U) = Te(UM My - -- M, U™ 1)

I11.1.30
= Tr(MMs--- M,). ( )

This is the elementary compatibility between the endpoint-basis action and a disc
boundary trace. A trace can also vanish for reasons beyond endpoint mismatch, such as
a matrix coefficient cancellation; the Kronecker product in (I11.1.24) isolates the simple
matrix-unit case.

The familiar oriented local U(N) algebra should not be confused with the SO(32)
algebra of the separately orientation-projected type-I construction. A D9 stack in
the oriented calculation illustrates the local CP algebra, while its global RR tadpole
question is a further condition. Counting matrices alone settles neither orientifold
projection nor a complete vacuum.

I11.1.5 Coincidence and enhancement

Why does moving two parallel branes together add light vectors? For an (4, j) string let
AY! = le — Y/ and let M be the mass measured from conserved momentum along
the common worldvolume. The affine DD contribution from Section III.1.2 adds to the
NS level. In the same type-II GSO sector as Section I11.1.3,

9
|AY]?  Nns—3
M} = e 2, AYP = > (v =Y (I11.1.31)
I=p+1

This formula assumes the same flat parallel boundary conditions on both ends and no
additional Wilson-line or background contribution. The first GSO-surviving level has
Nns = %a SO

Y, —Y;|? Y!
L b D, — @2, @l =1 (I11.1.32)

M?2 =
b 2mal”

ij,first — (27’(0/)2
The second equality uses the physical position-scalar normalization. The first equality
is a free-string statement; the rightmost expression makes contact with a leading
worldvolume field theory. A higher NS level still carries its oscillator term and does not
become massless merely because the branes coincide.

For a numerical case, take o/ = 3/2 and |AY| = 97. Then 2wa’ = 37 and the
stretch contribution is

2 )2
(ﬁi;l)2 _ Egﬂ; _9. (I111.1.33)

&}

9



At Nys = % the mass squared is nine. At the next listed NS level Nyg = % the oscillator
term is (3 — 1)/(2) = 2/3, hence
2 29
2 2 2
MPyp =9, Mgy =9+2=", M|y =0 (I11.1.34)

The first string and the next oscillator level answer different questions; subtracting
the bosonic intercept would give a false threshold. The particular 97 example is an
algebraic comparison, not an assertion that a low-energy field theory controls physics
at that separation.

We can independently see the same quadratic mass in the leading reduced Yang—Mills
description. This comparison needs its own sign and trace conventions. Use Hermitian
matrices, D, = 0, — i[Aq, + ], Fap = s Ap — OpAq — i[Aq, Ap] and the fundamental trace
Try with the generator normalization of (II1.1.27). Write only the terms needed for the
quadratic mass:

1 1
Squad C —n/dpﬂx Try <4FabF“b + 2Da<1>’D“<I>I) , k> 0. (IT1.1.35)
The trace and D, sign here are book conventions. A source convention with D¢ =
0o + i[AST¢, -] translates by A, = —A5¢ and & = &L . Changing its Hermitian
generator trace from Tr(T,Tn) = Nény to Trp(TeT?) = §°°/2 also rescales the
component coefficients of a fixed matrix. We compare matrix expressions, not same-
named components in inequivalent bases. Neither translation nor a squared-mass match
fixes k or a numerical gyr. -

Set a constant diagonal background ®! = diag(¢!, #2) and expand the off-diagonal
vector as Agﬂ = W,oE12 + W} Es. The matrix commutator gives the mass directly:

(@7, E1s] = (6] — ¢3)Era, [, Ea1] = —(¢] — ¢3)Eo1. (I11.1.36)

After the scalar fluctuation supplying the longitudinal mode is put in unitary gauge,
the background part of D,®! is —i[ASf ®!]. Taking the trace and retaining terms
quadratic in W gives

Try ((Da®")(D*®Y)) 0 =2 |61 — S5 PWoWe, Trp(Fup F)we = 25, f*,
I

(111.1.37)
where fu, = 0, Wy, — OyW,. Thus the common coefficient x multiplies both the kinetic
and mass terms,

K * a * a
L= =5 Laf =R Y |6l = oPWWe, miy =" l6f —of". (LL3g)
I I

The ratio is the standard complex Proca mass normalization. Substituting ¢! =
Y;!/(2ma’) reproduces (I11.1.32), including the numerical example m¥, = 9. A squared
mass cannot determine the signed covariant derivative, which is why the source-to-book
sign translation was stated before this comparison.
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Th_e scalar fluctuation mentioned in the calculation deserves a closer look. If
&’ = &' + !, then at linear order the off-diagonal derivative is

(Da®!) 19 = Da0l, +i(p] — ¢1)W, + O(quadratic fluctuations). (I11.1.39)

The combination of (!, parallel to ¢1 — ¢4 is the mode absorbed into the massive vector;
scalar directions orthogonal to the displacement are not its longitudinal polarization.
For a single nonzero separation component A¢, the quadratic term is proportional
to |Oatp12 + iA¢W,|%. An off-diagonal infinitesimal gauge transformation shifts the
scalar by the background commutator, so a unitary-gauge choice removes precisely that
parallel mode. The remaining vector then has the mass read from (III.1.38).

This also reconciles the polarization statements. At nonzero null momentum a
massless vector in p 4+ 1 dimensions has p — 1 local modes. Moving off coincidence, one
scalar direction becomes longitudinal and the massive vector has p modes, as expected
for a nonzero mass in the same dimension. The total number of physical bosonic modes
in the first-level multiplet is preserved by this rearrangement:

(p—1)+00-p) =8 (1<p<9), p+(8—p) =8 (1<p<8, |AY|>0). (II1.1.40)

This count is a bookkeeping comparison under the same first-level spectrum premise. It
does not turn the separated vector into an extra massless polarization.

At Y7 =Y, the four Ej; first-level sectors all have zero stretch mass. Their Hermitian
vector components span T°, T, T? T3:

AY #£0: FEq1, E9s massless, Eio, Fo1 massive; AY =0: dimgu(2) =4.

(IT1.1.41)
The two off-diagonal complex orientations are conjugate pieces of Hermitian fields,
not two unrelated Hermitian generators per E;;. For separated branes their massive
vectors include longitudinal modes from normal scalar components. At coincidence
the massless vector and scalar split of Section II1.1.3 applies again. This is the local
enhancement mechanism illustrated in Figure I11.1.1. Chapter 4 will treat the interacting
reduced theory; no complete nonabelian brane action is deduced from this one quadratic
comparison.

I11.1.6 From flat branes to a projection

How does a geometric quotient act on the matrix fields just constructed? Consider a
flat type-IIB D3 spanning unaffected R!»3, with three complex transverse coordinates
in C2/Zy x C. Its generator acts by

g: (21, 29,23) —> (—21, —22, 23). (I11.1.42)

The first two signs have product +1, so the action on C? lies in SU(2). This is not

the reflection of only one complex normal coordinate. The D3 has six real normals,

grouped into three complex scalar fields ®1, o, 3. The third is a spectator under g.
Give the two-dimensional CP space one regular representation of Zs:

1(9) = (é 01>, 19)?=1,  x(1)=2, x(9)=0. (I11.1.43)
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Here x(h) = Trv(h) is the character of this CP representation; y(1) = 1. The two
CP labels here are the two irreducible character sectors of one regular representation.
They should not be read as two arbitrary regular bulk branes. The source projection
algebra initially uses D5 branes with four orbifold-normal real coordinates. We apply
that algebra to this explicitly different D3 probe and its three complex normal fields; a
D9 would not possess these normal scalars.

A vector tangent to the unaffected D3 has geometric sign +1. The normal complex
fields have signs 1 = r9 = —1 and r3 = +1. Invariance of an open state combines the
geometric action with conjugation on its CP factor:

Ao =7(9)Aav(9)™"  Pa=rav(9)Pav(9)"  (r1,ra,rs) = (1, —1,41).
(111.1.44)
To evaluate this rather than merely name a projection, write a generic 2 X 2 matrix
M = (my;) and CP eigenvalues (Ao, A1) = (+1, —1). The (7, j) component acquires the
factor r/\Mj_l. Its entry survives exactly when this factor equals one:

ryM~y"7)i; = rAA My, My = AN =1 1.
My~ 1)ij = rAid; tmy i #0 AA =1 I11.1.45

For r = +1, the two diagonal factors are +1 and the two off-diagonal factors are —1;
for r = —1 the retained entries exchange places. The four invariant binary masks, in
the row/column order (0, 1), are

M = Mo, = (é ?) . Ma, = Mo, = (g é) . (IT1.1.46)

A one means that the corresponding complex matrix entry remains a field; a zero means
that invariance sets it to zero. For example, Ap; is odd under CP conjugation and is
removed, whereas (®1)o1 gets one minus sign from geometry and one from CP, so it
survives. The spectator (®3)go survives because both signs are positive.

There is a direct way to recover every mask without guessing which entries are even.
Since g2 = 1 and r? = 1, the linear operator Q,.(M) = ryM~~! obeys Q2 = 1. Its
invariant projector is therefore

Pr(M) == (M+ryMy™"),  P2=P,. (IT1.1.47)

N | =

Apply it to an arbitrary matrix and carry the entries through:

w= (0 0) = (1 ) man=(5 9). Pon=({ )
(TT1.1.48)
The vector and spectator scalar use P ; the two flipped scalars use P_. The computation
explains the four masks as two instances of one idempotent map. It also shows why
the representation matters: changing v changes the invariant subspaces even if the
geometric signs remain fixed.
The surviving spaces also behave correctly under ordinary matrix multiplication.
Multiplying two off-diagonal matrices of the form P_(M) produces a diagonal matrix,
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while a diagonal matrix times an off-diagonal matrix remains off-diagonal. In terms of
geometric signs this is simply (—1)(—1) = +1 and (+1)(—1) = —1:

COED-C D GICH-C Y me

These identities make the projected node-and-arrow drawing consistent with the CP
joining rule. They are an algebraic closure check, not a calculation of a superpotential
or an orbifold scattering amplitude.

The invariant Hermitian vector matrices are diagonal, giving the local Lie algebra
u(1l) @ u(l). The two flipped complex scalars supply oppositely oriented off-diagonal
entries for each o = 1, 2; the spectator has two diagonal entries. Figure III.1.4 records
that matrix information as a projected two-node diagram using the arrow convention of
Section III.1.4.

D101, P2 01

Ao, ®3.00 ° ‘ Ay, @311

. @y 10, 2,10
P)/(g) = dlag(+17 71)7 g: (Zla 22, 23) = (7213 —Z2, 23)

Figure I11.1.4: The local Zy invariant mask for one regular CP representation on the
stated flat D3 probe. Loops denote diagonal vector and spectator-scalar entries. The
vector labels Ag, A; use node indices 0, 1; the Lorentz index a of A, is suppressed. Each
direction has two complex scalar entries, one from ®; and one from ®5. An arrow ¢ — j
means row i, column j. The diagram records invariant open fields; it is not a complete
orbifold vacuum or a catalogue of all quiver data.

Three operations should remain separate. The geometric quotient specifies g on
target coordinates. The equation (III.1.44) projects open-string states. A quotient of
vacua by gauge transformations is a later dynamical and geometric question. The local
masks alone establish neither an orbifold boundary CFT nor RR tadpole cancellation,
anomaly freedom or a global gauge-group form. Chapter 6 of Volume II develops the
closed orbifold setting, Chapter 2 studies boundary states, and Volume VI, Chapter 2
constructs the fuller quiver theory. Here the point is the explicit bridge from an endpoint
matrix to a projected matrix field.

II1.1.7 Exercises

For each exercise submit the stated exact answer through the chapter’s reader interface
and accompany it with written working. The bounded checker evaluates the requested
numerical or matrix fields; the explanations require a reader or instructor.
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1. Endpoint modes (E1). Take o/ = 2, tangent momentum p = 3/2, and
y(0) = —m, y(m) = 4w. Submit the NN coefficient multiplying 7 and the DD
coefficient multiplying o. Show both endpoint substitutions and explain why the
DD coordinate cannot carry an independent momentum zero mode. Use the fields
nn_drift and dd_slope.

2. Spectrum and quadratic comparison (E2). For two parallel same-kind
branes with o/ = 3/2 and |AY| = 97, compute M? for Nyg = 1/2 and 3/2,
the first-level value at coincidence, and the leading reduced-SYM off-diagonal
quadratic mass squared. Show the stretch and oscillator terms separately. Explain
the scope of comparing the last quantity at finite separation. Submit the four mass-
squared values in the named fields first_mass_squared, next_mass_squared,
coincident_mass_squared, and ym_offdiagonal_mass_squared, in that order.

3. Ordered CP states (E3). Write the four exact 2 x 2 E;; matrices for
(1,1),(1,2),(2,1),(2,2), and compute the commutator eigenvalues of Ej2 and Fa;
under H = diag(1, —1). Explain the sign reversal by string orientation. Submit
basis and relative_charges.

4. Polarizations (E4). At the first ten-dimensional type-II NS level with nonzero
null worldvolume momentum, submit for D1, D3 and D9 the local vector count,
normal scalar count and total. Explain why the D1 connection exists even though
its local vector count vanishes. Submit objects D1, D3, D9, each with vector,
scalars, total.

5. One open-state projection (E5). For the D3 probe of Section III.1.6, use
g (#1,22,23) = (=21, —22, z3) and y(g) = diag(1, —1). Submit binary 2 x 2 masks
for vector, ®1, &5 and ®3 entries. Explain why these masks are an open-state
projection rather than a quotient of the vacuum space. Submit vector, phil,
phi2, phi3.

II1.1.8 Take-home message

Take-home message

A free open string has NN momentum drift along a D-brane and a fixed DD stretch
between branes. The first GSO-surviving type-II NS level gives a worldvolume vector and
normal position scalars with Y! = 27a’®’. Oriented endpoints supply matrix units whose
joining is matrix multiplication. For parallel branes their off-diagonal first-level mass is
|AY|/(2ma’), so coincidence restores the full local U(N) adjoint spectrum. A geometric
orbifold acts on that spectrum together with a CP representation; its invariant matrix
entries are an open-state calculation, while the complete orbifold theory needs further
input.
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Status and sources

The flat boundary action, NN/DD conditions, modes and fixed-endpoint stretch in
Section I1I1.1.2 follow Tong (2009, physical PDF pp. 57-60, 66, egs. (3.1)—(3.5)) and
the type-II Dp endpoint premise in Polchinski (1995, physical PDF p. 3, eq. (4)).
The boundary variation, explicit affine example, tension and Ly mass translation are
algebraic [WS] and [MATH] statements under flat matching boundary conditions. Tong’s
following bosonic tachyon discussion is not imported into the type-II NS spectrum. The
absence of a normal momentum zero mode does not mean that the spatial integral of
every normal oscillator momentum vanishes.

The sourced GSO projection and eight first-level NS polarizations in Section III.1.3
are [WS] premises from Johnson (2000, physical PDF pp. 87-88, eqs. (231)—(234)).
The source’s physical p. 87 prose assigns a = —1/2 immediately before a subtractive
mass equation, in conflict with its p. 88 massless level. We use Exns = —1/2 and
ans = —Ens = +1/2. The (p — 1) 4+ (9 — p) split is [MATH] under nonzero null brane
momentum and the sourced massless state, not a separated massive-vector count.
The position normalization follows Johnson (2000, physical PDF p. 63, eq. (172)) in
its T-dual setting and Myers (1999, physical PDF pp. 2, 6) for physical transverse
displacement. GSO, RR identification and complete open/closed consistency are cited
premises, not proofs supplied by this chapter.

The oriented endpoint factors and cyclic disc trace of Section II1.1.4 follow Johnson
(2000, physical PDF pp. 33-34, eqgs. (88)-(90)); E;; multiplication, the U(2) matrices
and commutator charges are [MATH]. The local enhancement in Section III.1.5 uses
Johnson (2000, physical PDF pp. 65-67, egs. (174)—(175)) and Myers (1999, physical
PDF p. 3). The type-II NS intercept replaces the bosonic intercept of the former
pages. The leading reduced Yang—Mills derivative and scalar commutator premise are
Myers (1999, physical PDF pp. 6-8, egs. (13)—(14), (18), (20), (23)). Our Hermitian
D = 0 —i[A, ] uses Apook = —Amyers and Ppook = Puyers; component coefficients
change with generator normalization. The quadratic trace ratio is [MATH] under that
leading-action premise. It fixes no numerical coupling and makes no large-separation
EFT claim. The oriented D9 statement is local; the distinct type-I projection and
space-filling consistency issue are described in Polchinski (1995, physical PDF p. 8).

The combined geometric and CP projection in Section II1.1.6 follows the algebra
of Douglas and Moore (1996, physical PDF pp. 8-9, 11, eqgs. (3.1)—(3.3), (3.8)). That
source begins with D5 branes and four orbifold-normal real directions; our stated flat IIB
D3 with six real normals is a specialization of the projection rule, not an identification
of their full setups. The four masks and SU(2) sign product are [MATH] in this local
setup. No full orbifold boundary CFT, vacuum quotient, RR charge proof, tadpole
or anomaly claim follows from them. The metric, tension, orbifold and gauge-group
conventions are as stated in the chapter.
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Chapter 1I1.2

The boundary-state formalism

I11.2.1 A boundary viewed from the other channel

Put an open string between two parallel D-branes and join its initial and final time
slices. The resulting worldsheet is a cylinder. Its two rims are open-string endpoints if
time runs around the cylinder. If time instead runs from one rim to the other, each rim
prepares a closed-string state. The closed string then propagates between two brane
sources. This change of time direction is the central move of this chapter.

The boundary-state description answers two related questions. Which closed-string
state imposes the same Neumann and Dirichlet data as the open endpoint? With what
normalization does exchange between two such states reproduce an open-string loop?
The oscillator equations answer the first question, but the full cylinder, including its
zero modes, ghosts, measure and endpoint multiplicities, answers the second. Figure
II1.2.1 displays the two readings of the same surface.

We work first in the free critical bosonic source theory, where all normalization
factors can be followed explicitly. We then use the sourced flat type-II completion and
a local C?/Zsy example. Time is a Neumann direction throughout. The bosonic cylinder
has a tachyon, so its open/closed equality is an identity of formal integrands; it does
not define a generally convergent static force. Chapter 1 supplied the endpoint data,
and Volume II, Chapters 2 and 4 supplied the cylinder oscillators and RNS sectors.
The present construction will supply the boundary source needed for the brane actions
of Chapter 3 and for later fractional-brane and twisted-tadpole examples.

I11.2.2 Boundary conditions as a closed-channel state

How does an endpoint condition become a condition on a closed-string state? On the
open strip, a brane extends along coordinates X%, a = 0,...,p, and sits at X! =y,
I =p+1,...,d —1. The open boundary has 0,X% = 0 and X! = y/. Rotate the
cylinder so the boundary is at closed-channel time 7 = 0. With the orientation shown
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in Figure I11.2.1, its conditions are
0, X%(0,0)|Bx) =0, (x7(0,0) —y")|Bx) = 0. (IT1.2.1)

The derivative changes its worldsheet role under rotation. Reversing the normal to this
homogeneous boundary condition multiplies 0, X® = 0 by —1 and leaves its solution
space unchanged. The relative oscillator sign below is fixed by the mode expansion and
the chosen ket convention, not by a choice of normal.

Use the closed-string oscillators of Volume II with [af, o] = mn*" 40,0 and the
analogous independent tilded algebra. The source’s «, a families are kept in that order.
Define the mixed tensor S*, by +1 on every Neumann direction, including time, and
—1 on every Dirichlet direction. Lower its first index with the Minkowski metric:

St, =diag(+1,...,+1,-1,...,-1), Sy = NupSPu. (I11.2.2)

p+1 NN d—p—1 DD

In the source’s closed mode expansion, the o, wave depends on 7 — ¢ and the «,, wave
on 7+ 0. At 7 = 0, the coefficient of €™ in 9, X* pairs a? with a®,,, giving their sum;
the coefficient in X7 — ¢! gives their difference. Thus the nonzero Fourier coefficients
of (II1.2.1) become

(o +5",8",)|Bx) =0, neZ\{0} (I11.2.3)

For a positive n, this relates an annihilator in one family to a creator in the other.
The conjugate bra obeys (Bx|(a", + S*, &%) = 0: its mode indices change, but the
relative sign does not. Changing the plus to a minus with the oscillator basis fixed
would exchange NN and DD gluing. The state is a coherent pair source, not an ordinary
one-oscillator eigenstate.

Write the nonzero-mode exponent as

1 ~
A=— Z n O‘F_Lnsuualim |Bx)ose = 6A|0>- (I11.2.4)
n=1
The algebra gives a short, complete check. Tilded creation operators commute with o,
while the untilded commutator selects one term of the sum:

[0, A] = —*S,,a", = —S",a”,,  [jak, A],A] =0. (I11.2.5)

Hence e~ 4atte? = ot +[a#, A]. Acting on the vacuum makes (a” + S*,a" ,,)e?|0) zero.
The condition for n < 0 follows by the analogous tilded commutation. This calculation
constructs only the matter oscillator factor; the ghost and physical-state completion
enters below as additional input.

A one-mode example exposes the signs. For a spacelike diagonal direction, set
A, = ca_,d_y. The residual of the gluing operator on e~ |0) is

(an + Sa_p,)et|0) = (ne + S)a_,e?|0). (I11.2.6)

At n = 2, a spacelike NN mode has ¢ = —1/2, while a spacelike DD mode has
¢ = +1/2. Swapping either sign leaves a nonzero residual of magnitude 2 in these units.
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Time is different because the metric enters twice. It remains NN, so S% = +1, but
Soo = —1, and the coefficient of a®,a%, is +1/2. Indeed its commutator residual is
—2(4+1/2) + 1 = 0. Treating the time component with the positive-metric scalar rule
would give the wrong state.

The pair a_,a_, creates equal left and right levels, as required at a stationary
boundary. A boundary state is distributional and not a normalizable one-particle state.
Its normalization will be determined by the cylinder rather than by setting its norm to
one. That distinction also explains why solving (II1.2.3) alone cannot fix the multiplicity
of open strings between two branes.

It is useful to see why the exponential, rather than just its first pair, is required. In
one positive-metric direction with fixed n, let o' = a_,, and bt = &_,,. Both creation
operators have commutators of magnitude n with their annihilators. The proposed

state has the series
oo

oy =" %(aT)k(bT)k|O>. (IT1.2.7)
k=0 "

Act with a 4+ Sb' on its k-pair term. The annihilator lowers k to k — 1 and supplies
nk; the Sb' term raises the neighboring (k — 1)-pair term. At every k > 1, cancellation
requires the same recurrence

k k—1
MZ!C‘L(ZCU!:O = nc+S=0. (I11.2.8)
For n = 2 NN, the first three terms are |0) — $a'b'|0) + £(a’b7)?|0). The coefficient
of a'(b")? in the gluing residual receives +1/2 from the annihilator acting on the
two-pair term and —1/2 from the gluing creator acting on the one-pair term. This
neighboring-level cancellation is why a truncated state can pass at one pair number
and fail at the next. The all-mode BCH statement above is stronger than checking a
finite Fock truncation.

The oscillator gluing also has a geometric interpretation. At the closed rim, left and
right traveling waves are reflected into one another. A tangent displacement is allowed,
so its reflected derivative carries the NN sign; a normal displacement is fixed, so its
coordinate carries the DD sign. Lowering S in the exponent is essential because the
oscillators there both have upper target indices. This distinction is the same one that
prevented the time oscillator from being treated as a positive-metric NN scalar.
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open time

|B1) at rim
around loop
ound loor <D
N A N ]

t=1
/ ,T closed time
N <ol
N ~_
open trace (B2] at rim
T>0 closed modulus ¢t > 0

Figure II1.2.1: One cylinder read in two directions. The open trace evolves around
the loop with modulus 7 > 0; the closed state propagates between its two rims with
modulus ¢t = 1/7 for the periods used in this chapter. The arrows mark worldsheet
time, and each closed rim imposes the rotated boundary conditions.

I11.2.3 Zero modes and localization

What part of the boundary state tells the exchanged closed string where the brane sits?
The n = 0 equations must be separated from (I11.2.3). Along the brane, the rotated
Neumann condition kills the closed zero-mode momentum. In a normal direction, the
fixed-position condition localizes the coordinate:

p*[Bx)o=0,  (¢' —y")[Bx)o=0. (I11.2.9)

Thus a convenient symbolic zero-mode state is

p d—1
1Bx()o=Co [To0") T o' —v". (I11.2.10)

a=0 I=p+1

Here Cj is absorbed into the eventual source normalization. The formula states
support, not a finite Hilbert-space norm. The position delta function is equivalently a
superposition of all normal momenta:

d A" Q iq-(4-v)
0t (q—y)= | ——e"\ 7Y, d,=d—p-1. 111.2.11
=0 = [ G L=dp (m2.11)
There is therefore no condition p! = 0. Closed exchange between two localized sources
carries normal momentum Q.

Let the two branes be separated by the normal vector Ay = Y1 — Yo In the
source cylinder, the normal zero-mode Hamiltonian contributes e~ *@"/2. The Fourier
integral is elementary once its measure is retained:

d ! -
/ 7(‘; L)Ci e TFQHIQAY _ (9720 )~ A1 2|y (2malt) (111.2.12)
s a
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For one normal coordinate this follows from [ dQ e~ @ +iQ /(27) = (47a)~1/2¢~¥"/(4a)
with @ = ma/t/2. Raising that factor to d; gives the full result. The §(p®) support
instead produces the common longitudinal volume V11, which is suppressed when we
quote an amplitude per worldvolume.

For a concrete two-normal-coordinate slice, take Ay = (3/2, —5/3), with both entries
measured in the same length units. Its squared length is

9 25 181 / /
|Ay|2 — (3/2)2 + (_5/3)2 =24 = 67|Ay|2/(27ra t) _ 67181/(72#& t).

4 9 36’
(I11.2.13)
At coincidence the last factor is one. At fixed separation it suppresses short closed
propagation t — 07, just as a stretched open string acquires an energy cost. The normal
oscillator modes remain present in either case; localization has altered the zero-mode
integral, not deleted the normal coordinates. Figure I11.2.2 keeps these two kinds of
support apart. This is the factor we will carry into the complete cylinder, and twisted
closed fields later use the same idea of a source tied to a fixed locus.
One can carry the two-normal-coordinate example through the integral instead of
substituting only its distance at the end. With a = wa’t/2, the two integrals factor:

2

11 / 4Q7 —aq?+igsay, _ L (3727 +(-5/3)%/(4a) (I11.2.14)
e 2m 4dma

The prefactor equals (272a/t) ™!, which is the d; = 2 case of (I11.2.12). Had we imposed

normal momentum @ ; = 0, both the t~! and the dependence on the separation would

have disappeared. Neither loss is compatible with a localized pair of sources.

The sign of the Fourier phase can be reversed by exchanging the two boundary
labels; the final Gaussian depends only on |y; — y2|?. This is a useful orientation check,
but it does not make the individual boundary states position independent. Each source
still carries its own 0(q — y;). Translation of both branes together leaves their exchange
invariant because only their difference enters the cylinder.

q¢" (DD)
Yo By at each source
p*=0
Qr Ay
normal momentum
n By integrated
x® (NN)

Figure I11.2.2: The brane is homogeneous in a Neumann coordinate z® and fixed at
¢’ = y! in a normal coordinate. Closed exchange has p® = 0 at each source but
integrates over normal momentum Qp; the separation y; — y» supplies its Fourier phase.
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I11.2.4 The cylinder in two channels

Which factors make the open loop equal to closed exchange, including its normalization?
Use the critical bosonic theory with d = 26, d; = 25 — p, two parallel Dp-branes,
and the source’s periods. The oscillator contraction of the matter state first yields
[1,5,(1 —e2™")=26_ The ghost contribution replaces the exponent 26 by 24. Define
the source’s function

=" T[a-¢"), q=e. (I11.2.15)
n=1

The ¢ prefactor carries the bosonic zero-point energy, and [f1(e~"*)]~2* packages that
factor with the 24 effective oscillators. We need the zero-mode Gaussian (I11.2.12) and
the propagator measure as well.

The single bosonic number-operator trace is a geometric series. If u = e~ for
mode n, then Tru™» =3 u™ = (1 —u)~!. Multiplying over modes and 24 effective
coordinates gives

2rtn

o IS 24 00
II (Z e_zmm> = JJ (1 —e2mmy-2, (I11.2.16)
n=1

m=0 n=1

The zero-point factor in f; 24 i not generated by that geometric series; it comes from
the normal-ordering constant. In the critical source its value is ¢=2 = e?™, as the
definition of f; shows. Calling the product alone the entire annulus would therefore
lose the intercept and its tachyonic large-t behavior.

Write IV, for the normalization of the source’s bosonic matter boundary state. Its
propagator supplies o/ /(4m); the radial substitution |z| = e~ supplies 7; the angular
integration supplies 27. Their product is

/

%71'(271') =

~

ye:

5

(I11.2.17)

After factoring out V41, the complete closed expression in this source frame is

AC] 271'0/ 5 _dL/g [e’e] _dL/z _yz/(zﬂ—a/t) o
=N, 5 (2ra) dtt e [fi(e”™)] 724, (II1.2.18)

Vo1 0

Every piece has a different origin: Ng comes from the two boundaries, the power
of ¢ from normal momentum, and the product from oscillator and ghost contraction.
Replacing any one of them by a convenient convention after the calculation would alter
the open string multiplicity.

In the open channel, a real-field one-loop trace starts with 1/2. For the oriented
string stretched between the two branes, interchanging the two endpoint orderings
contributes 2. The factors cancel. After Wick rotating loop energy and worldvolume
time, let k% be positive Euclidean momentum squared. We use the correspondingly
continued V,4 in this formal amplitude and may continue back after matching. The
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separation y? = |Ay|? is a transverse spatial norm. The longitudinal momentum trace
is
derlkE 2ma’ Tk 2 7
- - —(p+1)/2
/ (27r)1’+1e B = (87°a'T) . (I11.2.19)
The open stretch contributes exp[—y?7/(27a’)]. With the same 24 effective oscillator
factors, the open result per worldvolume is

Aop _ (8m2a/)~(PH1)/2 /OO d—TT‘(”“)/Qe‘yz”@m/)[fl(e_’”)]_z‘l. (111.2.20)
Vit1 o T

The first coefficient already remembers the endpoint count. The change of channel must
preserve it.

The open expression can be reconstructed directly from its mass operator, which
helps keep the stretch and loop momentum distinct. In these conventions,

2
_ 2 Y
Lo = Ot/kE + W + Z A_p - Q. (111221)
n>1

The trace contains exp[—277(Lo — 1)]. Multiplying its three displayed terms by —277
produces, in order, the momentum Gaussian of (IT1.2.19), the stretch factor 6_927/(2”0‘/),
and the oscillator trace; the —1 supplies e?™", the intercept factor in fy(e™"")~24. The
normal separation is an open-string classical energy, whereas the same variable is a
Fourier phase in the closed zero-mode integral. Their equality after ¢ = 1/7 is a concrete
form of open/closed duality.

For these periods the modular relation is fy(e™™/*) = /t fi(e™™). Set t = 1/7.
Reversing the integration bounds restores the positive measure dr/7 = dt/t. The
longitudinal factor becomes t(P*1/2 while the 24 oscillator factors yield ¢~ '2:

P+ D/2 4 41)/2 If1 (e—w/t)]—% = t712[f (e~ 24, (I11.2.22)

Thus the transformed open expression is

° dt /
‘-;40101 _ (87r2a/)—(p+1)/2/ — 75(17-&-1)/2—126—1,2/(2m t) [f1(e_”t)]_24. (11112.23)
P+ 0

The two powers really match: since d; = 25 — p, t=4/2dt = t®P+1/2-124¢/t . This
equality is the useful modular check, but it says nothing yet about the overall coefficient.

The individual powers also diagnose common slips. If the modular square root were
inverted, the oscillator factor would contribute ¢t*12, missing the closed Gaussian power
by 24. If the open integration measure were treated as dr without its 1/7, the exponent
inside dt/t would shift by one. Figure III.2.1 uses the particular source periods that
make t = 1/7; a cylinder with another circumference convention needs its own modular
map. The equality we use is not a universal statement that every quantity called ¢ is
the reciprocal of every quantity called 7.

Equating (IT1.2.18) with (I11.2.23) fixes

gma/ 2 N—(25—-p)/2 _ 2 n—(p+1)/2
Ny —-(2ma’) (25-p)/2 = (8n2¢/)~(PHD)/2, (I11.2.24)
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Solving the positive-phase branch and using the source’s critical-bosonic tension symbol
gives
bossre _ VT 11— bos,src _ L ibos,
Ty = E(Qm/a) P NO»e = §Tp O8:8TC¢, (I11.2.25)

The ratio is not an independent convention. Inserting the source 7| ;’0575“ and N, =T,/2
into the left side of (II1.2.24) gives the full coefficient check:

N2%O/(27T2a/)7(257p)/2 - 273(p+1)/27f(p+1)(O/)f(zﬂrl)/? - (87T2a/)7(p+1)/2_

P

(111.2.26)
The transverse count 25 — p and longitudinal count p+ 1 sum to 26. The equality checks
all powers of 2, m and o’. At p = 25, the closed prefactor still includes the propagator
measure, while its transverse Gaussian is empty.

At p = 3, the power inside dt/t is (3 +1)/2 — 12 = —10. If a = y?/(27a’) = 3/2,
the separation factor in the closed channel is e=3/(2Y); this particular exponential is an
interpretation exercise rather than a submitted numerical answer. At p =25, d; =0,
the Gaussian integral is absent and the inner power is +1. These two limits test different
ingredients. The source’s TIE’O&S“ and N;,)OS’S“ must remain distinct from the book’s
physical type-II tension 7,. An absolute RR charge also depends on the normalization
of the free RR kinetic term. Chapter 3 will need that spacetime convention before
turning a source coefficient into a physical Wess—Zumino coupling.

Matching modular weight alone fixes only the power of the modulus. The Gaussian,
propagator measure and endpoint count determine the overall coefficient and hence the
intended integral open-string multiplicity.

I11.2.5 NSNS and RR sectors

How can two identical charged branes exchange closed strings without exerting a net
force? The bosonic cylinder does not answer this question. For a flat type-II Dp-brane,
the closed source has matter fermions, reparametrization ghosts and superghosts as well
as X*. The distinction between the NSNS and RR sectors changes both the oscillator
product and its zero modes. The source frame fixes the fermionic gluing sign through a
label n = +£1:

(v —inS*, 4" )|By,n) =0,  reZ+ 1 (NSNS), r€Z (RR).  (I1.2.27)

The source uses the same coordinate families for ¢ and {/zv as for a and a. Here S is
still the tensor defined in (II1.2.2), with time Neumann. The nonzero-mode fermion
factor has exponent
Ay(n) =in > ", S,1",. (II1.2.28)
r>0

With the source’s choice of vacuum phases the NSNS matter factor is —iev |0YnsNs,

whereas the RR factor is —e/ | By, 77>(F({J})1~ These overall phases can disappear from a

self-overlap but matter when one records the state itself. The RR zero-mode spinor
must separately obey the r = 0 equation; the exponent in (II1.2.28) does not solve it.
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In NSNS the first pair has » = 1/2; in RR the integer-moded oscillators sit above a
separate Clifford zero-mode state. The source phases above belong to these states and
cannot be inferred from the nonzero-mode equation alone.

The superghost state also has an ordered left/right picture. For NSNS, both ket
and bra use (—1, —1). With (8,v) and (E, 7) denoting the two superghost families, its
ket factor is

| Bsgno s = exp [in Y (y-rBr — BA-r) | | = D)|=1). (111.2.29)
>0

The RR ket instead uses (—1/2,—3/2). Its chosen vacuum is annihilated by 8y and Fo;
the zero-mode factor is €707, The conjugate RR bra uses (—3/2, —1/2) and has the

zero-mode factor e~ %07 Displaying their order matters because the overlap pairs
these different pictures:

| Bogn Mg = €07 | — LY|=3). 5l0) = F|0) = 0,

© o1 0 B (I11.2.30)
RR<BSgh»77‘ = <_§|<_§|e oo,

The vacuum symbols in the annihilation relation refer to the ordered RR ket vacuum
in the first line. This is a stated source prescription for this cylinder, not a derivation
of general picture changing.

The flat type-II GSO-invariant source uses opposite combinations of the two 7 labels:

|B)NsNs = %(|B7+>NSNS — |B, —)nsNs), |B)Rr = %(lB,+>RR +|B,=)RR).

(I11.2.31)
The sourced completion allows even p in type IIA and odd p in type IIB. BRST
invariance and these GSO projections are physical inputs to the complete source. The
free bosonic commutator calculation cannot derive them. In particular, the plus sign
in the RR sum must not be changed simply to make a partial oscillator expression
look symmetric. The source projector acts on total worldsheet parity (—1)F+% where
F counts matter fermions and G superghosts. In NSNS its convention includes a
—1 vacuum shift in F: (=1)|By,n) = —|By, —n), while (=1)%|Bggn, 1) = |Bsgn, —1)-
These actions give the NSNS difference above; the RR vacuum and parity actions give
the RR sum. The orbifold trace below uses its own source symbol F and vacuum
convention. We do not identify those two operators.

The effect of the GSO signs can be displayed before performing any spin-sector
trace. In the ordered (+, —) basis, the NSNS coefficient vector is (1,—1)/2, and the
RR vector is (1,1)/2. If A,,, and R,,s denote the corresponding complete overlaps,
including ghosts, then the two quadratic forms are

Ansns = §(Arp + A — Ay —A ),

! (111.2.32)
ARR = Z(RJH’ +R__+ R+7 + R7+).

This expansion shows exactly where a changed 7 sign would enter the amplitude. It
does not determine any of the A or R entries, and in particular it does not regularize
RR zero modes. The sector combination and the sector overlap are separate operations.
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There is a further zero-mode qualification. For zero mixed ND directions, the
regulated RR result belongs to the combined matter and superghost zero-mode state
|B, 77>RR = |By, 77> |Bbg}17 )(O) The source prescription gives

21;01%(771, M2) = —16 0y, 1 (zero ND directions). (I11.2.33)

Neither factor is assigned —16 on its own. Trying to normalize the fermionic zero modes
separately and multiplying by an independently regularized superghost result is not this
prescription. The sign and factor in (II1.2.33) enter the sector comparison represented
in Figure I11.2.3.

For identical parallel branes there are no mixed ND directions. Specializing the
sourced spin-sector amplitudes to this case, define the common measure and zero-mode
factor by

K(t) = VPH(87r20/)—(p+1)/2t—(9—p)/26—y2/(2m’t)’ g=e ™y =|Ay
(I11.2.34)
The dt integrands, including the common GSO factor 1/2 and oscillator denominator,
are
dAnsns f3(@)® — fa(e)® dArr fa(@)®
— = =Kt , =—-K(t) =~ I11.2.35
@ 2 @° TN

The two NSNS numerator terms come from the uninserted and (—1)F*%-inserted source

sectors. The regulated combined RR zero modes supply the displayed relative sign.
These are the source’s zero-ND integrands, not a book-unit RR charge.
Define the source products before expanding them:

fal@) = I+,

n>1
_ . —1/24 2n 1
falg) =g T - (I11.2.36)
n>1
f2(q> — \/iql/12 H(l _‘_an).
n>1

The leading oscillator arithmetic can be seen without claiming the whole cancellation.
Put ¢ = e~ ™. The standard products have small-¢ behavior

fale) =q¢ (1 +q+0(),  filg)=q (A -q+0(¢*),  (111.2.37)
fol@) = V242 (1+ 0(¢%)).

Expand the two eighth powers before subtracting. Their constant terms cancel; their
linear terms add:

fi—fE=a Pl +8g+-)—(1-8g+---)] = 166" +---, [ =16¢""+
(111.2.38)

These are numerator coefficients, not complete exchange amplitudes: both terms in

(I11.2.35) also contain K (¢)/(2f%). Their first signed difference is 16 — 16 = 0. For
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identical parallel BPS sources, the cited all-level Jacobi identity f§ — f§ — f5 = 0,
together with the stated GSO, zero-mode and physical BPS premises, gives the full
cancellation. The leading calculation is a useful control on relative signs, not a proof
of the identity or of spacetime supersymmetry. Reversing the RR source orientation
for a brane and an antibrane changes the relative exchange sign, so this particular
cancellation no longer follows.

NSNS numerator: f§ — f3

Y

RR numerator: — f3

Y

identical orientation; full cancellation uses GSO,
combined RR zero modes and the Jacobi identity

Figure I11.2.3: The identical-brane cylinder receives NSNS and RR closed exchange with
opposite signed contributions. The two displayed numerator functions share K (¢)/(2f%);
their equal leading coeflicients 16 are oscillator arithmetic. The all-level cancellation uses
the sourced GSO, combined RR zero-mode prescription and Jacobi identity. Reversing
the RR source orientation changes this relative sign.

An absolute RR source coefficient is another question. A free spacetime kinetic
action can contain a convention-dependent coefficient «,, and factorization then fixes a
combination such as p2/ay, not i, without a field normalization. The source bosonic
T,, its Ny, the book’s 7,, and a source RR coeflicient cannot be identified by renaming
them. The comparison with a physical brane action in Chapter 3 begins after the
dilaton and RR field normalizations are specified. This separation also matters for
twisted fields, whose kinetic terms need their own normalization.

I11.2.6 Orbifold boundary states

How does a brane at an orbifold fixed locus source a twisted closed string? Consider
C?/Zy, with generator g : (21, 22) + (—z1, —22). A third complex coordinate, when
present in a C? embedding, is a spectator. There are two one-dimensional Chan-Paton
representations, x4 (g) = +1 and x_(g) = —1, both with x4 (1) = 1. The brane lies at
the fixed locus, so untwisted and twisted closed sectors can both couple to it.

Call the source-defined sector states |T7) and |Ty). These symbols are not unit-
normalized vectors. Each is fixed through a separate NSNS and RR comparison to a
g-inserted open trace. In the source’s oriented convention the schematic equality, with
the source factors displayed, is

< dt 1+ (=1)F
2/ U oy | S LECEDT omm| _ Ay, =2 (m2.39)
o 2t o 2
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Here H, is the open Hamiltonian, F' the open worldsheet fermion number, and the
trace includes zero modes and oscillators. The displayed 2 counts oriented endpoint
orderings; the |T'|~! is the orbifold average; the last 1/2 is GSO. The NS — R notation
means a signed spin-sector combination, not a single unprojected trace. The source
propagator and its closed modulus [ are

A = 7a / dl e=2mHe, (I11.2.40)
0

These periods differ from the bosonic calculation above. In the source’s DO illustration,
the explicit Appendix matching uses t = 1/(2]). We do not transfer that DO absolute
coefficient or modulus to a D3 example.

The three factors outside the spin trace in (II1.2.39) have separate origins. The
orbifold average is 1/2, the oriented endpoint count is 2, and the GSO projector
contributes 1/2. Their product is 1/2 before the remaining trace and propagator are
evaluated. Dropping the orientation factor would halve a sector overlap even though its
character signs would be unchanged. A vanishing supersymmetric sum would conceal
precisely this normalization error. This is why the source compares NSNS and RR
terms individually.

Why keep the spin pieces separate if a supersymmetric total self-overlap can vanish?
If (Ty|A|T,) = 0, replacing |T,) by A|T}) still gives zero for any A. The vanishing sum
cannot fix a sector normalization. The source fixes the separate NSNS and RR pieces
by their separate open/closed terms, including the factors in (I11.2.39). In the source’s
Z N notation, N is the group order and k labels the twisted sector. Its special k = N/2
sector uses an 7-plus NSNS combination. Here N = 2 and k = 1, so importing the flat
NSNS minus sign of (I11.2.31) would change the source state.

The open string from a brane of type a to one of type b has a Chan—Paton matrix
Agp. The group acts on it by v4(9)Aass(g) ™!, while g also acts on its oscillators. Thus
its physical projector is

1
Py = 3 (1 + 'Va(g)( : )’Yb(g)_lgosc) . (111-2'41)
For a = 4, b = —, the CP factor is —1; on an oscillator eigenstate of parity e = +1,
1
Py | = 5(1 —€), dimprojectea(even) = 0,  dimprojectea(odd) =1 (111.2.42)

per one-dimensional oscillator eigenspace. This integer test depends on the actual CP
action, not merely on a diagram of two fractional sources. The reverse —+ string has
the same character product. For ++ or ——, the CP product is +1, so even oscillator
parity survives instead.

The regular Chan—Paton representation gives an independent matrix check. In the
ordered (4, —) basis choose Yreg(g) = diag(1, —1). Conjugation on its four matrix units
gives

gcp : (E++7 EJr*a E*+7 E**) — (+E++7 _E+*7 _E*+7 +E**)' (111243)

The endpoint representation has Tres(1,9) = (2,0). The displayed conjugation
action on End(C?) instead has character (4,0). Even oscillator parity keeps the two
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diagonal units, while odd parity keeps the two off-diagonal units. These are integer
open multiplicities. The same regular character has no twisted closed component in
(I11.2.45), connecting the open matrix projection to the closed source sum.

In the spin-resolved sector basis just defined, the character formula for fractional
sources is

Ba)= > xa(W)ITw),  |By)=IT1)+T,), |B-)=I|Ty)—|T,). (I1.2.44)
he{l,g}

Their sum is the regular source,
|Breg) = |B+) +|B-) = 2|T1) + 0|T,). (I11.2.45)

The two fractional branes have opposite twisted components, so the regular repre-
sentation has no twisted source in this basis. Figure I11.2.4 shows the cancellation.
The numbers 1, +£1 are relative character coefficients after the sector states have been
normalized by their individual overlaps; they are not an extra 1/4/2 convention and do
not fix an absolute twisted RR charge or geometric tension.

By +B_
= 2T + 07T,

Figure I11.2.4: The two Zs characters weight the same untwisted sector equally and
the twisted sector with opposite signs. Adding the two sources gives the regular
representation and removes its twisted component. Sector widths are schematic and
imply no absolute charge normalization.

This construction is the local source ingredient for twisted RR tadpoles and fractional-
brane quivers in Volume V. It establishes relative sector components and the finite CP
projector. A complete spacetime RR charge needs the twisted-field kinetic normalization,
and a general boundary-CFT classification requires further hypotheses. The finite
open/closed consistency condition here is the spin-resolved overlap (I111.2.39) and the
projector (I11.2.41).

I11.2.7 Exercises

The five numbered tasks have submitted-answer fields in the companion question file.
Work the algebra before submitting the fields. The explanations requested after each
calculation are written exercises; they are not part of the exact-answer grade.
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. E1, spacelike gluing. At mode n = 2, solve for the coefficient of a_sa_o
separately for one positive-metric NN and one positive-metric DD direction. Use
(IT1.2.6) and submit nn_coefficient and dd_coefficient. Explain in writing
why the two-upper-index time coefficient is different although time remains NN.

. E2, zero-mode support. Take two NN coordinates and two DD coordinates
with normal brane position y = (3/2,—5/3). Submit their ordered zero-mode
support in the neumann_momentum and dirichlet_position fields of the public
schema. Explain why the DD momenta are integrated in a closed exchange rather
than set to zero.

. E3, the bosonic cylinder. For parallel bosonic D3-branes, transform the open
expression with t = 1/7 and fi(e”™/*) = v/tfi(e~™). Submit the power inside
dt/t, the source ratio N, /T, and the oriented endpoint factor. Explain separately
how the longitudinal Gaussian, oscillator modular weight and measure produce
your power. If a = 3/2, write the transformed separation exponential and explain
its short-t behavior; this exponential and explanation are not submitted fields.

. E4, Z5 sources and projector. With x4 (g) = 1, x—(9) = —1, submit the
ordered untwisted/twisted components of both fractional sources and their regular
sum. For a +— open string, submit the surviving even and odd multiplicities per
one-dimensional oscillator eigenspace. Explain why the zero total supersymmetric
self-overlap would not have determined these normalizations.

. E5, first no-force coefficient. Expand f§ — f{ and f§ to their first ¢*/3 terms.
Submit their coefficients and the signed difference. State in writing which physical
and all-level inputs are still required to conclude no force.

Take-home message

A brane endpoint becomes a closed-string pair source when the cylinder is read across
its rims. Oscillator gluing determines its form; zero-mode support localizes it; matching
the complete two-channel amplitude fixes its normalization. In type II, the NSNS and
RR pieces require their own GSO, picture and combined zero-mode prescriptions. At an
orbifold fixed locus, characters weight spin-resolved untwisted and twisted sources, and
the regular sum removes the twisted component. A reader should now be able to solve
one-mode gluing, evaluate the transverse Gaussian, track the cylinder prefactor, check a
leading NSNS/RR coefficient, and compute a Zy CP projection.

Status and sources

The rotated boundary conditions, oscillator gluing and support in Sections I11.2.2 and
I11.2.3 follow Di Vecchia and Liccardo (1999, physical PDF pp. 30-34, egs. (6.169)—
(6.190)). The BCH residual, metric-lowered timelike example and Fourier Gaussian are
algebraic [MATH] calculations in that source frame. The ghost and BRST completion of
the boundary state are sourced worldsheet inputs [WS], not consequences of the scalar
commutator. The support equations are distributional.

30



Section II1.2.4 uses Di Vecchia and Liccardo (1999, physical PDF pp. 34-37,
egs. (6.190), (6.196), (6.202)—(6.205)). The transverse Gaussian, propagator/radial/angular
factors, oriented endpoint 2, modular power and coeflicient equality are displayed
explicitly above [MATH]. The source’s N, = T,,/2 is a positive-phase critical-bosonic
result. The bosonic tachyon limits the integrated-force interpretation. Neither that T},
nor its IV, is the book’s type-II 7,, with the physical tension normalized separately.

The flat type-II fermion and superghost states, their phases, ordered pictures and
GSO signs in Section II1.2.5 follow Di Vecchia and Liccardo (1999, physical PDF p. 8,
eqs. (2.42)—(2.43), pp. 41, 44-46, eqs. (7.230)—(7.265)). The regulated combined RR
zero-mode overlap and identical-brane cancellation follow Di Vecchia and Liccardo
(1999, physical PDF pp. 49-50, eqgs. (9.282)—(9.290)). The leading 16 — 16 coefficient is
a bounded algebraic [MATH] check. GSO, BRST, the regulator, the full Jacobi identity
and BPS interpretation remain sourced [WS] and [DEC] premises. The dependence of
RR charge on its kinetic normalization, and the unresolved historical comparison, are
explicit in Polchinski (1995, physical PDF pp. 6-7, egs. (12)—(16)). No numerical book
RR charge follows from this cylinder.

The spin-resolved C2/Zy sector overlap, source propagator, character formula and
CP projector in Section II1.2.6 follow Takayanagi (1999, physical PDF pp. 4-5, egs. (3.1)-
(3.7), pp. 15-18, egs. (A.10)—(A.20)). Its k = N/2 twisted NSNS sign is plus, including
Zso; the flat NSNS sign is not transferred. The Appendix’s absolute DO example and its
t = 1/(2l) map remain source-local. Character addition and the mixed CP projector
are exact finite [MATH] statements. Twisted-field kinetic normalization, general Cardy
classification, orientifold amplitudes and full disk interactions are outside this chapter.
The original Cardy article was identified bibliographically but was not read or used as
a scientific anchor. The metric, tension, orbifold and gauge-group conventions are as
stated in the chapter.
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Chapter 111.3

D-brane effective actions: DBI
and Chern—Simons/WZ
couplings

II1.3.1 One brane, two responses

Imagine bending a D-brane and threading a compact part of it with magnetic flux.
The bend changes its proper area. The flux changes both its energy and the Ramond-
Ramond (RR) fields to which it couples. These are two distinct responses of the same
worldvolume. The Dirac-Born-Infeld (DBI) action measures the local cost of the
induced geometry and gauge field; the Wess—Zumino (WZ) action measures oriented
RR source charge. A later brane construction may use a gauge coupling, a dissolved
lower brane charge, or a three-dimensional Chern—Simons level. This chapter shows
which part of the worldvolume action supplies each quantity and tracks the factors that
make the answers comparable.

We use mostly-plus spacetime signature and write A = 2wa’. A Dp-brane has spatial
dimension p and a (p+ 1)-dimensional worldvolume. The string coupling is the constant
asymptotic value g, = e® where a constant-dilaton calculation is made. Orientations
and the choice of gauge-field coordinate will be stated where they affect an answer.
Chapter 1 introduced the endpoint gauge field and transverse massless scalars; Chapter
2 described a brane as a source for closed strings. Here those data become coefficients
in a low-energy action. Chapter 5 will revisit the global meaning of the charge read
from flux.

The disk-derived abelian action and its RR normalization are inputs. We derive the
consequences that can be obtained by expanding a determinant, integrating a normalized
form, or reducing a leading local term. We use the abelian action for slowly varying
field strength and slowly varying scalar gradients; the quadratic approximation also
requires small fields. These conditions matter whenever a seemingly simple coefficient
is exported to a brane construction.
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I11.3.2 Pullback geometry and the gauge-invariant
field

What metric does a bent brane feel? Let £%, a = 0,...,p, be worldvolume coordinates
and XM (¢) its embedding into spacetime. For the string-frame bulk metric G/, the
induced tensor is the pullback

P[Glap = Gun(X) 0. XM 0 XN, (I11.3.1)

The same operation applies to the bulk two-form B: P[B]., = Byn(X)0, XM 0, XN .
The notation is geometric rather than cosmetic. The bulk fields are evaluated on the
moving brane, and their indices are contracted with its tangent vectors. Figure II1.3.1
keeps these two maps visible.

Choose local static gauge X = £%, and denote the physical transverse coordinates
by X? = A®*. The endpoint scalar ®° is therefore a position divided by a length squared.
Splitting the bulk indices into tangent and normal directions gives the expansion

PlGlap = Gap + GuiOp X' + Gip0a X' + Gij0, X 0 X7 (I11.3.2)
In orthogonal flat coordinates Go; = 0 and G;; = d;5, so the familiar metric becomes
P[Glab = Nab + 0a X 0pXi = Nap + N2 0, 0,P;. (IT1.3.3)

Thus the kinetic term of a transverse scalar will arise from proper worldvolume area. It
is not a separate geometrical guess.

For example, take a flat 1+1 portion of the brane and one transverse coordinate
X = u€'. The tangent along &' has squared length 1+ w2, and a coordinate segment d¢!
has proper length /1 + u2 d¢t. If instead X = v€°, then P[G]op = —1 + v?, giving the
proper-time factor /1 — v? for |v| < 1. These are different signs from the same pullback
rule. Both slopes are dimensionless derivatives of a physical coordinate; replacing X by
® without the factor A would spoil the kinetic normalization.

The slope and motion can be combined without assuming that the induced metric
stays diagonal. For X = v€® + ué!, its mixed component is P[G]o; = uv. Keeping it
gives

_ 2
P[Gla, = ( 11;; o fjug) . —det P[G] =14 u® — o, (ITL.3.4)

The two u?v? terms cancel between the diagonal product and the square of the mixed
entry. Dropping P[G]o; would leave a spurious quartic term. At u = 3/4, v = 1/2,
the proper area density is /14 9/16 — 1/4 = v/21/4. A spatial slope increases area;
temporal motion decreases proper time. Both effects will appear in one DBI square
root.

The endpoint also carries an abelian connection one-form A, with F' = dA. Why does
a bulk B-field enter with this endpoint field? Under a local bulk gauge transformation
0B = d(, the open-string boundary term changes by the pullback of . Its cancellation
requires the boundary connection to transform as

P[¢]

fA=-—S1 SR =-—

dpPiq]
A .

I11.3.
. (1113.5)
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Pullback commutes with the exterior derivative. Consequently the worldvolume two-
form entering the action is

F=P[B|+\F, 6F=P[d]—dP[¢]=0. (I11.3.6)

This is a local gauge statement. On overlapping patches, the potentials have transition
data, and a bare integral of F' need not by itself be a complete global charge. We return
to the restricted charge calculation below and leave the global completion to Chapter 5.

The cancellation can also be seen directly in coordinates. On a planar patch let { =
h&rdE?, with constant h. Then d¢ = hd¢! Ad¢?. The boundary shift §A = —(h/\)¢1de?
has curvature Ad(0A) = —hdé! A d€?. The local B-component rises by h and the local
AF-component falls by h. This is a calculation with potentials on a patch. It does not
assert that one ¢ or A exists over a compact flux cycle.

There is a simple numerical check of the transformation. On a flat (¢!, £2) patch
take B1o = by and AF2 = fy. A gauge shift that changes the local Bis component by
A changes A\F15 by —A. The two entries separately depend on the potential choice,
while F15 = by + fo does not. For example, (by, fo) = (3/5,—1/5) and a shift A =2/5
give (1, —3/5); both have F12 = 2/5. This small example will prevent us from treating
F' as the sole observable when we later restore B.

Xt = \9* )
N bulk G, B

worldvolume patch
P[G], P[B]

A, F =dA

F =P[B]|+ \F

Figure I11.3.1: A worldvolume coordinate patch bends into a transverse physical
coordinate X* = A\®’. Tangent vectors 8,X™ pull bulk tensors onto the brane. The
endpoint connection contributes AF' to the local invariant two-form P[B] 4+ AF; the
drawing fixes no global flux quantization.

The pullback, rather than a flat metric inserted by hand, is what the DBI square
root must contain. In a curved or time-dependent background every tensor in the next
section is evaluated on the embedding. Our explicit determinants use the flat local
frame, where the role of each sign can be seen without concealing it in coordinates.
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I11.3.3 DBI at quadratic order

How does a single action produce the scalar and Maxwell kinetic terms? In the book
RR charge frame define
S (IIL3.7)
T @emp(a) e/ "gs ' -
Here p,, is the RR source coefficient and 7, the physical tension at constant dilaton.
The sourced slowly varying abelian DBI action uses this string-frame metric and is

SpBI = —fip / dp+1ge—‘1”\/ — det(P[Glab + Fab)- (I11.3.8)

At e® = g, its prefactor is 7,. Multiplying 7, by another e~® would count the same
asymptotic dilaton twice. Equation (II1.3.8) is a disk-level worldvolume premise, not
a theorem obtained from the determinant algebra that follows. In particular, slowly
varying means that derivative corrections in F' and second derivatives of the embedding
are being set aside.

Set B = 0 and use the flat static-gauge metric from (I11.3.3). Write H,p, = 9, X ‘0, X;
and M% = n*(Hg, + AF). Then

1 1 1
V—det(n+H + \F) = /det(1+ M) =1+ 5 M+ g(trM)2 - Ztr(MQ) e
(I11.3.9)
The tensor H is already quadratic in scalar first derivatives. The antisymmetry of F’
gives tr(n~'F) = 0, while contraction with the mostly-plus metric gives tr[(n~1F)?] =
—F,, . Keeping only terms quadratic in 9X or AF therefore yields

2
V—det(n+H +AF) =1+ %aaxiaaxi + /\ZFabF“b +0((0X)*, F*, (0X)’F?).
(I11.3.10)
0Odd powers of a lone antisymmetric F' cannot contribute to this quadratic result; the
scalar term first enters through tr H. When this square root is multiplied by —7,, a
time derivative of a scalar has positive kinetic energy, as does an electric field.
The determinant formula can be reconstructed without memorizing a square-root
identity. Write det(1 + M) = exp{trlog(1 + M)}, expand log(1 + M) = M — M?/2 +
O(M?), and expand the outer exponential. This gives

log v/det(1 + M) = %trM - itrM2 +O(M?),
Vdet(1+ M) =1+ %trM + é(tr M)? (II1.3.11)
- itrM2 + O(M?).
Now count H as second order in X and AF as first order in field strength. At the
required order, tr M = tr(n~1H) and tr M2 = A2 tr[(n~1F)?]. A cross term with one

H and one F is cubic in these small quantities and also vanishes as the contraction of
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symmetric and antisymmetric tensors. This order counting explains the scalar one-half
and gauge one-quarter coefficients even though the fields enter the same square root.
At higher order the gauge and induced-metric terms do mix.

An exact small-block calculation tests both signs and shows what the series omitted.
Put u = 01X and e = AFp; on a 1+1 subspace. The two-form has Fig = —Fp1, so

-1 e

(PIGI+AF),, = <_e 1+ u2> ;. det(P[G]+ A\F) = —(1+u* —¢?). (1I1.3.12)

At the deliberately nonunit values u = 3/5, e = 2/5, the quantity under the square root
is 1 4+9/25 — 4/25 = 6/5. The quadratic series instead gives 1+ u?/2 — e?/2 = 11/10;
the exact value is 1/6/5. The difference is a higher-field correction, not a failed electric
sign. Since F,, F®® = —2F2 here, (I11.3.10) indeed contributes —e?/2 inside the square
root.

The exact block also explains the signs in the action. At fixed u = 0, V1 —e2 =
1 —€?/2 + O(e*). Multiplication by —7, gives +7,¢%/2 in the Lagrangian, as expected
from —F?/(4¢%). At fixed e = 0, V1+u2 = 1+ u?/2 + O(u?), so the Lagrangian
contains —7,u?/2, the spatial-gradient part of scalar kinetics. The sign of energy
cannot be read from one square-root coefficient without the overall negative action and
Lorentzian contraction.

A magnetic component checks the other sign without appealing to analytic continu-
ation. On a flat 2+1 block set b = AFjo as well as the preceding u, e. Direct expansion
along the first row gives

-1 (& 0 u2+b2—e2
det | —e 1+u? b|=—(1+u?+0*—¢?), \/fdet:1+f+0(4).
0 -b 1

(I11.3.13)
For (u,e,b) = (3/5,2/5,4/5), the exact radicand is 1 4+ 9/25 + 16/25 — 4/25 = 46/25,
positive and larger than the pure-slope result. The b? contribution is the local magnetic
energy. Figure I11.3.2 displays the tensor entries whose relative signs produce it.

The square root also has a domain visible in this elementary example: for the static
slope block it is real only while e? < 1 4 u? 4+ b%2. We use the expansion strictly near
zero fields, not as an exact effective description at a critical electric field. The next
question is which gauge coupling its Maxwell term defines.

I111.3.4 The trace normalization

Why do two familiar D3 gauge couplings differ by a factor of two? For one brane, take
A to be the connection to which a unit-charge endpoint couples. Its field strength is
F = dA. The gauge term of (II1.3.10) is

Tp)‘z p+1 ab 1 ab 2 1
Sve=—"7 A" Fp FT = e Fan B 90y = 3
U(1),int P
(I11.3.14)
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a,b € {0,1,2}: row and column indices

-1 e 0
P[G]+MF=|—-e 1+u* b
0 —b 1

time — Fop = —Fpq slope u?

—det(P[G] + AF) = 1+ u? + b — &2

Figure I11.3.2: The flat (0, 1, 2) block used in (IT1.3.13). A physical transverse slope raises
the 11 metric entry, while electric and magnetic two-form entries occur in antisymmetric
pairs. Its determinant is —[1 + u? + b — €2]; the picture is a sign guide, not an
independent action derivation.

The subscript “int” recalls that periods of this connection are normalized for integer
endpoint charge. It is a coordinate choice with physical content when flux is integrated;
we will not silently replace it by a rescaled generator component.

For a stack, only the leading quadratic matrix kinetic term is needed here. Write
a Hermitian matrix connection A = A*T®, where a is a gauge-generator index, with
Ty (TT?) = §%° /2. The book component convention is Syy = — JELF ™ (42 00p0)-

Here p,v =0, ..., p are worldvolume indices, distinct from the generator index a. At
this order the disk coefficient is
A2 A2 1 A2
2 1y B, v = 22 pa panr, = (I11.3.15)
4 8 g Jbook 2

The factor of one half comes entirely from the fundamental trace, before any dimensional
reduction or duality. Substituting (II11.3.7) gives

72 - - g200
Fnook = —z = 2(2m)" 294 ()P gR ) e = ook, (I11.3.16)
Tp

This leading trace statement is sufficient to compare kinetic coefficients. It does not
postulate an exact nonabelian DBI determinant with a particular trace prescription.
Dimensions provide a second check. Since 7, ~ (o/)~P*1/2 and A\? ~ (a/)?, the
coupling has
(92 0] = [7'1)_1)\_2] = length? ™~ = length? 3. (I11.3.17)

The D3 coupling is dimensionless; the D6 coupling has dimension length®. Integrating a
D6 zero mode across a physical length will give a six-dimensional coupling of dimension
length?. This catches a common indexing error: seven worldvolume dimensions come
from p = 6, not p = 7. Dimensions do not fix the numerical factor of two; the trace
does.

For a rank-one matrix, the normalized Lie-algebra generator is T'= 1/ V2. If ais
the integer-charge identity connection, write A = A°T = al; hence A° = /24 and
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FO = /2 f. Indeed, . , )
— (F; ) =— 22f =— 2f . (I11.3.18)
49ho0k 49100k 497 (1) int
The two displayed couplings refer to different coordinates on the same quadratic action.
A unit-charged endpoint couples to a, and [ f/(27), rather than [ F°/(27), is the
integer period used in the WZ example.

Check the conversion backward. Begin with the integer connection a and set
A = \/2a. Its component action becomes —2f2/(4g2, ). Equality with the single-
brane disk term —7,A\?f2/4 requires 2/gZ, ., = 7p\?, exactly (I11.3.15). Starting from
the connection whose holonomy and flux are specified makes the factor of two transparent.
It prevents a generator normalization from turning an integer period into v/2 times an
integer.

At p =3, g}, = 4mgs and 9%](1),111'5 = 2mgs. Choose the nonunit g; = 3/2: the two
values are 67 and 37, and their ratio is two. A reader who obtains 37 for the book
component coupling has likely omitted the half-trace, while a reader who obtains 67 for
the unit-charge connection has silently changed the flux coordinate. This distinction is
particularly important when Chapters 4 and 5 use the same field both in a Yang-Mills
term and in a charge integral.

Different primary accounts distribute the asymptotic dilaton among symbols differ-
ently. In the book frame, p, is the RR charge coefficient and 7, = p,/gs. A convention
with shifted dilaton ¢, = 0 and rescaled RR potentials Csource = 9sChook Can write
equal-looking source tension and charge coefficients T}, source = Lp,source = Lp book/Js-
Myers states the string-frame metric and dilaton profile before this normalization, and
gives the equal tension/charge coefficients later. The WZ product fip source Csource then
equals fip bookChook- This algebra translates the restricted RR-potential units; it does
not change a physical RR charge. Likewise, if a printed final expression drops gs while
the same source has 7, = 1,/ gs, the dimensional identity g? = 1/(7,A?) and the explicit
tension fix the comparison. The cylinder discussion of Chapter 2 fixes a source in its
own RR kinetic frame, not an unqualified absolute .

II1.3.5 WZ couplings and lower charge

How can a Dp-brane become a source for a lower RR potential without ceasing to be a
Dp-brane? Let C =5 q Cy denote the RR potential polyform in the book charge frame.
The sourced leading abelian WZ term selects the worldvolume top-form from

Swz = tip /W [PICIAET] . F=P[Bl+A\F. (I11.3.19)

p+1

The orientation of W, is part of this integral. Expanding the exponential by degree
makes the first three source channels clear:

[P[Cle”] | = P[Cpt1] + P[Cypa] AN F + %P[Cp_g] ANFANF+-. (I11.3.20)

p+1

Each factor of a two-form lowers the potential degree by two, so every term remains
a (p+ 1)-form on the same brane. The one-half in the third term is the exponential
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coeflicient; it will matter for the D4 Chern—Simons reduction. Figure II1.3.3 shows the
degree count and the selected orientation, rather than depicting actual separated lower
branes.

For p = 4, the first three degrees are concrete: Cs, C3 A F, and C; A F2/2. They
couple, respectively, to a five-form potential, a three-form with one two-form insertion,
and a one-form with two insertions. The last is the term later reduced on M3 x C.
Form-degree counting alone does not assign an integer lower charge. That also needs
ttp, the period of the connection, and the product orientation. In the restricted B =0
frame, the D4 terms can be written with their coefficients exposed:

2
SD4,WZ = M4/ |:C5 +AC3 AN F + /\701 ANFENFA+---|. (111.3.21)

Ws

The first flux term is linear in the integer-charge connection; the second is quadratic
and carries the factor that will survive the wrapped reduction.

Set B = 0 and take an oriented compact two-cycle ¥ inside the brane. Suppose the
unit-charge connection has integral period [, F/(2r) = n. From the charge units in
(I11.3.7),

ppA (2ma) (2m)P~2 (o) (P 1)/2 _ i (1113.22)
o erp@) P 2
Suppose Wpy1 = Wp_1 x ¥ with the indicated product orientation. For the factorized
action below, the external RR potential pulled back to the brane is itself pulled back
from W,_1, or we extract its compact zero-mode coupling; the contributing F' has its
two legs on ¥. Integrating that internal flux over the stated product fiber gives

,Up/\/ P[Cp_l] ANF = Hp—2 <1/ F> / P[Cp_l] = n,up_Q/ P[Cp_l].
Wp_1 X5 2 Js Wp—_1 Wp—_1

(I11.3.23)
The lower charge is a worldvolume flux source. The computation identifies its RR
coupling, not a new localized geometric position for n lower branes. It also shows
why the charge coefficient has no extra g;!': the WZ coefficient is ip, Whereas the
constant-dilaton DBI tension is f,,/gs. A nonuniform external test potential along ¥
instead weights the local flux distribution: two flux profiles with the same integral n
can have different couplings to that probe. Their total integrated lower charge remains
n.

The ratio is independent of p, provided p > 2 so the lower potential exists in this
sequence of WZ form degrees. For D2, yi2A\/po = 1/(2m): one oriented unit of flux gives
one DO source unit. For D4, the same arithmetic gives D2 source charge from C3 A F.
Its next term has a different coeflicient because two factors of F' bring the exponential
factor 1/2!. This is why the exponential must be expanded before comparing a D4 term
to a normalized Chern—Simons action. The mnemonic that each flux lowers the RR
potential degree by two does not determine all coefficients.

For example, take n = —3 on a positively oriented parent Dp-brane. Its induced
D(p — 2) source is —3 in p,_2 units. Reverse the parent brane orientation while holding
the two-cycle and the displayed flux-coordinate convention fixed. The WZ integral
changes sign, giving +3. Reversing the cycle orientation at the same time would also
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change the written period; therefore sign statements need the orientation data, not just
a bare integer.

[ Cp+1 degree p+ 1 parent Dp source }
Iir

[ Cp—1 ANF degrees (p—1)+2 lower source
Iir

[ 10,3 ANF? degrees (p—3) +4

Wp+1 orientation fixes the sign of every top-form integral

Figure I11.3.3: The first three top-form channels in the oriented WZ integral. Every
step adds one worldvolume two-form and drops the RR potential degree by two.
The coefficient 1/2 in the third row comes from the exponential. For the lower-
charge computation the two-form is AF' with B = 0, and the cycle orientation defines

n= [ F/(2m).

The preceding integral has a precise boundary. With nonzero B, the action uses
P[B] + AF. Curvature terms and the global restriction on allowed flux can also alter
how a lower charge is assigned. The formula n is therefore a local, restricted flux/Chern-
character statement in the source frame, not a universal Page-charge or K-theory
classification. Chapter 5 will supply the global distinctions. The RR normalization
may be checked against closed-string source calculations, but a cylinder charge product
alone does not replace the explicit u, convention used here.

I11.3.6 Wrapped and interval reductions

The two action pieces now answer two different engineering questions. What kinetic
coupling remains when a D6 gauge field is constant along an interval? What topological
coefficient remains when a D4 wraps a two-cycle carrying RR flux? Both are integrations,
but the first integrates a positive physical length and the second an oriented period.
Figure II1.3.4 separates the geometries.

For the interval calculation, take a flat unwarped D6 worldvolume Mg x I, constant
dilaton, and physical interval coordinate s € [0, L]. The physical length L is measured
with the same constant-dilaton string-frame metric used in (II1.3.8); the stretched D2
below uses that same length. Let the seven-dimensional gauge zero mode be independent
of s, with no mixed field-strength component in the term being reduced. The leading
book-trace kinetic term is

1 L 1 1 L

Sro2=——=5 de/ ds F FH = —7/ Sz Fo o = 2

| 497 Sy o 498 Jore " % 97
(I11.3.24)
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Here g7 labels the coupling in seven worldvolume dimensions, while gg labels that of the
six-dimensional zero mode; neither subscript is a brane value of p. For D6, set p = 6 in
(II1.3.16), obtaining

4 1\3/2
g2 =2(2m)%g, ()2, 2= M (I11.3.25)
If L = 5/2 in the chosen length units, then g2 /g2 = 1/L = 2/5. A shorter interval raises
the six-dimensional coupling because less seven-dimensional kinetic volume is integrated.
The formula says nothing by itself about warping, varying dilaton, endpoints, or the
ultraviolet completion at L = 0.

The zero-mode assumption is doing work. If the gauge field depends on s, the
coefficient in (II1.3.24) does not by itself give the kinetic coefficient of an arbitrary six-
dimensional field. One must decompose the seven-dimensional field into profiles along
the interval and integrate each profile with the physical metric and dilaton measure. For
the constant profile in the flat frame, that integral is exactly L. This bulk coefficient
alone supplies neither a boundary condition nor a localized degree of freedom at the
two ends. It is the piece of a D6 interval construction that leading DBI can determine
without specifying junction dynamics.

There is a useful tension check using a different brane. A D2 stretched along the
same physical interval has energy per unit unwrapped spatial length, or action coefficient
per 1+1 worldsheet volume,

v
(27)2gs (/)32

Combining this actual D2 tension with (I11.3.25) and (II1.3.24) cancels the interval and
string units:

Tpo = Lty = (I11.3.26)

L 2(2m)%gs(a’)3/?
271')293(0/)3/2 L

Tpa,1 95 = ( =2(27)2 = 872 (I11.3.27)

At L = 5/2, dividing by 72 still gives eight. This equality is a leading flat-space DBI
relation between the specified D2 object and the zero-mode coupling. It is not an exact
statement about an arbitrarily curved six-dimensional theory.

For the second reduction, take a positively oriented D4 worldvolume M3 x C, where
C is an oriented two-cycle and the product fixes the M3 orientation. We now use a
Hermitian matrix connection A pulled back from Ms, independent of the point on C,|
with

0
F=dA+iANA,  ws(A) =Ty (A/\dA—&—ngAA/\A), dws = Tey F A F.

(I11.3.28)
This is the convention for the Chern—Simons form in the present reduction. Chapter
1’s endpoint matrix convention is D1 = d — i[Am.1, -], whereas the matrix coordinate
here has D = d + i[A,-]. They describe the same adjoint derivative when A = — Ay 1;
the corresponding curvature coordinate changes sign as well. The sign in w3 cannot be
copied between these coordinates while keeping F' = dA + iA? fixed. For the rank-one
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case the cubic term vanishes, but the sign choice remains essential for the matrix
expression.

Define the normalized RR one-form and its curvature by C; = poCi and Fa = dCy.
The quadratic WZ term of the D4 is

1
/ Cy ATy FAF = — CiATy FAF  (I13.29)
M3><C

2
871- MSXC

f1a N
2

Spa,pz =

To see the half-factor rather than simply memorize it, insert the charge units:

paA? 1 2ma’)? 1 1
_ - - 111.3.30
e~ EoieE 2 @) 2(2m)2 82 ( )

Omitting the exponential’s 1/2 would double the eventual bare Chern—Simons level.
Assume the restricted RR curvature class has the integral oriented period K =
Jo F2/(2m) € Z. With the connection pulled back from Ms, its ws is also independent
of C, as required by the displayed product reduction. For nonzero K, C; is generally
a collection of local potentials on patches of C, not a globally defined one-form. The
inherited patch or extension descent pairs this RR flux with the local Chern—Simons form.
With the positive D4 wrapping orientation fixed above, the resulting three-dimensional

term is ) K
Scs = —= F = — . I11.3.31
Cs 872 </C 2> /M3 w3 I " w3 ( )

This descent equation specifies the restricted orientation and normalization used in
later brane constructions. It should not be obtained by a global integration by parts
in (II1.3.29): a global C; would contradict a nonzero flux period on closed C. Patch
transitions or an extension supply the missing data. The chapter uses that descent
input; it does not prove a general global pairing theorem.

To locate the missing step, cover the oriented cycle by patches Uy,Ug on which
one-form potentials C1 n,C1,s exist. Each satisfies dCi ny = dCy s = F» locally, but their
difference on the overlap is transition data. The integral [ o F2 measures the obstruction
to choosing a single potential on the whole closed cycle. The formal identity

Cl A d(.U3 = ]:2 A w3 — d(61 A CU3) (111332)

holds on one patch, where both forms exist. Adding patch integrals also adds overlap
or extension terms. Discarding the local total derivatives alone would not establish
a global sign. The adopted descent statement fixes that sign with positive wrapped
orientation; this patch picture explains the qualification and is not a new proof of the
global descent.

For a concrete oriented period K = —2, a positive wrapped D4 produces bare level
—2 in (IT1.3.31). Reverse the wrapped D4 charge while keeping the orientation of Mg,
the cycle convention, and the RR flux fixed: the WZ source changes sign, and the
bare level is +2. This discrete sign contrasts with the positive length L, which changes
the continuous inverse gauge coupling in (II1.3.24). The interval relation feeds the
D6 constructions of X.4; the flux descent feeds the M2-brane and three-dimensional
gauge-theory examples of Volume VIII, Chapter 5. The dynamics of those constructions
requires their additional ingredients.
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D6 interval wrapped D4

F,.(x) constant in s

Fa
i

positive (e1, ea)

\/

K= [ 2
0271'

M3><C: kbare:K

Figure I11.3.4: Two independent reductions. Left: a flat D6 has a gauge zero mode
constant along the physical interval 0 < s < L, so integrating its kinetic density
multiplies 1/g2 by L. Right: a positively oriented D4 wraps M3 x C, and the oriented
RR period K = [, F2/(2n) fixes the bare level. The ordered local tangent basis
(e1, e2) marks the positive orientation of the two-cycle C; together with the stated M3
orientation it gives the positive D4 product orientation. Reversing D4 charge reverses
the level while holding the M3 orientation fixed.

I11.3.7 Exercises

The first five exercises ask for exact submitted coefficients or integers as well as written
reasoning. The public companion supplies the JSON field names and grades those
submitted values. The last exercise is a written interpretation question.

1. E1, determinant signs. On a flat 2+1 worldvolume take one physical slope
u= 00X, e= Ay, and b = AFj5. Compute the determinant of P[G] + AF and
submit the coefficients of u2,e2,b? in its square root through quadratic order.
Explain why the electric coefficient has its sign.

2. E2, two gauge coordinates. For D3 at g; = 3/2, submit g2, /T, 92U(1),int/7r’
and their ratio. Use Trp(T°T°%) = §%°/2, and explain in writing how AT = al
preserves the integer-charge connection.

3. E3, orientation. With B = 0, take a positively oriented Dp-brane and an
oriented two-cycle with [y, F'/(2r) = —3. Submit the induced D(p — 2) charge in
{tp—2 units, then the charge after reversing parent-brane orientation while holding
the flux-coordinate convention fixed. Show the charge-ratio step.

4. E4, interval and tension. A flat D6 has an interval-constant gauge zero mode
on a physical interval of length L = 5/2. Submit g2/¢2? and Tho ;g2 /72 in the
book trace convention. Calculate the actual stretched D2 tension before canceling
units.

5. E5, flux descent. A positive D4 wraps M3 x C' with K = —2 in the oriented RR
convention of (II1.3.31). Submit the bare Chern—Simons level, then the level after
reversing wrapped charge with M3’s orientation held fixed. Identify the factor of
one-half in the WZ exponential.
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6. E6, written interpretation. Explain why a nonzero B-field, curvature terms,
or restrictions on allowed worldvolume flux can change a naive lower-charge
interpretation. Explain also why a nontrivial RR period requires patch or extension
descent instead of a global C; integration by parts. No detailed global charge
formula is requested.

Take-home message

DBI turns the pullback metric and invariant two-form into local scalar and gauge kinetic
terms. WZ turns oriented worldvolume flux into RR source charge. With A = 27a’,
an integer-charge single-brane connection and a half-trace matrix component differ by
a factor of two in their displayed couplings. A flat D6 interval gives 1/g2 = L/g? and a
stretched D2 tension 8> / g2; an oriented D4 RR period gives a bare three-dimensional
Chern—Simons level. A reader should now be able to expand an induced determinant,
translate the two gauge coordinates, integrate a restricted lower-charge flux, and track
the orientation of a flux descent.

Status and sources

The pullback, local B-gauge compensation and abelian DBI premise in Sections II1.3.2
and II1.3.3 follow Johnson (2000, physical PDF pp. 78-80, egs. (199), (204)—(207))
and Myers (1999, physical PDF p. 2, egs. (1)—(2)). The determinant series, nonunit
electric/magnetic blocks and signs are [MATH] deductions under their flat, slowly varying
premises. The original full Dirichlet sigma-model derivation is identified by Leigh (1989)
as a proof pointer, but its primary text was not used as an exact equation anchor here.
The Born-Infeld analysis Callan and Maldacena (1997, physical PDF pp. 2-3) supplies
abelian context in its o/ = 1 units, not the present normalization.

The RR charge and physical tension in (I11.3.7) follow Johnson (2000, physical PDF
p. 109, egs. (274)—(275)) (cited physical input). The first equality of that source’s
equation (276) gives the single-brane abelian kinetic coefficient; its printed final expres-
sion omits g, relative to equation (275). The book half-trace component translation in
Section II1.3.4 is explicit [MATH] algebra using the stated tension and trace conventions.
Myers' string-frame metric and dilaton/kinetic convention on physical PDF pp. 4-5, and
his equal tension/charge units on physical PDF p. 7, are source-local physical inputs.
The algebraic conversion Cysource = 9sChook above relates those RR-potential units; it is
not itself a further source declaration. The cylinder and minimal RR charge product
in Polchinski (1995, physical PDF pp. 56, egs. (9)—(15)) provide an independent RR
context but do not by themselves fix the book’s absolute fp,.

The WZ exponential and first lower-source terms in Section I11.3.5 follow Johnson
(2000, physical PDF pp. 112-113, eqs. (284)—(287)) and Myers (1999, physical PDF
p- 2, eq. (3)) (cited physical input). The charge ratio and oriented integral are [MATH]
under the stated B = 0, integral-period and product-orientation conditions. They are
not a full global charge classification.

The flat constant-mode interval algebra and actual D2 tension in Section II1.3.6 are
[MATH] consequences of the displayed tension and dimensional-reduction conventions.
The D4 term uses the same WZ source, while its oriented flux-to-Chern—Simons descent is
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restricted to the stated patch and extension. Its Hermitian connection has F = dA+iA?
and w3 = Try(AdA+2iA3/3). Chapter 1's separate endpoint connection coordinate uses
the opposite commutator sign and must be translated before comparison. The nonzero
RR period prevents a global-potential integration by parts. Global Freed—Witten,
curvature and K-theory refinements, a full disk proof, exact nonabelian DBI, derivative
corrections, and warped interval dynamics are outside the results established here. No
universal global descent follows from this local calculation.

The cited physical inputs in this apparatus retain their stated source and regime
and are cited physical inputs. The mathematical checks do not establish those physical
premises.
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Chapter 111.4

Multiple branes: non-abelian
worldvolume structure

I11.4.1 From endpoints to a matrix field

Put two parallel D-branes on top of each other. An open string can start and end on
either one. Its endpoints therefore have more information than the endpoints of the
single-brane strings in Chapter 1. In particular, the string that goes from brane 1 to
brane 2 cannot be described by a second copy of the abelian gauge field. It supplies an
off-diagonal component. At coincidence these components are light, and the leading
low-energy fields assemble into a Hermitian matrix connection and Hermitian transverse
scalar matrices.

This chapter asks three linked questions. How do endpoint labels produce matrix
multiplication? Why does the leading action force static flat-space scalar vacua to
commute? How does a physical separation then give a mass to an off-diagonal worldvol-
ume vector? The first two questions lead to the classical configuration space used in
later brane-probe constructions. The last connects that field theory to the energy of a
stretched string. A separate D0 example shows how a background Ramond-Ramond
(RR) field changes the leading scalar energy.

Through the spatial-vector calculation take identical parallel type-IT Dp-branes in flat
noncompact space, with no background B-field or RR flux. The low-energy spectrum
and its maximally supersymmetric U(N) Yang-Mills interaction are string-theoretic
inputs. They have sixteen real supercharges. We derive the bosonic consequences of
that leading action. Its fermions are needed for supersymmetry but are not derived
here. Chapter 3 supplied the single-brane kinetic normalization; the matrix theory
below uses the book’s fundamental trace normalization. The result is a leading field
theory, not a formula for the complete nonabelian Born—Infeld action.
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I11.4.2 Ordered endpoints and the gauge algebra

Why is the extra endpoint information an algebra rather than merely a list of N?
particles? Label an oriented open-string state by its initial and final branes, (4, ), and
associate to it the matrix unit F;;. The first index is a row, the second a column.
An ordered joining of a j-ending string to a j-starting string has precisely the matrix
product

(Eij)ab = bialjb, EijEyp = L. (II1.4.1)

The Kronecker delta tests whether the intermediate endpoint agrees. It is the physical
origin of the index contraction in a matrix interaction. Figure II1.4.1 draws that
contraction without assigning a distance to an endpoint label.

The rule applies unchanged to more than two branes. For example, a (1,2) string
followed by a (2, 3) string has a matching intermediate endpoint and contributes a (1, 3)
matrix component. A (1,2) string followed by a (3,1) string cannot be joined in this
order:

E12E23 = Ejlg7 E12E31 =0. (III42)

This is why the repeated index is an endpoint condition rather than an arbitrary
summation convention. A general matrix field M = Zl j M;;E;; retains all allowed
ordered pairs. Its product with another field automatically sums only over compatible
intermediate branes. The same contraction is what lets a local action use traces of
matrix products without separately listing every string joining.

brane 1 Eis brane 2

/\ Ei2Ey = En
\—/ E>1E12 = Eao

Ea

Figure I11.4.1: Ordered Chan—Paton labels. The two successive oriented strings (1, 2)
and (2,1) join at endpoint 2 and give F13F = F11. Reversing their order gives Fos.
The labels identify branes, while their physical separation is specified later by scalar
eigenvalues.

For two branes the multiplication is concrete:

0 1 0 0
Eis = (0 0> s FEo = (1 0> 5 FEi1oFE = E117 FEo1E19 = Fos. (11143)

The last two answers differ. An interaction that retains the endpoint ordering must
therefore retain noncommutative matrix multiplication. The Hermitian combinations
E12 + E2 and i(F12 — Fa1), together with Ey; and Fsa, span the real vector space of
Hermitian 2 x 2 fields. In general there are N? real Hermitian matrix components for
each vector or scalar field.
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Equivalently, any Hermitian U(2) component may be written
H =hi1FE11 + hoEos +wEqs + w*Egl, hi,hes €R, weC. (11144)

The two complex-looking off-diagonal entries are conjugates, not two independent
complex fields. They carry opposite endpoint orientations while forming one Hermitian
matrix. This accounting is useful when a later quadratic action is written using w:
a trace contains both orientations and produces a factor of two. At a separated
background, the same pair is often called a charged W field. That name describes its
relative U(1) charge and mass, not an extra field added by hand.

At coincidence the massless vector states are collected into A, = AL, uw=0,...,p.
A change of endpoint basis by U € U(N) acts by conjugation on an adjoint scalar ®;,
and the corresponding connection transforms inhomogeneously:

&, — UDU, A, —UAU ' —i(0,U)U . (I11.4.5)

For our Hermitian sign convention, this makes D, ®; = 0,9, — i[A,,, ®;] transform by
conjugation. For constant U, the second term in the connection law vanishes. Localizing
the endpoint-basis change requires it.

It is useful to test the sign in that local law. Set U = 1y + i + O(9?), with
Hermitian ¥(x). To first order, the field variations read

09 ®; = i[ﬁ, (Di], (51914“ = 8M19 + i[ﬁ, AM]' (HI.4.6)

In 6(D,®;), the derivative of the first variation contains (0,9, ®;]. The variation of
the connection term contains its negative. The remaining terms combine by the Jacobi
identity:

09(D,®;) = i[V, D, ®;]. (111.4.7)

Thus the displayed transformation has the sign needed by the covariant derivative that
will appear in the action. A source using D = 0 + i[A, -] prints the opposite sign for its
matrix connection; its formulas require translation before comparison.

The diagonal subgroup already shows what separation will do. Let U have diagonal
entries €'t and e?%2. Then

UEpU ™t =¢l=02)p,  UE U 1= 1-%)F,. (I11.4.8)

Thus the two off-diagonal components carry opposite relative U(1) charges. For a
common phase 0; = 02, both charges vanish: the central U(1) acts trivially on adjoints.
This does not erase the center-of-mass scalar coordinates. Conjugation cannot change a
matrix trace, and a common physical translation will change that trace.

The product itself gives another useful U(2) check:

[Er2, Eo1] = E11 — Ea, [E11 — E92, B3] = 2E. (I11.4.9)

An interaction of the two opposite endpoint orientations therefore returns a diagonal
field. Repeating the interaction can produce an off-diagonal field again. The three
components close under commutators; one cannot retain only the diagonal fields when
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the off-diagonal strings are light. The diagonal sum Fq1 + E22 = 19, on the other hand,
commutes with all four matrix units. This finite calculation distinguishes the relative
algebra from the central direction without discarding either field from the original U(2)
multiplet.

The endpoint algebra alone does not derive which open-string states survive the
type-II projections or why their leading interaction has sixteen supercharges. Those are
the flat parallel-brane spectrum and low-energy premises. Once supplied, the algebra
explains why the fields must be matrix-valued. It also tells us why a stack cannot be
described by N independent copies of Chapter 3. The next step is to determine the
terms that those matrices inherit from the ten-dimensional field strength.

I11.4.3 Reducing the leading ten-dimensional action

Which scalar terms are fixed by the leading gauge action? Use mostly-plus ten-

dimensional signature. Capital indices M, N = 0,...,9 split into worldvolume indices
w,v=0,...,p and transverse indices 7,7 = p+1,...,9. The starting bosonic term is
1 10 MN ab g
SlO,bos = 7272 dx TI‘f(FMNF ), TI“f(T T ) = ? (111410)
Jio

For fields independent of the transverse spectator coordinates, write their formal
integration volume as V, = [ d°~Pz and define the reduced book coupling by g2 =
g39/V 1. Thus integrating the displayed parent term gives S,11 = [dP™'z L, 41 with
coefficient 1/g%. This volume is a normalization device for the dimensional reduction,
not a physical compactification assumption. Since Ay, has inverse-length dimension,
[g2,) = LS, [Vi] = L%P, and [¢%] = LP~3. The half-trace convention makes the
component quadratic term —F, , F*MN /(4g%). We do not identify this coefficient with
an untranslated coupling printed in a source that uses a different trace or connection
sign.
Take Hermitian A,; and define

DM :8M—Z[AM, -L FMN :8MAN—8NA]V[—7;[AM,AN}. (111411)

Reduction means retaining fields independent of each transverse coordinate: 9; = 0.
Set A; = ®;. The mixed component is then a covariant derivative, while the transverse
component is a commutator:

Fui = 0,®; —i[A,, ®;] = D,®;,  Fi; = —i[®;, ] (111.4.12)

The operation is dimensional reduction of a leading gauge theory. It is not a derivation
of the D-brane spectrum from a ten-dimensional gauge field.

Count both placements of the mixed indices. With repeated transverse indices an
ordered sum, antisymmetry of F' gives

Try FynFMN = Try(F,, F* + 2D, ®;D'®; — [®;, ©;]%) . (I11.4.13)

The factor 2 is the pair (u,4) and (4, ). The last minus sign follows from (—i)? = —1.
In particular it is not permissible to replace the ordered (7, ) sum by i < j without
changing its coefficient.
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For a small matrix test, choose two of the available transverse directions, r and
s, and set @, = aoy, ®; = boy, with real constants a,b. The Pauli matrices obey
[01,02] = 2io3. Only the (r,s) and (s,r) entries of the transverse block are nonzero:

F.s = —i[®,., D] = 2abos, F,, = —2abos. (I11.4.14)
Since Try 03 = 2, each ordered square has trace 8a?b?, and both together contribute
2 2 2,2 8a2b?
Trf(F'r‘s + Fsr) = 16a°b ’ 'Cscalar,static = - g2 . (111415)

This explicit pair checks both the ordered factor and the fact that a noncommuting
static configuration has a negative Lagrangian potential term. If one counted (r, s)
only once while retaining the coefficient in (II1.4.16), the energy would be wrong by a
factor of two. A diagonal pair has F,, = 0, even if its two eigenvalue vectors describe
separated branes. Thus the energy measures failure of matrices to commute, rather
than spatial separation itself.

Substitution into the parent density produces three terms with fixed relative coeffi-
cients:

1 1 1
Ly = =555 Ty Fu P = 5 Ty Du@D 0 55 T [0, o2 (I1.4.16)

For a time-dependent single diagonal component, the middle term is positive because
Dy®;D®; = —<I>l2 The last term is nonpositive as a Lagrangian potential term because
a commutator of Hermitian matrices is anti-Hermitian. Both signs are needed in the
vacuum argument below.

The temporal block makes the kinetic sign explicit. In a background with Ay = 0,
take a diagonal scalar ®;(t) = diag(u(t),v(t)). Then

;2 ' 2

Trf(Dy®;D°®;) = —iu? — 02, Lyin = (111.4.17)

92
Thus the reduced sign gives a positive time kinetic energy before the vacuum matrices are
diagonalized. Its relative coefficient to the vector term is fixed by the two mixed blocks
of (II1.4.13). Changing the overall trace convention would rescale both coefficients;
changing only one would break the reduction.

The number of scalars is 9 —p. A D3 stack has six matrices ®y, ..., ®g; its transverse
block contains thirty ordered (7, j) terms with ¢ # j, or fifteen unordered pairs. More
explicitly,

9
S T[@, P =2 Y Te[®;, @)% (II1.4.18)
i,j=4 4<i<j<9

At p = 8 only P9 survives, so its sole commutator [®g, Pg] vanishes. At p = 9 no
transverse scalar is present. These small cases are useful checks on any general formula
for the potential. Figure II1.4.2 records the index split; its two off-diagonal blocks
explain the coefficient 2 in (II1.4.13).
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Another normalization check uses a diagonal U(2) fluctuation. In one transverse
direction write ® = diag(¢1, ¢2) and define ¢em = (d1 + ¢2)/2, 6 = ¢1 — p2. These
are simply linear coordinates on the same two-dimensional space of diagonal matrices.
Their kinetic trace splits as

1
Tr; (9,29 ®) = 20,010 G + 5 9,,0"5. (I11.4.19)

The cross terms cancel when ¢y 2 = ¢ £ J/2 are substituted. Both the common and
the relative position have kinetic energy; the center is not an algebraic redundancy.
Multiplying the fields by A = 27w’ turns their eigenvalues into physical transverse
coordinates. This explicit split will be useful when the relative coordinate enters the
off-diagonal mass, while the common coordinate does not.

v=20,...,p j=p+1,...,9

H Fuv DM(I)j

i -D,®, —i[®;, D;]

Figure II1.4.2: Index blocks of the antisymmetric ten-dimensional field strength. With
rows fi,% and columns v, j, the mixed blocks contain F},; = D, ®; and F;, = —D,®,,
so both contribute to the ordered contraction. The transverse block contains —i[®;, ®;].
The diagram is a counting aid for the explicitly derived action.

Chapter 3’s abelian expansion supplies a useful normalization control. For N =1,
every commutator in (III.4.16) vanishes and D, ®; = 9,,®;. The resulting quadratic
scalar and Maxwell terms are the single-brane terms in the book field coordinate. The
endpoint premise and the reduction have different logical roles: string theory supplies
the matrix multiplet and its leading interaction; the displayed algebra fixes the signs
and coeflicients used below.

The transverse index count also tells us which sector a later D-brane construction
may use. A D3 stack has six independent scalar directions in which eigenvalues can
separate. A D8 stack has one such direction but no two-scalar commutator potential
to restrict it. Both cases have worldvolume spatial vector components, so the later
quadratic mass argument can still use a separation. The D9 case has neither a transverse
scalar nor the corresponding separation mass. Keeping the index domain visible prevents
a ten-dimensional parent notation from silently assigning geometry to a direction that
was never reduced.
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I11.4.4 Positive energy and classical positions

Can two separated branes cost no scalar potential energy? Restrict to constant scalar
fields, zero worldvolume field strength, and the flat noncompact sector just specified.
For any Hermitian pair, C;; = [®;, ®;] obeys ij = —Cj;. The potential energy from
(II1.4.16) is therefore

1
V= ~357 2 Tr; CF = o ZTrf > 0. (I11.4.20)
2]

For a finite matrix C, Tr CTC is the sum of squared absolute values of its entries. Thus
zero energy forces C;; = 0 for every pair, and a commuting tuple conversely has zero
scalar potential:

V=0 <= [9;,®;]=0 forallavailable ,j. (I11.4.21)

This is a statement about classical constant scalar configurations in the stated sector.
It does not classify gauge backgrounds with Wilson lines, fluxes or boundary data.

For two matrices in U(2), the p051t1v1ty can be resolved into ordmary three-vectors.
Write ®, = agls +d- & and 4 = byls + b- &, with real vectors d, b. The Pauli product
gives

[@,,8,]=2i(@xb)-&  Trp(Cl.Cp)=8|ax bl (111.4.22)

The pair (s,r) contributes the same norm. If these are the only nonzero commutators,
their energy is

V= —|dxbJ (I11.4.23)

Qw‘ [0s)

The trace pieces ag, by disappear from this energy because they commute with everything.
Zero energy requires the two traceless vectors to be parallel or one to vanish. A common
unitary basis can then align their Pauli directions with o3, yielding two diagonal
positions. This U(2) calculation is a finite example of the general diagonalization
argument, while making the independence of the trace position explicit.

Finite Hermitian commuting matrices can be diagonalized by the same unitary trans-
formation. One can see the required step without assuming nondegenerate eigenvalues.
Diagonalize ®,1; every commuting ®; preserves each of its eigenspaces. Diagonalize the
next Hermitian matrix separately inside those invariant subspaces. Continue through
the finite tuple. At each step the previous matrices stay scalar on the subspaces being
refined. The result is

®; = diag(dris- -, ONi)s  Ba = (Paptis- - Pag) € ROTP. (I11.4.24)

The proof also explains why an accidental degeneracy causes no missing vacuum: it
increases the freedom to choose a basis within a common eigenspace, while simultaneous
diagonalization still exists.

For example, if all NV eigenvalue vectors are different, a unitary matrix that preserves
every diagonal ®; may assign a separate phase to each common eigenvector. If two
of those vectors coincide, any U(2) rotation inside their shared eigenspace preserves
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the whole tuple. More generally, partition the labels by equality of the full position
vectors, not by equality of one coordinate. A block with m, equal vectors admits an
arbitrary U(m,,) change of basis. This gives the stabilizer stated below and explains why
eigenvalue crossings are special points of the quotient rather than additional independent
positions.

The physical transverse position of brane a is )_('a = )\q;a, with A = 27a/. A
permutation matrix exchanges diagonal entries without changing the physical gauge
orbit. For generic distinct position vectors the residual diagonal conjugations form
U(1)N; if m, positions coincide at each distinct vector, the stabilizer is [], U(my).
Hence the constant classical scalar vacuum set is

Mecatar.a = (ROP)N /Sy = Sym™ (RO7P), 0<p<S8. (I11.4.25)

The expression is an unordered set of position vectors. It is not an everywhere free,
smooth quotient: coincident vectors have larger stabilizers. Nor is (I111.4.25) by itself a
theorem about a quantum moduli space.

The center matters even though its gauge action is trivial on adjoints. Decompose
each scalar into a trace coordinate and a traceless part:

q)i = d)cm,ilN + (I)i, ¢cm,i = %Trf (I)l', TI‘f @1 =0. (111426)
Conjugation leaves ¢cp, ; unchanged. A spacetime translation X,; — Xg; + ¢;, however,
changes it by ¢;/A. Quotienting by gauge transformations does not quotient by physical
translations. Consequently the center-of-mass coordinates remain in (II1.4.25). This
distinction will also separate the relative W mass from the common displacement in
the next section.

For a concrete U(2) example with two transverse directions, take

(I)g = dlag(O, 3), (I)g = dlag(l, 2)7 [(I)g, (I)g] =0. (111427)

The two position vectors are (0,1)A and (3,2)\. Exchanging both vectors is a single
gauge permutation. Exchanging only the entries of ®g while leaving ®g fixed instead
changes their pairing and generally describes a different configuration. In a one-matrix
comparison, diag(0,3) and diag(3,0) are conjugate, whereas diag(1,2) has the same
trace but a different Tr ®2:

Tr diag(0, 3)* = 9, Trdiag(1,2)* = 5. (I11.4.28)

Equal traces alone therefore do not determine a conjugacy class. In the two-matrix
problem, the paired eigenvalue vectors, rather than two independent unordered eigen-
value lists, are the coordinates of the quotient. Figure I11.4.3 shows this pairing and
the single simultaneous permutation.

There is an invariant that tests the pairing directly. For the two matrices in (I111.4.27),
the original paired configuration has Tr;(Pg®g) = 6. If we swap the entries of ®g alone,
leaving ®g fixed, the trace changes to 3:

Tr;[diag(0, 3) diag(1,2)] = 6, Try[diag(3,0)diag(1,2)] = 3. (I11.4.29)
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The trace of a product is invariant under simultaneous conjugation. Therefore no
single gauge transformation relates these two ordered pairs, despite the fact that each
individual matrix has the same unordered eigenvalues in both descriptions. If instead
both matrices are swapped together, the trace stays 6 and the two geometric points
are merely relabeled. This test is useful whenever a later brane construction assigns
several scalar coordinates to each brane: the gauge quotient permutes complete position
vectors, not the coordinates within them independently.

The example also illustrates the role of degeneracy. If the two position vectors
become equal, every matrix in the tuple is a scalar multiple of 15. Conjugation by the
entire U(2) then fixes the tuple. At distinct vectors only diagonal phases in the common
eigenbasis survive. The change in stabilizer is an algebraic signature of coincidence. It
does not, on its own, establish a quantum statement about the local geometry near
that coincidence.

X9
A
labels 1 <+ 2: same two points

e 2:(3,2)A

[ ]
® center of mass

> X8

Figure 111.4.3: A commuting U(2) pair is two points in the physical (X%, X?) plane.
The labels 1 and 2 may be exchanged together by one gauge permutation; the two
geometric points remain. The average position is a physical translation coordinate, not
removed by the central gauge transformation.

At N = 1 the potential vanishes without a commutativity condition. At p = 8
one scalar also makes it identically zero for any Hermitian matrix, which can then be
diagonalized. At p =9 there is no scalar vacuum coordinate of this kind. These limits
guard against reading a transverse-position theorem into a system with no transverse
direction. The next question is dynamical: when two eigenvalue vectors differ, what
does the leading action say about a charged vector fluctuation?

I11.4.5 Separation and the massive spatial vector

Take two separated branes with 1 < p < 8. A string stretched from one to the other
has a geometric length. The field-theory candidate for its light vector mode is an
off-diagonal fluctuation. To compare masses, we must normalize that fluctuation’s
kinetic term as well as its scalar coupling. Choose the constant background

;= <¢1i 0 ) o Agi =91 — P2, AXi = AAY;. (111.4.30)
0 ¢
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For each transverse direction the adjoint operator acts on a matrix unit by
[61', Elg] = Ad)iElg, [51‘7 E21] = —A¢iE21. (111431)

This eigenvalue gives the candidate mass scale, but it alone does not identify a propa-
gating degree of freedom or fix its kinetic normalization.

Choose a spatial worldvolume direction a € {1,...,p} and write its off-diagonal
fluctuation as 64, = w,E12 + w)Es;. In a background gauge suitable for extracting a
physical transverse vector polarization, set d Ag = 0 for this quadratic calculation and
suppress the Goldstone fluctuation along Agz?. A polarization with 9%w, = 0 then has
an ordinary electric kinetic term. The trace of that term is

2
Tr(6Foa0F*) = =2/, |?, Lyin = = al*. (I11.4.32)
g

The full ordered F),, F* sum contains both (0,a) and (a,0), producing the second
equality. At nonzero spatial momentum its magnetic partner supplies the usual gradient
term. This calculation uses an actual worldvolume spatial component; it is why the
domain starts at p = 1.

For a D3 vector this gradient can be displayed rather than inferred. Take a wave
traveling along z! and a polarization in the 22 direction, so wy = ws(t, 1) and the other
spatial components vanish in this quadratic mode. Then §Fjo = OjweE1s + 01 ws Eoy.
Both ordered magnetic placements contribute, and their trace gives

2
£ o= (|1Bowa|? — [D1ws?) . (IT1.4.33)

electric+magnetic
Together with the scalar-background term below, a plane wave wy o e~ @k’ oheys
2= k24 \AJ)P. Thus the ratio computed at rest is the mass in the relativistic
dispersion of an actual D3 spatial polarization. The construction also shows exactly
where a second spatial direction was used for this convenient nonzero-momentum test;
the rest-frame mass argument itself only needs one.
The scalar covariant derivative in the same background is D, ®; = —i[6 A4, ®;]. Its
two off-diagonal entries have opposite signs, and the trace is positive:

Trp(Da®:)? = 2(A¢i)*[wal®,  Liass = — s Z (Ad)?|wal?. (I11.4.34)

The identical prefactors in (I11.4.32) and (II1.4.34) are decisive. Their ratio gives the
physical quadratic mass of this spatial-vector polarization:

mi, = Z (Ag;)? _ |axp (I11.4.35)

(2ra)2’

At zero spatial momentum, the quadratic Lagrangian for that component can be
read directly from the two traces:

2 /. Y
Lo - . <|wa‘2 _ |A¢|2‘wa|2> NI (111.4.36)
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Rescaling w, to a canonical real pair multiplies both displayed terms by the same factor,
leaving m%,V = |A$\2. The ellipsis includes the spatial-gradient and constraint terms of
the full quadratic action. This ratio is more informative than the adjoint eigenvalue
alone: it checks that the field has a time derivative, and it checks the coefficient of the
restoring term in the same convention.

The scalar fluctuation in the direction of separation is linked to this vector by the
gauge transformation. Write an infinitesimal Hermitian parameter with 915 = ¢t. At
the diagonal background,

(09®;)12 = i[9, ®i]12 = —i Ad; t. (I11.4.37)

For A(E # 0, its component parallel to Agz_g can be shifted by a broken-generator gauge
transformation. A gauge in which that component is removed exposes the massive vector.
Scalar components orthogonal to the separation vector do not shift under this particular
transformation. Their physical spectrum requires the remaining scalar quadratic terms
and constraints; it is not fixed merely by labeling them with the same matrix unit. The
mass in (I11.4.35) therefore belongs to an isolated physical spatial-vector polarization
in the stated p-domain. The background centralizer counts unbroken gauge generators;
it does not replace this quadratic physical-mode calculation.

The same formula appears from the leading stretched open-string ground state in
the flat supersymmetric setting. With Tp; = 1/(27a’), the energy of a straight string
of length |[AX] is
AX
|2m,|, M2reten = My - (IIL.4.38)

Mstretch = TFI |AX‘ =

The match uses the sourced open-string ground-state premise and the position coordinate
inherited from Chapter 1. It does not mean that the Yang—Mills truncation is controlled
at arbitrary separation: if the stretched mode is above the low-energy window, the
equality is a formal comparison of its leading mass formula rather than a reason to
retain it in a low-energy effective theory.
A D3 example fixes all factors. Take o/ = 3/2 in a common length unit and |AX| = 5.
Then A = 3w, and
- 5 25 25
|Ag| = 3 miy = oz m2mi, = 5 (I11.4.39)
Choose coordinates so that only the ninth transverse scalar differs. After removing a
common shift, the same example can be written ®g = diag(5/(67), —5/(67)). For a
spatial component w,, the trace computations now become numbers rather than vector
notation: 9 9 95
Eq(f) = gﬁ|wa|2 - 9—29?|wa|2
The coefficient of |w,|? alone is not m¥,; the kinetic coefficient must be divided out.
In this coordinate the broken scalar fluctuation is the off-diagonal component of ®g,
since (II1.4.37) is nonzero only for ¢ = 9. The other five transverse scalars have different
gauge-shift behavior. The example thus checks the ratio and identifies exactly which
scalar is the broken-generator direction without claiming a full scalar spectrum.

(I11.4.40)
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At rest, a massive spatial vector admits the polarization used in the quadratic
calculation whenever p > 1. A D3 has several spatial directions, making that choice
especially transparent. In one spatial dimension the rest-frame component still has
a time derivative, but there is no separate transverse spatial polarization at nonzero
momentum. The mass ratio remains the rest-frame quadratic result; the constraint
analysis organizes the physical mode away from rest.

The D8 limit supplies a useful single-direction control. Its one scalar may have a
diagonal background ®g = diag(d/2, —d/2). There is no commutator potential involving
two different scalar directions, but the spatial vector still couples through D,®9. The
same trace ratio gives

myy = d?, |IAX?| = \|d|. (I11.4.41)

Thus absence of a scalar commutator potential does not mean that a separated stack has
no heavy off-diagonal vector. The potential asks whether scalar matrices commute; the
mass term asks whether a charged vector commutes with a chosen scalar background.
These are different commutators serving different physical questions. In the D9 limit
there is no ®gy to supply the latter background. For distinct eigenvalue vectors the
common centralizer of the background is U(1)?, with Lie algebra dimension 2. At
coincidence A¢ = 0, the mass vanishes and the centralizer grows to U(2). Figure I11.4.4
makes the two orientations of the stretched string and the separation vector explicit.

D3 at X D3 at X»

-
'

A

E2 — common shift ¢

A
Y

|AX| transverse

Figure II1.4.4: Two parallel D3-branes separated in a transverse direction. The two
oriented strings carry F1 and Eo;1. Their length is |AX|, while a common displacement
¢ moves both branes and leaves that length and the quadratic mass unchanged. The
drawing shows the geometry used in the kinetic-to-mass comparison.

Indeed, ®; — ®; + ¢;15/\ changes both positions, but the commutator in (II1.4.31)
and the difference in (I11.4.35) stay fixed. This is another way to see why discarding the
trace position from the vacuum set would confuse a physical translation with a gauge
identification. The root eigenvalue is relative; the center-of-mass position is absolute up
to spacetime translation symmetry, not gauge equivalence.

The limit p = 0 requires a separate warning. Its worldvolume has only Ay, with
Fyo = 0. In particular,

oL
0A2

=0, Ap imposes a gauge constraint rather than a Proca equation.

(I11.4.42)
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One can see the constraint in the leading scalar kinetic term. Here Do®; = ®; —i[Ap, ®;],
so a variation of Ay has no integration by parts in time. Cyclicity of the trace instead
yields the matrix Gauss condition

agL o Try6Ag Y [®i, Do®i], > [@i, Do®i] = 0. (I11.4.43)

K2 K2

An off-diagonal Ay can appear algebraically when the scalars are separated, but an
algebraic quadratic coefficient is not a particle mass. Solving (II1.4.43) and quotienting
gauge orbits are necessary before counting physical off-diagonal DO oscillations. The
algebraic centralizer still changes from U(1)? to U(2) when the D0 positions coincide.
Its off-diagonal scalar spectrum, however, needs the constraint and gauge quotient;
the spatial-vector derivation cannot be applied to Ag. At p = 9 there is no transverse
AX and hence no separation problem of this kind. These endpoint cases keep a useful
mass formula within its actual domain. The next section uses DO-branes for a different
purpose: a static matrix energy in a specified RR background.

I11.4.6 A dielectric DO example and its boundary

Can a background favor matrices that do not commute? The flat-background argument
in (II1.4.20) says no for its own potential. A constant RR four-form adds a cubic
coupling, so that conclusion need not survive. We now use a separate leading static
D0 example in the source’s rescaled RR units. Let i, 5,k = 1,2, 3 denote three selected
transverse directions and take
FiY = —2fegn, €=+l  A=2md. (I11.4.44)

Here f is a source-local background parameter. The source uses Ty = pg after its RR
potential rescaling. That equality is not a redefinition of the book’s general RR charge.
The flat stack and its leading Yang—Mills term remain the starting point; only this
example adds the specified RR field.

In these units the relevant truncated static potential, relative to the commuting
configuration, is

\%

3 . 3
1 2i f
T § Try[®g, @] + =5 § €ijk Trp(®;®;®p). (I11.4.45)

ij=1 i,j,k=1

The first term is the positive commutator energy of the leading action; the second is the
background-induced cubic interaction. The ordered indices and the source’s RR sign
are essential. Nothing in this calculation asserts an all-order matrix action or stability
against every fluctuation.

For N = 2, insert the Pauli ansatz ®; = qo;, where 0,0, = 0;;12 + i€;j,0, and
Try 15 = 2. The commutator and its square for unequal indices are

[®;, ®;] = 2ig®e; 0%, Try[®;, @517 = —8¢* (i # 7). (I11.4.46)
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There are six ordered unequal pairs, so their sum is

3
D Trp[®:, @] = 6(—8¢") = —48¢". (I11.4.47)
ij=1
For the cubic, the Pauli product gives Tr f(aiajak) = 2i€;j5. Six nonzero permutations
consequently yield

3
D eijn Trp(®:9,;04) = 6(2ig°) = 12ig°. (I11.4.48)

1,J,k=1
Inserting both trace sums produces a one-variable leading potential:

1% 1 2f .
To(fi = = (—48¢") + ?f(l?zqg) =12¢" - 8f¢". (I11.4.49)

The relative minus sign in the cubic comes from i2 = —1. It is the reason the background

can lower the energy of a noncommuting ansatz.
Differentiate the actual polynomial rather than inferring a radius from the commu-
tator alone:

1 dv

vV _ o3 _ 2 o 200 _ _ S
Toaz dg 18 24f¢° = 244°(29 = f),  q=0Oorg=3. (I11.4.50)

At the nonzero branch, when f # 0, the energy relative to ¢ = 0 is

V(f/2) = V(0) ! N
Tox2 = 1216 8f s = 1 (I11.4.51)
For f = 0 the two named branches merge at ¢ = 0; there is no separate nonzero
branch. Lower energy within this ansatz is a precise leading-order comparison, not a
full fluctuation or quantum stability theorem.
The one-variable curve gives a slightly sharper statement inside its own ansatz. Its
second derivative at the nonzero branch is

1 d*V

_ 2
ToX2 dg? = (144¢° — 48fq)|

q=f/2

—t2 = 12f2. (I11.4.52)

For f # 0 the branch is thus a local minimum in the single amplitude ¢ that we varied.
If f changes sign, the stationary amplitude ¢ = f/2 changes sign too, while its energy
difference depends on f* and its squared radius on f2. These are direct properties
of the displayed polynomial. They do not test matrix fluctuations outside the Pauli
ansatz, fermionic effects, higher-order terms or the global conditions required to realize
the background.

To interpret the matrices geometrically, define the source’s mean-squared radius
about a zero center by

2 3
R2 = X Tr o2 111.4.53
o L ;
=1
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Since each 02 = 15, the trace sum is 6¢%, and therefore

F:?’q’

2 2
% = % (111.4.54)
q=f/2

This radius is a collective second moment of matrices. It is not obtained by assigning
three simultaneous eigenvalues to each DO-brane. Each Pauli matrix separately has
eigenvalues +1, but the eigenvectors of o7 do not diagonalize o2. The obstruction
is already visible in [07,02] = 2i03. There is therefore no pair of ordinary points
(X!, X2 X3) whose coordinates are the three matrix eigenvalues in the manner of
(II1.4.24). The positive quantity in (II11.4.54) describes the size of this noncommuting
ansatz in the source’s definition. It does not turn that ansatz into the commuting
position quotient of the previous section.

This distinction explains the dielectric interpretation. A background RR coupling
changes which matrix configuration is favored by the leading energy. The Pauli matrices
respond collectively even though a rank-one scalar has no such cubic coupling. The
calculation gives a scale for that response, while its radius definition and energy
comparison remain conditional on the chosen background and truncation. The zero-
center premise matters. Adding ¢;15 leaves commutators and the potential invariant
but changes the uncentered Tr), ®?. The radius above describes the noncommuting
part with the center fixed at the origin. More explicitly,

)\2
O @italy = Ty Z(@i +¢i15)% = R + \? Zcf. (I11.4.55)

The cross term vanishes for the Pauli ansatz because each Tro; = 0. The shifted
formula is a relation between an uncentered second moment and the radius of the matrix
configuration about its chosen center. It does not change the stationary polynomial.
Keeping these two geometric quantities separate prevents a free translation from being
mistaken for a change in the dielectric configuration.

A useful numerical check sets f = 3:

2
=3, X -8 E_X (I11.4.56)
2 ToA? 4 A2 4
At N = 1, both the commutator and the antisymmetric cubic trace vanish. That
limit confirms that the effect is a matrix interaction rather than an abelian scalar
displacement.

The same conclusion can be checked term by term. For a one-dimensional matrix
representation, all ®; are ordinary numbers, so [®;, ®;] = 0. The cubic summand is
symmetric under exchanging two factors, while €;;, changes sign. Its complete ordered
sum therefore cancels. At N = 2, by contrast, the Pauli matrices distinguish the order
of the three factors, and the six terms in (I11.4.48) add with the same sign. This is the
precise matrix feature the RR coupling uses.

The calculation ends where the source’s control ends. Higher-order commutator
corrections occur beyond a universal symmetrized-trace Born—Infeld prescription. The
truncated polynomial cannot certify an exact radius, a full stability spectrum, a general
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curved-background solution or a global RR completion. It does exhibit a concrete
mechanism: the RR cubic term competes with the positive quartic energy and gives a
nonzero stationary matrix configuration at the displayed order. That mechanism will
reappear when later chapters discuss matrix and brane-probe constructions, but the
present result remains this finite DO example.

I11.4.7 Exercises

The first four tasks have exact submitted answers in the chapter companion. Show
the intermediate field-theory or matrix steps on paper. The final task is a written
interpretation exercise.

1.

E1, ordered reduction. Starting with £ = —Try Fayn FMV /(2¢?) and F;; =
—i[®;, ®;], split the ordered contraction. After factoring 1/¢?, submit the coeffi-
cients of Try F7,, Try(D,®;)?, and Try[®;, ®;]°. Explain the mixed-index factor
and the Hermitian commutator sign.

. E2, conjugacy and positions. For one Hermitian U(2) scalar take A =

diag(0,3), Aswap = diag(3,0), and B = diag(1,2). All three have trace 3. Submit
Tr A%, Tr B2, and whether each of Agy.p and B is separately conjugate to A.
Explain why this one-matrix test does not allow independent permutations of
different matrices in a commuting tuple.

. E3, separated D3-branes. Two parallel D3-branes have |AX| =5 and o/ = 3/2,

with X = 27a¢/®. Starting from the temporal kinetic and scalar covariant-
derivative terms of a spatial off-diagonal vector, compute wzm%V and the dimension
of the unbroken U(1)? Lie algebra. Explain why this formal nonunit-o’ mass
comparison alone is not a controlled low-energy window at arbitrary separation,
and why it supplies no propagating mass for DO Ay.

. E4, the RR Pauli ansatz. In the leading D0 setup Ft(é)k = —2feijr, set f =3

and ®; = ¢qo;. Compute the ordered quartic and cubic traces, then submit the
nonzero stationary g, the relative V/(TpA?), and R?/A\? using the zero-center
radius in (I111.4.53).

. E5, written interpretation. A proposed argument says that the symmetrized-

trace nonabelian Born—Infeld action is exact at every order because its lead-
ing scalar potential agrees with Yang—Mills. Locate the logical gap using the
higher-order discussion in Myers, physical PDF p. 25. State which leading-order
calculation in this chapter survives and which all-order conclusion does not follow.
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Take-home message

Ordered endpoints produce matrix multiplication and a leading U(N) worldvolume
multiplet. Reduction of the half-trace ten-dimensional action fixes the scalar kinetic term
and positive commutator energy. Its constant flat classical vacua are unordered physical
positions, including their center of mass. For separated D3-branes the ratio of a spatial
vector’s mass and kinetic coefficients equals the squared stretched-string mass; the DO
gauge field instead enforces a constraint. In a specified RR background, a cubic term
admits a noncommuting DO stationary ansatz at leading order. A reader should now be
able to multiply endpoint matrices, reduce the ordered field-strength contraction, identify
the classical position quotient, calculate a D3 W mass, and evaluate the Pauli ansatz.

Status and sources

Section I11.4.2 takes the coincident-stack spectrum as a cited physical premise from
Myers (1999, physical PDF p. 3) and Tong (2009, physical PDF pp. 198-199). The
sixteen-supercharge leading multiplet is a cited physical premise from Tong (2009,
physical PDF pp. 202-203). Ordered endpoint multiplication and relative charges are
[MATH] in the stated tension, gauge-group and endpoint conventions.

Section II1.4.3 takes the leading matrix action from Tong (2009, physical PDF p. 199,
eq. (7.39)) and Myers (1999, physical PDF p. 8, eq. (24)) (cited physical input). The
Hermitian block split, ordered coefficients, and rank-one/D8/D9 controls are [MATH].
The book has D = 0—i[A, ], — Try F?/(2¢?), and A\?7, = 2/¢*. The source worldvolume
connection obeys Agource = —Abook; the declared physical scalar dictionary X = \®
stays fixed. No disk-amplitude proof is supplied.

Section II1.4.4 uses Myers (1999, physical PDF p. 19, egs. (61)—(64)) and Tong
(2009, physical PDF pp. 200-201, egs. (7.40)—(7.42)) (cited physical input). Positive
energy, finite Hermitian diagonalization and the Weyl action, and the classical flat
noncompact zero-field scalar quotient are [MATH], as are center preservation, degeneracy
stabilizers and the special-rank and dimension checks. No quantum, Wilson-line or flux
classification follows.

Section III.4.5 uses the position dictionary in Tong (2009, physical PDF p. 200,
eq. (7.42)) and the separated-brane mass frame in Tong (2009, physical PDF p. 201,
eq. (7.43)) (cited physical input). The D3 spatial-vector kinetic/mass ratio, centralizer
change, D0 velocity-Hessian obstruction, and p9 control are [MATH]. The stretched-string
equality is a scoped (cited physical input) match; arbitrary separation does not establish
effective-field-theory control or a DO vector-particle spectrum.

Section II1.4.6 uses the specified RR field and leading potential in Myers (1999,
physical PDF pp. 20-22, egs. (65)—(79)) (cited physical input). Pauli traces and
the stationary branch, zero-center radius, and rank-one limit are [MATH] within that
truncation. Myers’ RR units have Ty = pg, with Csource = 9sChook and Tyource =
Usource = [book/Js; its f remains source-local. The higher-order limitation is Myers
(1999, physical PDF p. 25) (cited physical input). The quadratic approximation does
not establish exact nonabelian DBI, a quantum vacuum theorem, disk proof or a
matrix-theory definition.
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The cited physical inputs in this apparatus retain their stated source and regime
and are cited physical inputs. The mathematical checks do not establish those physical
premises.
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Chapter 1II.5

Branes within branes:
dissolved charges, instanton
numbers, K-theory (light)

I11.5.1 A smooth field can carry a lower charge

A D-brane is a source for a Ramond-Ramond (RR) potential. It is tempting to identify
every lower-dimensional RR charge with a separate, visibly embedded brane. A gauge
field on a higher-dimensional brane gives another possibility. Its flux can couple to the
potential that would have coupled to the lower brane. The lower charge is then spread
across the parent worldvolume. This is the sense in which one brane can be dissolved
in another.

There are three increasingly demanding questions behind this picture. First, which
coefficient of a worldvolume field strength has the units and sign of a lower D-brane
charge? Second, when two flux configurations give the same integrals, do they describe
the same global charge? Third, which charge number is being held fixed when a
background B-field changes its representative? The answers require a local Wess—
Zumino (WZ) coupling, characteristic classes, a global anomaly example, and a careful
distinction among source, Page, and Maxwell charges.

We use the Chapter 3 normalization A\ = 2wa’ and a positively oriented parent
Dp-brane. The first two calculations set B = 0, omit curvature terms, and work in
an oriented local charge frame. These assumptions let us calculate the first two flux
contributions. They do not say that an arbitrary flux is a stable bound state. Chapter
4 explained how coincident branes supply matrix gauge fields; here their trace controls
the lower RR source. The last two sections show why a local source coefficient is only
part of a global charge story.
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I11.5.2 Charge from the WZ exponential

Why does a smooth two-form on a Dp-brane couple to a potential for a D(p — 2)-
brane? Write W1 for the oriented parent worldvolume and let C' =3 C; be the
formal sum of RR potentials. For an ordinary rank-r worldvolume bundle, F is its
Hermitian curvature two-form and Tr is the ordinary trace in that bundle. In the local,
curvature-omitted WZ term, only the component of total degree (p+1) is integrated:

Swz = Mp/ [CATrexp(B+AF)],,,, A =2ma. (I1.5.1)

Wpt1
The coupling itself is string-theoretic input. The degree extraction and normalization
that follow are calculations within it. A potential Cj has degree ¢; every factor of F' or
B has degree two. At B =0,

)\2
Tre M =+ AT F + 5 Te(F A F) + O(F?). (II1.5.2)

Thus Cpy1, Cp—1 A F, and C,_3 AN F A F are precisely the first three possible degree-p+ 1
pieces. In particular the F? term has the factorial 1/2!; it is not the square of Tr F.

Swz D ,Up/
W,

P

2
[rcpﬂ +ACp 1 AT F + %Cp,;; ANTe(FAF)|. (IT1.5.3)
+1

To read the coefficients in lower-brane units, use the book’s RR charge normalization
Wy = (2m)~P(a’)~P*+1/2 The neighboring charge ratios follow directly, with both
powers of 27 and o' visible:

ppA _ (2m) ()" PHDP(2ra’) 1

= = . I11.5.4
fp—2 (27()*(17*2) (a')*(?*l)/z 2 ( )
For the next term, the factorial remains part of the comparison:
2 21) P (o —(p+1)/2 2l )? 1
A" (2m)7P() (2ra’)” 1 (IIL.5.5)

2,[1,1774 2(277)_(13_4) (a/)—(p—S)/2 87‘(‘2

If the parent wraps an oriented two-cycle X, the linear term therefore has the charge
coefficient T P
gauge _

;2 0(8) = L on (IT1.5.6)
The superscript reminds us that this is the gauge contribution in the stated frame.
Figure I11.5.1 shows the oriented cycle and the RR potential that sees its flux. It depicts
a distributed source. It does not assert that a separate small brane exists at any marked
point.

For a line bundle L, ordinary Dirac quantization on this B = 0 cycle gives
Js F/(2m) = n € Z. At n = 3, the coupling on the remaining directions is three
times the positive D(p — 2) coupling. Reversing the orientation of ¥ changes the
evaluated period to —3, while the local two-form has not changed. At n = 0, this gauge-
induced component vanishes; the parent still has its Cp41 coupling. These controls
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oriented Dp worldvolume
integrate over X

@ C
'p—1 source

unwrapped directions

F/ 2m)=n
b5

Figure II1.5.1: An oriented two-cycle inside a positively oriented Dp-brane. The flux
period fz F/(2m) = n supplies the coefficient of Cj,_; on the unwrapped directions. The
shaded cycle is a source region, not the location of n separate small branes.

show why both the parent orientation and the integration orientation belong in any
statement about the sign of “induced brane number.”

A second way to check the factor in (II1.5.6) is to keep both the rank and the flux
distribution visible. Let the gauge bundle split as L1 @& Lo over the chosen two-cycle.
Suppose the two line bundles have periods n; = 2 and no = —1. The two diagonal field
strengths are independent, while the trace adds them:

Tr F
T‘I‘F:Fl—i-Fg, — =N +n2 =1. (III57)
» 27

The parent coupling to Cj,11 has coefficient two, because the bundle has rank two. Its
gauge-induced C),_; coeflicient is one, not two and not the sum of the absolute values
of the periods. Opposite orientations of flux in the two diagonal factors can cancel a
lower source without removing either parent brane. This example also explains why the
rank term and the linear flux term in (II1.5.3) must be read separately.

For an ordinary line bundle the degree-two character component is just its first
Chern class. Write u = ¢1(L) = [F/(2m)]. Then the first three terms of the same
exponential have a compact cohomological form:

2
h(D)=e* =1+u+ % +O(u?). (IIL5.8)

The symbol O(u?) means classes of degree at least six, which cannot contribute when
the integration cycle is only four-dimensional. On a two-cycle, only 1+ u matters. On a
four-cycle the u?/2 term enters. It is the same factorial that appeared before any bundle
terminology. This is the route from the worldvolume coupling to the Chern-character
language of the next section.

The integration can be written as a simple pushforward when the local geometry
factors. Let the wrapped worldvolume be M,_; x ¥ with the product orientation. Here
M,,_1 has dimension p — 1, and suppose Cj_; is pulled back from it while F' has legs
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only on ¥. Then the linear term of (II1.5.3) separates as

,up)\/ Cp 1 NTr F = ppA (/ TrF) (/ Cp1>
Mp71><2 P Mp—l
Tr F
e ([3) ],

p—1

(I11.5.9)

This equality says exactly where the lower-dimensional source lives: on the unwrapped
M,,_1, with coefficient equal to the oriented flux period. If either the product description
or the pullback assumption is absent, the local coupling is still meaningful, but this
particular factorization must be replaced by the appropriate fiber integration. The
picture of a charge “inside” a brane is shorthand for this coupling, not a claim that the
higher-dimensional worldvolume has lost two dimensions.

The integrated period is stable under a smooth deformation of the ordinary bundle
connection on a fixed cycle, although the pointwise density changes. The next WZ term
asks for a four-cycle and measures a different characteristic component.

I11.5.3 Instanton number as dissolved branes

Which four-form does the second flux term count? Let X be a compact oriented
four-cycle in the parent worldvolume. In the same B = 0, curvature-omitted frame, the

coefficient of Cp_3 is
. Te(FAF
X Y

The denominator is exactly the ratio in (III.5.5). The trace is over the worldvolume
bundle; it cannot generally be replaced by (Tr F')2. We now identify the characteristic
class represented by this four-form.

In the chosen Hermitian chart, F' is an endomorphism-valued curvature two-form.
The trace of its exponential is a closed Chern—Weil form; ch(F) below denotes its de
Rham cohomology class:

ch(E) = [Trexp(F/(27))] = rk(E) + chi(E) + cha(E) + - - - . (IT1.5.11)

Pull FE back to a splitting space, where it formally splits into line bundles with degree-
two roots ui,...,u,. Symmetric expressions in these roots descend to characteristic
classes on X. Expanding one exponential at a time gives

ch(E) =) e,  ch(E)=) u,  chy(E)= %Zuz. (I11.5.12)
a=1 a a

The first two ordinary Chern classes are ¢; =}, uq and c2 = ), uqup. Squaring
the first and separating the diagonal and off-diagonal terms yields the needed identity:

a(E)? - 202(E)_

111.5.13

= Zui + QZuaub = chy(F) =
a a<b
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Comparing (I11.5.11) with (IIL5.10) identifies that WZ coefficient as [ chy(E). This
is a rational cohomological component. The value can be half-integral even when the
bundle’s ordinary Chern classes are integral.

For a worked nonunit example, choose a positive degree-two class J on X with
Jx J? = 1. Let a rank-two bundle have ¢1(E) = 3J and ¢3(E) = 4J?. The algebra is

9J2-8J% 1
— = 5J?. (IT1.5.14)

cho(E) =2, chi(E) =3J, chy(E) =
Thus the gauge four-form integrates to 1/2, even though the supplied co integrates to
4. These two numbers answer different questions. The example specifies characteristic
data; it does not assert existence of such a bundle on every arbitrary X with that
intersection form.

The line-bundle case gives a useful comparison with the rank-two answer. If
¢1(L) = 3J on the same oriented four-cycle, the exponential of the single Chern root
gives

ch(L) =1+3J + 9JQ, / chy(L) = S (I11.5.15)

2 x 2

The coeflicient 9/2 is exactly half the square of the ordinary first Chern number in this
simple one-generator example. It is not the 1/2 found for the rank-two characteristic
data with the same ¢; = 3J. The rank-two c; = 4.J2 contributes a subtractive four
units. Thus even if two gauge configurations have the same linear C),_; coefficient, their
quadratic C),_3 coefficients can differ. The converse also need not hold. This is why
lower-charge information is naturally a graded list rather than one integer called “the
dissolved charge.”

An SU(2) bundle makes the sign issue especially plain. Here ¢; = 0, so the same
identity reduces to

chy(E) = —co(E), /XCQ(E)Z—FI = /Xchg(E):—l. (I11.5.16)

The +1 is the value of ¢y in the chosen orientation; the WZ degree-four coefficient is
—1 in our Hermitian chart. Reversing the orientation of X reverses both evaluated
integrals. A statement that a “unit instanton” carries one lower brane must specify
whether instanton number denotes ¢o, —cs, or a self-duality convention. The orientation
and sign are visible in Figure I11.5.2.

The sign can be checked directly with two formal Chern roots. For an SU(2) bundle
they occur as u and —u, since their sum is ¢; = 0. The two degree-four expressions are

then
u? + (—u)? 2

co = u(—u) = —u?, chy = — = u =c (IT1.5.17)
The roots live on the splitting space; they need not be Chern classes of global line
subbundles on X. Their symmetric square u? = —cy(F) descends to X. It is this

descended class that is evaluated there: [y chy(E) = — [y c2(E) = —1.
The rank-two data used in (II1.5.14) make a different point. Their first character
component is three, but their second is one half. A naive replacement of the trace by a
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oriented four-cycle X

co = +1

c1=0 chy=—c
e
/ Ch2 = -1
X

Hermitian chart

X

Figure II1.5.2: The same oriented four-cycle supports a second Chern class and the
degree-four Chern-character component that enters the gauge WZ source. For ¢; = 0,
the two evaluated numbers have opposite signs. Reversing the integration orientation
changes both integrals.

square of its trace would give

1
= ng, whereas chy = §J2. (I11.5.18)

| —

The co term changes the answer by four. This negative control catches the substitution
of Tt FATr F for Tr(F A F).

The field need not be concentrated in a tiny region for the integral to be nonzero.
Its density Tr(F' A F') can be smooth across the four-cycle. A localized instanton is
one useful limit, but the local WZ calculation alone says nothing about an isolated
BPS soliton, its size modulus, or the stability of an arbitrary bundle. The distinction
becomes more important when we replace a single bundle by a formal brane-antibrane
pair: then algebraic additivity is exact, while the physical annihilation step has its own
premise.

I11.5.4 Bundles and charge bookkeeping

How can two stacks with different visible brane numbers encode the same topologi-
cal charge? Witten’s Type-IIB construction starts with space-filling D9-branes and
anti-D9-branes over spacetime. Its tadpole-cancelling pair has equal ranks. On noncom-
pact spacetime, an excitation agrees with the vacuum at infinity, so the difference is
represented with compact support. For the mathematical bookkeeping, take complex
bundles E and F over a common space X. The formal difference [E] — [F] is a virtual
bundle. Direct sum E & H means placing another bundle H alongside E. The stable
relation adds the same H to both sides:

(E,F)~(E®H,FoH), [EoH]-[FeH]=[E]-][F] (I11.5.19)

Mathematically this is the Grothendieck bookkeeping behind K (X). Its physical brane
interpretation uses the cited common-pair annihilation premise within the D9 setting
just stated. Equation (II1.5.19) by itself is not a tachyon-condensation theorem for
every configuration.
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The Chern character is additive for direct sums. One can see this without an abstract
theorem: a block-diagonal curvature has a block-diagonal exponential, and the trace
adds. Consequently,

ch(E@® H) = ch(FE) + ch(H), ch(E@ H) —ch(F@ H) = ch(E) —ch(F). (II1.5.20)

The equality holds separately in degrees zero, two, and four. It is the precise algebra
behind the common-H cancellation drawn in Figure I11.5.3. The physical interpretation
still relies on the setting just stated.

Take a line bundle L with ¢;(L) = J on the oriented four-cycle [, J 2 = 1. For each
integer m, its truncated character is

2
ch(L™) =e™ =1+ mJ + %J2 through degree four. (IT1.5.21)

Now choose E = L? ® L~! and F = L. Their components are calculated term by term:

ch(B)=(1+2J+2J*)+(1—J+3J*) =2+ J+3J°
ch(F) =1+ J+ 1J% (I11.5.22)
ch(E) — ch(F) =1+ 0J + 2J°.

The virtual rank is one, the degree-two component vanishes, and the degree-four
component is two. This unrestricted virtual-bundle calculation on a four-cycle is
not a complete D9—-anti-D9 state of the equal-rank, space-filling tadpole-cancelling
construction. It also does not prove a stable BPS object exists at a selected modulus.
Add the nontrivial common bundle H = L3. Since ch(H) = 1+43J + 2.J2, the larger
pair has
ch(E@ H)=3+4J +7J%

ch(Fo H) =2+4J +5J%, (I11.5.23)
ch(E® H) —ch(F@® H) =1+0J + 2J2

The new stacks have ranks three and two, yet all three displayed components agree
with (I11.5.22). The cancellation is not merely the observation that adding an empty
object changes nothing: H itself carries nonzero first and second character components.

initial pair stabilized pair
E=L*¢L! add H = L® ch(E® H) = (3,4,7)
F=1 > | ch(FeH)=(24,5)

to both sides
difference (1,0, 2) difference (1,0,2)

Figure I11.5.3: Formal stabilization of a brane-antibrane pair. The common H = L3
contributes (1,3,9/2) to each stack, so it cancels in the virtual character. The arrow
records mathematical stable bookkeeping; physical annihilation requires the Type-IIB
brane-antibrane premise.
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Subtracting the antibrane components from the brane components before or after
stabilization gives (1,0,2). The cancellation is componentwise; even the nonzero degree-
four component of H disappears from the formal difference.

The requirement that the same H appear on each side is essential. For instance,
keep H = L? on the brane side but add a trivial line bundle 1 on the antibrane side.
Their ranks cancel, yet

ch(H) — ch(1) = 3J + gﬁ. (IT1.5.24)

The first and second lower components have changed. A statement that “one extra
brane and one extra antibrane cancel” is therefore too coarse. Their bundle data must
match in the stable relation. Even when they match, the mathematical equality does
not supply a dynamical path that annihilates them in a particular background. The
Type-IIB brane-antibrane argument supplies that physical premise in its stated setting;
the finite character computation supplies only the visible additive consequence.

A neutral common pair illustrates the limit of interpreting the component vector as
a snapshot of a configuration. Take E = F = L? with no other factors. Both stacks
individually have character 1+ 2.J + 2J2, but their virtual character is zero:

ch(L?) — ch(L?*) = 0. (I11.5.25)

The equality records a vanishing formal charge. It does not say that the two worldvol-
umes are absent before annihilation, or that the configuration is a vacuum at every point
in its field space. Witten’s physical construction supplies a tachyonic brane-antibrane
process in the appropriate Type-1IB setting; which endpoint is dynamically reached
can depend on data outside this Chern-character calculation. This example is also why
“rank zero” for a virtual difference should not be read as “no branes were ever present.”

There is a loss of information when these components are used as the entire charge
label. The Chern character takes an integral K-class to rational cohomology. Torsion
classes map to zero because rational cohomology has no torsion. Equality of the displayed
rational components therefore need not imply equality of integral K-classes. Nor does
a formal virtual rank specify a complete charge lattice, a tadpole-free background,
or a BPS state. The limited result is useful: in a setting where the brane-antibrane
construction applies, it organizes additive lower-charge data and explains why a common
pair is invisible to those data. The next example shows that even the flux period entering
this bookkeeping can be shifted by a global anomaly.

I11.5.5 Nonspin cycles and half flux

Why can the ordinary integer-period rule fail for a wrapped D-brane? Consider a
positively oriented D6 whose spatial compact part is CP?. Give CP? its complex
orientation and let J € H?(CP? Z) satisfy Jopr J =1 and [pe J? = 1. The embedded
CP' is the positive generator. Its orientation and that of the parent D6 fix the signs of
the two gauge-induced coefficients.

Let @ be the D6 worldvolume, with CP? as its compact spatial factor. The class
wy(TQ) is the mod-two obstruction to an ordinary spin structure. On CP? it is the
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nonzero generator J mod 2. A Spin® structure instead has a determinant line whose
integral first Chern class zJ reduces to we(7T'Q), so  must be odd. In the spin ambient,
B = 0 source convention, the local U(1) factor of the Spin® connection has half the
determinant-line curvature and hence half its period:

zJ mod 2 = wy(CP?),  z€2Z+1, / F_z (I11.5.26)
CP? 2T 2
This F belongs to the Spin® source frame, not to an ordinary line bundle with unchanged
integral F'/(2m) periods. The integral obstruction W3(T'Q) is the Bockstein of ws(T'Q):
it vanishes when that mod-two class has an integral lift. Here H?(CP?;Z) = 0, and
the explicit odd lift gives the same conclusion. Freed—Witten states its cohomological
anomaly criterion as sufficient; this B = 0 specialization is not a universal complete
anomaly test. None of this selects a preferred odd integer.
Choose the allowed lift z = —1 as a worked sign example. In the positive D6
orientation, the linear gauge WZ term integrates over the positive CP* to

F 1
A — =, I11.5.27
ds /<c b1 27 9 ( )
For the quadratic term, the cohomological two-form is [F/(27)] = (x/2)J. The factorial
in the exponential gives

1 F\? 1 2 2
g _ ,/ N1 (E) / Pl = (111.5.28)
2 CP2 27T 2 2 CP2 8 8

The two signs behave differently: the linear coefficient changes sign under z — —z,
while the quadratic coefficient does not. For = +1, the corresponding gauge values
are +1/2 and +1/8. Figure II1.5.4 keeps the cycle orientation and the selected lift
visible beside these numbers.

positive CP? orientation r = —1 odd lift
[ F/(2m) = —1/2
CP!
gauge D4 = —1/2
gauge D2 = +1/8
Jep T =1

Figure I11.5.4: The B = 0 Spin® teaching example on positively oriented CP?. The
positive line has fcuﬂ J = 1; the chosen odd lift x = —1 gives a negative gauge D4
coefficient and a positive gauge D2 coefficient. These are not total charges. The separate
wrapped-D6 wall and wrapped-D4 endpoint statements in the ABJ source use different
objects and sign data.

The obstruction can be restated as a failed ordinary-bundle test. An ordinary line
bundle on CP? would have ¢; (L) = n.J and hence an integer period n on the positive
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CP'. The B=0 anomaly example requires instead

F
on =5 z=1 (mod 2). (I11.5.29)
cpt T

No integer period of this F' can satisfy that parity equation: its double would be even.
The resolution is the local Spin® U(1) factor: its determinant line has twice its curvature,
with odd first Chern class. This is a statement about the allowed worldvolume field
in that anomaly frame. It does not turn every half-integral number in an arbitrary
background into an allowed D-brane flux.

It is useful to display the full family of allowed lifts, not only its smallest representa-
tives. Write z = 2m + 1 with m € Z. In the same fixed positive orientation, the gauge
polynomial becomes

(2m+1)2  mim+1) 1

. 1
gauge _ gauge _
a3 =m+ > s = 3 = 5 + 3 (I11.5.30)

Thus every allowed linear coefficient is half-integral. The offset 1/8 in the quadratic
gauge contribution is common modulo an integer, because m(m -+ 1)/2 is an integer.
Changing to the next odd lift x + 2 changes the linear coefficient by one and the
quadratic coefficient by (z 4 1)/2:

auge auge auge auge $+1
" +2) — ¢§(2) =1, @M (x+2) — g (x) =

€Z. (IIL5.31)

This elementary arithmetic separates the fixed parity obstruction from the chosen
representative. In particular, x = —1 and x = +1 differ by one unit of linear gauge
charge but have the same quadratic gauge coefficient. One should not infer that their
complete physical states are identical; their difference here is only what the displayed
gauge polynomial measures.

The number 1/8 is especially easy to misuse. It is the gauge part of the quadratic WZ
expansion in this chart. Curvature couplings contribute to a complete lower charge. The
index expression in the Freed-Witten discussion contains an A-class factor. Embedding
and background conventions also matter when one translates a source coefficient into
a Page charge. One cannot call 1/8 a complete D2 charge in the wrapped-D6 setting
merely because it is the output of an exact square. The source’s DO index example
is a different brane dimension; it illustrates the same curvature boundary without
identifying that DO number with the D6’s gauge D2 contribution.

There are two tempting sign shortcuts to avoid. The anomaly fixes the parity of
x, not x = —1. Also, the ABJ source describes a half-unit Page contribution from a
wrapped D6 wall without fixing a signed wall orientation in that paragraph. Later it
chooses a negative half-flux for a wrapped D4 di-baryon endpoint. That D4 choice
cannot set the sign of the D6 example here. Reversing the parent D6 orientation would
reverse the induced source signs with the same displayed flux. A nonzero B requires a
different charge and anomaly frame; the B = 0 numbers above do not transfer to it by
simply reusing the ordinary bundle formula. This is why the final section first names a
charge frame and then changes only its representative.
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I11.5.6 Page, source and Maxwell charges

Why can a charge label change under a large B-field gauge transformation while the
physical flux data stay fixed? A source charge names a localized brane or worldvolume
coupling. A Page charge is a localized conserved quantity in a chosen potential
representative, and can transform under a large gauge change. A Maxwell charge is
read from gauge-invariant flux; in the selected frame below it stays fixed under that
representative change. These names refer to distinct measurements. The local WZ
coefficients of the preceding sections do not identify them without the background’s
charge definitions.

Use the selected polynomial frame on CP?. Let J be the positive generator with
fCPj J3 =1, and set Eg =a/, R11 = gsls. The sourced physical forms are Fy = 2rkR11.J
and By = (21l,)?bJ, 50 b = [op: Ba2/(27l,)? is a dimensionless representative with
integer large-gauge shifts. Divide the D4 and D2 flux integrals by (27/s)%g, and
(2704)°gs, respectively. In these units k is the Fy flux integer, Py, P, are Page flux data,
and @4, Q2 are Maxwell flux data. The selected relations are

k
Qi=Py+kb, Qo= P, +bPy+ 51;2. (I11.5.32)

These are sourced physical definitions for this frame. The equations below are algebra
inside it. In particular, the supplied P; is flux Page data; it is not automatically a
gauge-group rank. Formal numeric examples do not certify a complete quantum charge
lattice.

Make a large gauge representative change b’ = b — 1 at fixed physical background.
Holding the first Maxwell component fixed gives

P,+kb =Py+kb = P,=P+k (111.5.33)

The second equality must be imposed separately. Substitute ¥’ =b—1and P, = Py +k
into its defining polynomial:

k k k
Qy=Py+ (b—1)(Py+Fk)+ §(b —1)? =P, +bPy + 5172 ~Pi- 3 (I11.5.34)

It follows that the needed Page transformation is

Pi=Pt Pt t (QLQb) = Qi) (I11.5.35)

The half-k term comes from the quadratic part of (I11.5.32); dropping it would fail
to preserve Q2. The transformation is a statement about two representatives of one
physical background in this polynomial frame, not a claim about all possible charge
conventions.

An asymmetric example tests both components. Take k =6, b=1/3, P, = —1, and
P, = 4. Before the change,

1 1 6 /1\2
-1 ) =1 —4-—-4+2(2) =4 TIL.5.
Q4 +6(3) . Qo 3+2<3) (I11.5.36)
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The new representative has b’ = —2/3, P; =5, and Pj = 6. Direct substitution, with
no appeal to a slogan about gauge invariance, gives

. 2 , 2 6 ( 2\°
a-sro(-2) -1 @mer(-D)sel(-2) o

The two rows in Figure II1.5.5 make clear which quantities move. The formal Page
inputs are intentionally unequal and nonzero; an identity-normalization example would
obscure the cross term bFP;.

(I11.5.37)

representative A representative B
b=1/3 M —bh—1 b =-2/3
(P47P2):(7174) (Pﬁivpé):(5v6)
(Q4>Q2) = (174) (Qﬁleé) = (174)
(. J (. J

Figure I11.5.5: Two potential representatives of the same selected physical background.
The arrow is the large gauge change b’ = b — 1; Page entries transform by (I111.5.33) and
(IT1.5.35). Both Maxwell entries agree after direct evaluation. The numbers are formal
inputs to this polynomial frame.

The fixed-Maxwell condition can also be checked by solving in the opposite direction.
Given Qq, @2, k and a representative b, (111.5.32) determines the Page coordinates:

k
Py = Q2 — bQ4+ 552-

Py =Q4 — kb, (I11.5.38)
Insert b = 1/3, Q4 = 1, Q2 = 4, and k = 6. The first formula gives P, = —1; the
second gives P, =4 — 1/3+1/3 = 4. Inserting b’ = —2/3 instead gives P, = 5 and
P) =4+2/3+4/3 = 6. This inverse calculation recovers the direct transformation
without assuming it in advance. It is useful when the invariant fluxes are measured first
and a Page representative is chosen afterward.

There is a useful falsification check for the representative rule. Suppose one were to
replace b by b — 1 while incorrectly leaving both Page values fixed. The first Maxwell
polynomial would change by —k. The second would change by

Q2(b—1; Py, Py) — Qa(b; Py, Py) = —Py — kb + g (I11.5.39)
At the worked point this would be 1 — 2 + 3 = 2, while @4 would change by —6. Those
are not the Maxwell values of the same-background gauge representative used above.
The required shifts of both Page components are therefore substantive; there is no
single “charge stays fixed” slogan that can replace the two equations. The calculation
also exposes why the quadratic coefficient matters: omitting kb%/2 would remove the
k/2 term and give an inconsistent second transformation.
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A continuous physical slide is a different experiment. If b changes by a small real §
while Py, P>, k are kept fixed, the polynomial predicts

AQy = kd, AQq = 6(Py + kb) + g(s?. (I11.5.40)

For the worked point, take 6 = 1/6 as a concrete comparison. Then b goes from 1/3 to
1/2, and at fixed Page data

2

AQy =1, AQo = é(—l +2)+3 ((13) = i (IT11.5.41)
Thus the new Maxwell pair would be (2,17/4), not (1,4). This slide changes physical
flux data within the stated model. It is not the large gauge relabeling of the preceding
paragraphs. The selected relations do not settle all-order action terms, global K-theory
charge, quantum rank identifications, or the dynamics of an ensuing field theory. They
do provide a practical rule for Volume VI, Chapter 5, “Fractional branes and the
wrapped-brane interpretation,” and for the thirteen-chapter Volume VIII revision:
Chapter 4, “ABJ theory and fractional M2-branes,” and Chapter 5, “From Calabi—Yau
fourfolds to Chern—Simons theories.” Name the charge definition and its representative
before comparing two numbers in those constructions.

I11.5.7 Exercises

The first five tasks have exact submissions in the chapter companion. Show the
intermediate steps on paper. The final task asks for a written comparison of the
physical interpretations.

1. E1, WZ extraction. A positively oriented Dp-brane wraps an oriented four-cycle
X with [ < 2 = 1. Choose an oriented two-cycle X represented by the Poincaré
dual of J, so fz J =1. At B =0, with curvature terms omitted, an ordinary line
bundle has ¢; = 3J. Expand the WZ exponential through degree four, including
the factorial and both p-ratios. Submit the JSON fields rank, chl and ch2; the
latter two are the induced D(p — 2) coefficient on the positive two-cycle and the
gauge D(p — 4) coefficient on X. Explain why reversing the orientation of the
integration cycle changes the evaluated charge.

2. E2, second Chern character. A rank-two bundle on the same oriented X
has ¢; = 3J and ¢y = 4J2. Derive chy = (¢ — 2¢3)/2 from formal Chern roots.
Submit the fields rank, chl and ch?2 as the rank and the two character coefficients.
Explain why the last answer is neither ¢y nor the universal number of stable
dissolved branes.

3. E3, a common brane-antibrane bundle. Let ¢;(L) = J, E = L?>® L™, and
F = L. Add H = L3 to both sides. Submit the virtual rank, the coefficients of
J and J? in ch(E) — ch(F), and whether these three components are unchanged
after adding H. Submit these as rank, chl, ch2 and stable_equal. Compute
each direct sum before subtracting. In words, distinguish this character equality
from a claim of BPS stability or detection of torsion.
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4. E4, the nonspin four-cycle. For a positively oriented wrapped D6 on positively
oriented CP?, take B = 0, fwl J =1, and the allowed odd Spin€ lift z = —1.
Submit the period fwl F/(2m), the gauge D4 coefficient, and the quadratic gauge
D2 coefficient as flux, induced_d4 and gauge_d2. Explain why the anomaly
does not force the negative sign and why the quadratic number is not a total
charge.

5. E5, charge representatives. In the selected polynomial Q4 = P, + kb, Q2 =
Py + bPy + kb*/2, take k = 6,b = 1/3,Py = —1,P, = 4. Under b’ = b — 1 at
fixed physical background, submit Pj, P; and the common Q4, Q2 as shifted_p2,
shifted_p4, maxwell_g4 and maxwell_q2. Verify both Maxwell components
explicitly. The supplied Page values are formal data in this frame, not rank
assignments.

6. E6, written interpretation. A student argues: “CP? requires half-flux, so it
must be negative; its square gives the full lower charge. Likewise b — b — 1 and a
slow continuous change of b both leave Maxwell charge fixed.” Use the z = +1
examples and the two experiments in the final section to identify each false step.
State which additional curvature or global data are needed before a complete
lower charge can be named.

Take-home message

A worldvolume flux couples a parent brane to lower RR potentials. Its first two gauge
coefficients are the first two nontrivial Chern-character components in the stated B =0
frame. Their signs depend on orientation and convention. Stable bundle pairs organize
additive charge data, while their rational characters can lose torsion. On a nonspin cycle
the allowed connection period can be half-integral, and a Page label can change when the
B-field representative changes at fixed Maxwell data. A reader should now be able to
extract both WZ coefficients, calculate chz, cancel a common bundle explicitly, evaluate
the oriented CP? example, and distinguish a large gauge change from a physical B-slide.

Status and sources

Section III1.5.2: the local WZ exponential is a source-stated physical coupling, subject
to the derivative and curvature limits here, from Johnson (2000, physical PDF pp. 112—
113, egs. (284)—(287)). The degree extraction and p-ratios are [MATH] in the book’s
normalization. The frame uses the stated tension and trace convention. No all-order or
global charge claim is attached to this local coupling.

Section II1.5.3: the degree-four WZ source is the same cited physical input. The
Chern-root identity, nonunit example, and SU(2) sign are [MATH] in the declared Her-
mitian and orientation chart. Johnson’s instanton statement is source-local; existence,
self-duality and BPS stability are not established by the character calculation.

Section II1.5.4: the space-filling Type-IIB D9-anti-D9 construction and its physical
common-pair annihilation argument are sourced premises from Witten (1998, physical
PDF pp. 9-11, section 3). Common-summand character cancellation is [MATH]. The fact
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that rational cohomology loses torsion and exact integral data is a cited mathematical
boundary from the same source. Formal pairs are not automatically complete tadpole-
free backgrounds or stable BPS states.

Section I11.5.5: the B = 0 Spin® condition is derived from the source’s global anomaly
argument; applying its odd-lift period in this local D6 frame is a cited physical input from
Freed and Witten (1999, physical PDF pp. 8-9, egs. (1.12)—(1.13)). Its cohomological
criterion is stated there as sufficient. The selected x = —1 gauge coefficients are [MATH]
under that premise and the WZ term. The curvature boundary follows Freed and
Witten (1999, physical PDF p. 10, eq. (1.14)). The distinct unsigned wrapped-D6 wall
statement and signed wrapped-D4 endpoint occur respectively in Aharony et al. (2009,
physical PDF p. 31 and p. 35, eq. (3.41)). The local convention fixes this scoped sign
translation; no total D2 value is inferred.

Section II1.5.6: the source/Page/Maxwell distinctions and selected CP? polynomial
are source-defined physical flux prescriptions from Aharony et al. (2009, physical PDF
pp. 18-19, egs. (2.64)—(2.69), and pp. 30-31, eqgs. (3.21)—(3.23)). The representative shift
and both invariant Maxwell components are [MATH] within that sourced polynomial.
The frame uses the stated tension and orientation conventions. It supplies no all-order
action, global lattice, rank identification or field-theory equivalence.
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Chapter 111.6

Branes at angles and
magnetized branes: chiral
spectra at intersections

I11.6.1 A string joining two directions

An open string can end on two branes that meet at an angle. Each endpoint can
move along its own brane, but cannot move normally away from it. The same string
must satisfy both requirements. This changes its allowed oscillations even when the
surrounding spacetime is flat. The relative angle becomes a fractional shift of oscillator
frequencies.

This local problem has a useful consequence for constructing field theories. Two
D6-branes can fill the same four spacetime directions and wrap different three-cycles
internally. A string joining them then supplies matter at an internal intersection. Its
orientation fixes its two endpoint charges. The worldsheet fermions and their projection
correlate these charges with four-dimensional chirality. On a product of three two-tori,
oriented intersection numbers count the resulting signed net contribution in a specified
sector.

There is a second description of the endpoint constraint. T-duality along one circle
turns a tilted brane into a brane with magnetic flux. A normal position condition
becomes a mixed condition on tangential derivatives. The integral wrapping numbers
become the rank and first Chern number of a bundle. To see this relation with the
correct sign and dimensions, we must derive the endpoint equations from an oriented
action before identifying a slope with a field strength.

The three questions have different answers. Boundary conditions determine fractional
frequencies. A stated RNS sector and GSO projection determine which excitations
describe physical particles. Integral geometry counts their signed net chirality under
the appropriate brane and projection premises. We will derive the local boundary
and lattice calculations, then reproduce a selected common-spinor argument. The
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RNS/GSO prescription, the brane supersymmetry projector and circle T-duality are
physical inputs. The elementary calculations below explain their consequences.

The required earlier ingredients are the open strip of Chapter 1, the integer-charge
connection and string units of Chapter 3, and the positive circle-duality convention of
Chapter I1.3. By the end, the reader should be able to solve a rotated strip problem,
compute the selected two-plane light tower, evaluate an oriented factorized index,
convert, a central flux into a dual slope, and test one stated common-spinor branch.
These are local ingredients for the compact constructions of the planned treatment of
intersecting and magnetized brane models. A nonzero chiral index alone leaves the total
compact charge and the other consistency conditions undetermined.

I11.6.2 Intersecting boundary conditions

How does one string satisfy two different endpoint directions? Work in a flat physical
plane with Euclidean coordinates (z,y). The worldsheet coordinates are dimensionless:
0 < 0 < 7 and time 7. An uppercase X(7,0) or Y(7,0) denotes the embedding
coordinate along the corresponding lowercase target axis. Put brane a on the z axis
and let brane b pass through the origin with counterclockwise angle #. In this section
choose 0 < 6 < 7 and define v = /7. The unit tangent and normal at the second
endpoint are

tp = (cosb,sinB), ny = (—sind, cos ), ty - np = 0. (I11.6.1)

These two vectors perform different jobs. The normal component of position is fixed,
while the tangential component of the spatial derivative vanishes. The first endpoint
imposes the same conditions in the unrotated frame:

X'(1,00=0, Y(r,00=0, 1 (X,V)|r=0, t- (X, Y')|r=0. (IIL6.2)

A prime means J, and a dot will mean ;. Both branes pass through the same target
origin, so the normal position constants have been set to zero. Separations in other
directions would be additional physical data.

The bulk equations remain free wave equations. For a nonzero frequency w, take a
common time dependence e~*7 and temporarily allow complex amplitudes. The first
endpoint fixes the spatial solutions:

(02 - 93)(X,Y) =0, X = Acos(wo)e”™T, Y = Bsin(wo)e” 7. (I11.6.3)

The physical embedding is the real part. There are still two amplitudes. Identifying
them in advance would discard a possible polarization of the endpoint problem. At
o = m, write u = ww. Substitution into the normal position and tangent derivative

conditions gives
—sinfcosu cosfsinu A
(w cosfsinu wsin6 cos u) (B) =0. (I11.6.4)

The lower row has an explicit w because it came from a derivative. Its sign matters:
the derivative of cos(wo) is negative.
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For a nontrivial amplitude vector the full matrix determinant must vanish. Multi-
plying the two diagonal terms and subtracting the off-diagonal product yields

Dsani(w, 0) = w(cos2 6 sin u — sin? 6 cos> u)
) ) (ITL.6.5)
= w(sin® u — sin” ) = wsin(u — 6) sin(u + 6).

Only on the branch w # 0 can we divide by this prefactor. The reduced condition then
has two factors:

Dyeq = = sin(m(w — v)) sin(7(w +v)) =0, w # 0. (I11.6.6)
w
Thus the two conjugate frequency towers are
weEZ+v or weZ-—uv, wyo=V, w_g=1-—w. (I11.6.7)

The last two entries are the least positive member of each tower. Their order reverses
when v passes through 1/2. They are not two frequencies that should always be listed
in increasing order with the same branch name.

Away from coincident roots, the amplitudes also tell us how the two towers fit the
rotated endpoint. For w = k + v, the sine and cosine at © = km 4 6 have the same
overall sign. The first row of (II1.6.4) then gives B = A. For the other branch it gives

B = —A. More directly, these choices reduce the normal condition to
B=A: — s%n 0 cosu + cos s%nu = singu —0), (I11.6.8)
B=-A: —sinfcosu— cosfsinu = —sin(u + 0).

Solving just the first case would produce a single residual sine. It would miss the second
tower of the original two-amplitude problem.

For a concrete example take 8 = 7/3. The lowest member of the B = A branch has
w = 1/3, and at a fixed real time phase its endpoint positions are

(X(0),Y(0)) = (A,0), (X(n),Y () = (A/2,V/34/2). (I11.6.9)

The second point lies on b. Its normal component is —(v/3/2)(A/2) +(1/2)(v/3A4/2) = 0.
The tangent derivative vanishes as well: its two contributions are —/3A/12 and
++v/3A/12. The other branch begins at w = 2/3, with B = —A. Its second endpoint
is (—A/2,—v/3A/2), which lies on the same geometric line on its opposite side. Fig-
ure II1.6.1 shows the first shape. The mode is a shape of one string, not an extra brane
connecting the two lines.
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np
P,

second-end frame
9 tb Ny = 0

Figure I11.6.1: The w =1/3, B = A, A = 1 spatial mode for § = 7/3 at a fixed time
phase. The curved string runs from P, = (1,0) to P, = (1/2,/3/2). Both brane
lines remain continuous. The small tangent and normal vectors at the right show the
orthogonal frame used in the two endpoint conditions. The drawing represents the
physical (x,y) plane; the string parameter increases from P, to P,.

The apparent zero of Dy, at w = 0 must be treated separately. The ansatz for
Y used a sine that vanishes identically at zero frequency; its amplitude no longer
parametrizes the full static solution. Instead solve the zero-frequency spatial equations
as linear functions. The first endpoint reduces them to X = Ay and Y = Dgo. The
remaining equations are

—sinfAg + wcosDy = 0, sin@Dy = 0. (I11.6.10)

For 0 < 6 < m, these imply Dy = Ay = 0. There is no continuous zero-mode
displacement in this intersecting plane. At parallel geometric endpoints, § = 0, the
equations instead allow arbitrary constant X. Its time-dependent free-particle partner
is motion along the common brane. These modes have to be restored by the parallel
problem itself.

At v = 1/2 the two positive frequencies in (II11.6.7) coincide. In fact, at w = 1/2
both rows of (II1.6.4) vanish, leaving two independent amplitudes. This is a degeneracy
of the bosonic boundary problem. It says nothing yet about the ordering of NS fermion
modes. Reversing the string exchanges the relative angle and conjugate sectors; the
union of frequencies is unchanged. This separation between a geometric frequency
calculation and a physical superstring spectrum is the step beyond the NN and DD
examples of Chapter 1. We next add the sector and projection data needed to turn
frequencies into masses.

I11.6.3 Fractional moding and light states

Which of the fractional oscillations become light particles as an angle shrinks? The
answer requires the vacuum energy and a projection on states. We now change from

82



the single bosonic plane to a specific supersymmetric two-plane RNS construction. In
two complex planes the relative angles are opposite, so their magnitudes agree. Define
the positive twist & = |fjoca1| /7, and restrict throughout the calculation to 0 < a < 1/2.
This restriction fixes which fermionic frequencies are positive. In lightcone gauge the
eight transverse real coordinates form four complex boson and fermion pairs. Two pairs
are twisted, and the other two are untwisted.

The NS sector means that before the relative rotation the worldsheet fermions are
antiperiodic. After the twist, the positive bosonic and fermionic frequencies of one
complex pair are respectively

bosons: k+a, k+1— q,

) L L (I11.6.11)

NS fermions: k+ 5 +a, k+ 35 —a, k=0,1,2,....

The smallest positive fermionic frequency is 1/2 — a. Both sequences in each row are

needed in a complex field. The two bosonic sequences are the positive parts of the
conjugate towers just derived.

The vacuum energy is a regulated difference of zero-point sums. Use the analytic

continuation of the Hurwitz zeta function, defined for Res > 1 by ((s,q) = >~ (k +

q)~* and then continued to s = —1. The identity needed here is

1 1
¢(—1,q9) = —3 <q2 —q+ 6) . (111.6.12)
This is a regularization prescription for the free-field normal-ordering constant. It does
not select the physical states. Bosons contribute plus one half per frequency, giving for
one twisted complex boson

EB(a) = %[C(_la Oé) + C(_L 1- a)]
11 (I11.6.13)

Fermionic oscillators contribute with the opposite sign. Substituting their two positive
starting frequencies gives

EF(a> = _% [C(—l, % + a) + C<_17 % - O‘)}

1 1 (I11.6.14)
=75 + Pia
Adding these terms cancels the quadratic twist dependence:
Ep(e) + Ep(a) = —% + % (I11.6.15)

For an untwisted complex pair, the positive bosonic modes start at one. Its coordinate
zero mode has no oscillator zero-point energy. The NS fermionic modes start at 1/2.
Directly their two contributions are ((—1,1) = —1/12 and —¢(—1,1/2) = —1/24, so
each untwisted pair contributes —1/8. This counts the untwisted spectator pairs; it
does not extend the selected twisted-sector state ordering to an endpoint. There are
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two twisted complex pairs, not one. Therefore the total NS vacuum energy in this

construction is ) ) )
«
Eng =2 —=+ = 2({—=) =—= . I11.6.1
NS (8+2>+ (8) 2+a (111.6.16)

Using this intercept for a sector with only one twisted complex plane would change
the normal-ordering problem. A fractional bosonic frequency by itself cannot fix the
intercept.

The GSO projection is now a further physical ingredient. In this two-plane con-
struction it removes the NS vacuum and its purely bosonic descendants. It retains the
appropriate first fermion excitation of energy 1/2 — a. Let wgw denote that excitation
in one of the two twisted planes, with i = 1,2. Let b;, b; denote their lowest bosonic
creation operators, each of energy a. The selected family of states and its mass shell are

In1,ma;d) = (b)) (b))l |0)ns, N =ny +ng >0, (I11.6.17)
oMy = —l—i—a + 1—oz + Na = Na (I11.6.18)
2 5 5 . 6.

bosonic excitations
vacuum surviving fermion

No momentum or extra stretching contribution is included here. We are following the
localized states of this specified intersecting configuration. The displayed family is
enough to establish the selected sequence of levels; it is not an enumeration of every state
or multiplicity of the full string spectrum. In particular, the removed negative-energy
vacuum cannot be read as a physical tachyon from this formula.

The distinction between frequency, mass and squared mass is measurable. For
positive o/ the selected levels obey

M, — \/g AM2 = My~ My =, /%(\/ﬁ_ VN). (IIL6.19)

a
The first two quantities even have different dimensions. The physical Regge slope o/
has length squared. The mass spacing is nonuniform, whereas the squared-mass spacing

is constant. In a numerical example use o = 2/15 and o = 7/3 in a common choice of
length unit:

2N 2 4 6
My =" MG M, M3 M3) =0, =, =, = ] . 111.6.20
N 357 ( 0> 1> 2 3) a35a35a35 ( )
The corresponding masses are 0, 1/2/35, 2//35 and /6/35. For example the second
positive gap is (v/2 — 1)4/2/35, smaller than the first positive mass. Figure IT1.6.2 uses
these exact levels in units of M;.
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MF /M My /My

Figure II1.6.2: The same four selected levels plotted as squared masses and masses.
Left: M%/(2/35) = N. Right: My /+/2/35 = +/N. All horizontal positions label the
same integer N. The plotted heights are 0,1,2,3 and 0, 1, /2, v/3, respectively. Equal
increments of N give equal squared-mass intervals and unequal mass intervals. The
curves guide the eye; only the marked integer levels are states.

At fixed o, compare twists ay = 1/3 and ap = 1/6. Both lie in the stated open
interval. The two directly testable ratios are

2
(AMT)p _ L (Myp _ 1 (I11.6.21)
(AM?)4 2 (Mi)a V2

The same square-root distinction holds as the twist tends to zero. More levels approach
zero squared mass, in accord with the weakening confinement of a string near a
shallow crossing. The parallel endpoint itself has additional translation and momentum
information, as the previous section showed, so a limit of selected levels is not its entire
spectrum. At o = 1/2, the sequence k + 1/2 — « contains a fermionic zero mode. These
NS fermions become periodic, and the creation and annihilation ordering used in the
calculation must be replaced. Neither endpoint is included silently in (II1.6.18).

The two-plane example teaches how supersymmetric localized light states arise, but
it is not yet the four-dimensional D6 intersection problem. For that problem there are
three internal planes. The next section uses the Ramond/GSO orientation and chirality
relation in its own stated sector, and keeps the topological count distinct from this
two-plane mass example.

I11.6.4 Chirality from oriented intersections

How can a crossing carry a sign when the number of particles is positive? An oriented
open string from stack a to stack b has opposite endpoint charges. For unitary stacks
of multiplicities N,, Nj, its Chan-Paton labels transform in (N,,N;). Reversing
the orientation conjugates these labels. In the supersymmetric local Type IIA D6
construction, the Ramond sector and GSO projection correlate string orientation with
the four-dimensional fermion chirality. This correlation is the physical premise that
turns an oriented crossing into chiral matter. The two orientations supply the particle
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and conjugate descriptions of the chiral field; they should not automatically be counted
as two independent chiral multiplets.

First isolate the geometric sign. On a rectangular two-torus set the physical periods
to Ly = 27 Ry and Ly = 2w Ry, with Ry, Ry > 0. Choose the orientation dx A dy > 0.
Let ey, e, be the positively oriented generators of Hy(T?,Z), with pairing e, - e, = +1.
A closed oriented one-cycle is labelled by its integer wrappings, and a primitive one has
relatively prime entries:

6] = nacs 4 macy, 1] =mea + ey, (I11.6.22)
ged(|nal, [mal) = ged(|nsl, [ma|) = 1.

Primitivity removes repeated covering in this elementary example. Stack multiplicity is
separate from these two wrapping integers. Negative wrappings reverse a component of
the oriented cycle.

The pairing is bilinear and antisymmetric. Since each basis cycle has zero self-pairing,
expanding the two classes gives

Loy = [a] - [b] = nami(es - €y) + manp(ey - ex) (I11.6.23)

= NgMp — MyMNyp.
The same determinant appears in the exterior product of their two lattice vectors:
(ngez + maey) A (npegy + mpey) = (ngmy — menp)eg A ey (I11.6.24)

Here the wedge is in the oriented rank-two lattice. It is not a claim that an unnormalized
physical coordinate differential is the Poincaré dual of a wrapped cycle. This distinction
avoids inserting a spurious torus area into an integer pairing.

For straight representatives the physical tangent displacements over one closed
traversal are v, = (nqaL1,mqL2) and vy = (npL1,mpL2). Their determinant shows why
positive radii do not alter the local sign:

det(va, ) = L1Lolay,  LiLo > 0. (111.6.25)

A transverse crossing has the sign of this ordered tangent frame. Smooth deformations
can create or remove pairs of opposite signs while preserving the algebraic sum. The
index counts that sum, rather than the number of all geometric crossings of arbitrary
representatives.

Take a = (2,1) and b = (1,2). Substitution and reversal of only the first cycle give

Ipy=2-2-1-1=3, I .p=(-2)-2—(-1)-1=-3, Iy, = —3. (IIL6.26)

The last two operations give the same sign change for different reasons: one reverses a
cycle, the other exchanges the order of the pair. For a geometric check use dimensionless
coordinates u = /L1, v = y/Lsa, each defined modulo one. The straight loops have
parametrizations a(s) = (2s,s) and b(t) = (t,2t) modulo Z?, with s,t € [0,1). For
integers k, ¢ representing lattice shifts, intersections satisfy

2s—t ="k, s=2=40(  (u,0)=1(0,0), (1/3,2/3), (2/3,1/3) (mod Z?). (IIL6.27)
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Indeed, the first equation gives t = 2s — k; the second then gives 3s = 2k — ¢. There
are three possible values of s modulo one. All three crossings have positive determinant
3 in the (u,v) coordinate frame. Figure II1.6.3 shows the two interior points and the
one point represented at the identified corners.

a=(2,1)
blue paths

b=(1,2)
red paths

+ du/Ndv>0
Iab:+3

Figure II1.6.3: Primitive cycles a = (2,1) and b = (1,2) on the periodic (u,v) square.
Blue and red arrows give the cycle orientations. Opposite edges are identified without
reversing u or v. The two black interior points and the identified corner represent three
intersections, each with sign +. The four corners represent one point. Labels are placed
outside the cycle paths so that their continuity across the square is visible.

Now take T = T? x T3 x T3 with the same positive orientation choice on each
factor. Consider factorized D6 cycles I, = a; X as X ag and I, = by X by X bz. Require
transverse intersections in all three planes. In the distinct, non-invariant ab sector of
the stated orientifold/GSO construction, the signed bifundamental index is

3 3
19 =TT 19 = [[(nmi, — min}). (I11.6.28)

=1 i=1

This convention multiplies the ordered crossing signs plane by plane. The combinatorics
follows because one intersection in each plane specifies one intersection of the product
cycles. The identification with a physical chiral index also uses the Ramond/GSO
and orientifold-sector premises. It is not a formula for all of H3(T°,Z) or for every
open-string sector in an orientifold.

A fully explicit product example uses

7 1 2 3
o |20 (1L, (LY ()15 18) = (3,1,-1). (I11.6.29)
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The second determinant is 1-1—0-1 = 1, and the thirdis 1-0—1-1 = —1. The product
is —3. It describes three net units of the opposite chirality to the chosen positive ab
convention. It does not describe a negative number of particles. In terms of numbers
ny and n_ of the two chirality contributions, the signed count is

IO =ny—n_, N =ny +n- > |19 (I11.6.30)

Adding a vectorlike pair changes both ny and n_ by one and leaves the index fixed.
The equation explains the information that an index loses.

Parallel factors provide another direct limitation. Replace the third pair in (I11.6.29)
by as = bs = (1,0). Then

¥ =1.0-0-1=0, IY=3.1.0=0. (I11.6.31)

The third plane is now a parallel boundary problem. Its relative displacement and
Wilson lines, and its momentum and winding sectors, are extra information. Depending
on those data it can retain vectorlike light states or massive towers. The zero signed
product neither guarantees masslessness nor proves the absence of states. In particular
the transverse localized-sector interpretation used above must be reconsidered when
one factor is parallel.

Orientifold images also require their own sectors. In the rectangular reflection
example the image sends (ni, m}) to (n}, —mi), but the ab’ and aa’ strings and invariant
stacks have separate projections. The index in (III.6.28) has counted only the specified ab
sector. Counting an image as another copy of that sector can change both representations
and net multiplicities.

Finally, consider a spectator stack ¢ wrapped on the product of horizontal cycles
(1,0) in all three planes. Keep a and b fixed and increase its multiplicity from N, to
N.+1. In a hypothetical compact completion let Q). be the RR charge of this spectator
together with whatever image contribution that completion requires, in the same charge
units as the rest. The change has the form

6) new 6) old new o
Iz(zb) = Ing) ’ total t(l)(‘gal = QC' (111632)

The first equality follows because the pair of cycles entering I, did not change. The
second follows by additivity of the candidate charges. For a nonzero spectator charge, a
condition on the total charge can change with no change to this local index. Spectator
strings can also change the matter entering anomaly and inflow conditions. This is an
information-insufficiency example; it has not constructed a compact vacuum.

To decide compact consistency one must specify the orientifold geometry, all stack
and image cycles, their multiplicities, and the O-plane charges. One must then impose
the RR charge cancellation conditions in that geometry. The full chiral and vectorlike
spectrum and its couplings are needed for the anomaly and inflow analysis. Common
supersymmetry of all objects and stability in a stated chamber are further questions.
These are the missing inputs to the written exercise at the end. The next section
changes from intersection geometry to magnetic bundle data. Chapter 3 supplies its
charge normalization, while a treatment of compact intersecting and magnetized brane
models will need the complete compact configuration before using these local counts.
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I11.6.5 Magnetic dual description

Which magnetic field reproduces a brane slope with the correct sign and units? Start
with the rectangular physical (z,y) torus, B = 0, and constant central fields on the
two endpoint branes. Set A = 2wa’, with o/ > 0. We use the integer-charge identity
connection of Chapter 3. Its local one-form is a = a;dX?, so a; has units of inverse length
and F;; has units of inverse length squared. These are not the rescaled components
along a generator normalized by TrT? = 1/2.

Take worldsheet orientation dr A do. The induced boundary orientation is positive
dt at 0 = 0 and negative dr at 0 = 7. For the spacelike plane the bulk and endpoint

action is ) .
Spuk = — [ d do (X% - X"
bulk 2)\/ T/o o ( )s

Send = / ol (X)X dr — / o (X)X dr.
o=0 o=T

The two signs implement the oriented endpoint couplings. Each endpoint uses its
own brane field. The use of mostly-plus target signature does not alter this Euclidean
spatial-plane calculation.

Integrating the spatial bulk variation by parts gives its endpoint term

(111.6.33)

8Sbuik| 55, = % / dr [X,0X"| — X36X"] . (I11.6.34)

For either local connection, integrate its time derivative term by parts and discard

variations at the initial and final times. With Fy; = dra; — 0;a, the connection variation
is . iy .
6(a; X = 0pa; X0 X* + ;0.6 X"

= F X0 X" 4 0, (apd XF).

Thus the full endpoint variation is
X, (a) xri k
3] 5 = /d{( N X1> Xk,

X, FOxi) sxk
A\ TR |-
The opposite orientation multiplies the entire boundary expression at 7, including the
bulk term. Consequently the local form of the boundary equation is the same at either
end:

(I11.6.35)

(111.6.36)

Xp+AFYX =0 (6=0), Xp+AFPXi=0 (0c=r7). (111.6.37)

Changing only one endpoint sign in the action while keeping these equations would
instead change the physical charge convention.

For one endpoint suppress the brane label. A local gauge choice for a constant field
is ap =0, ay = Fiax. It gives F' = Fiadx Ady. Define the dimensionless field f = AFis.
Then the two ordered equations are

ki
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The opposite off-diagonal signs express the antisymmetry of a curvature two-form.
There is a physical check on them. The endpoint flow of the worldsheet energy is
proportional to

X X' = AXFF, X' =0. (I11.6.39)

A symmetric pair of cross terms would fail this identity for a general endpoint velocity.
A scalar tangent or cotangent relation alone cannot determine the ordered matrix signs.

Now perform T-duality on y. In the positive convention of Chapter I1.3, write
y=yr +yr with y, = yr.(7 + 0) and yg = yr(7 — 0), and define §y = y;, — yr. Hence

Oé/

y=y, ¥ =9  Ry=_>0 (I11.6.40)
Ry

These identities specify the coordinate map, including its sign. Inserting them into
(I11.6.38) gives .
o+ f7 =0, y—fi=0.(y— fx)=0. (I11.6.41)

The second equation fixes a normal position ¥ — fz = constant along the endpoint
worldline. The first is the Neumann condition in the tangent direction. A normalized
tangent and normal are therefore

p=LH o CRD s AR, (I11.6.42)

Vit 2 VIF

The angle ¢ is measured counterclockwise from positive = in the physical (z,y) plane.
A positive field has positive slope. Reflecting the dual coordinate would reverse this
slope and the associated charge chart together. It would be a different convention.

The local gauge potential just used is not periodic as a one-form on the torus. A
bundle supplies transition functions between its gauge patches. For an existing rank-n
central U(n) bundle, with n > 0, its curvature matrix is Fi21,, dz A dy. The trace is
the ordinary fundamental trace, so Tr1,, = n. In these Hermitian integer-charge units
the first Chern number is

1 F
m 7/ T F = "2 12 (27Ry) (21 Ry) € Z,
T2

21 T
m

- 27T7”LR1R2 '

(I11.6.43)
F12

This is a Chern—Weil evaluation conditional on the genuine global bundle. The bundle’s
transition data and their compatibility are necessary inputs. A local constant matrix
with arbitrary real entries does not establish them. An anti-Hermitian curvature
convention would require the corresponding factor of ¢ in this formula.
Substitute the physical dual radius into the flux result:
ma’ mR}

AFo = = =t . 111.6.44
12 an R2 TLRl an ¢ ( )

The dual cycle winds n times around z and m times around y. Its physical displacement
is (2rnRy,2wrmRY}), whose ratio is exactly the last expression. This identifies the rank
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and degree with the two wrapping integers in the local dictionary. The chart assumes
n > 0. A vertical cycle n = 0 has no finite F5 representation in this chart.
For the numerical example take n =2, m =3, Ry =2, Ry = 3 and o’ = 5, with all
lengths measured in one common unit. Then
5 3 1 1 5
r_ 2 Fro— - Ao = 10m— = —. 111.6.4
k 2757 2.2.3  8r =10 =g (IT1.6.45)
The original torus has area (4m)(67) = 2472, Its integrated trace flux and the dual
displacement independently give
1.1 2r3(5/3) 10w 5
— 22— 247% =3, e 111.6.46
o 81 or2(2) 8t 4 ( )
Both the rank in the trace and the factor A in the boundary condition are essential.
Omitting either changes the answer. Figure II1.6.4 keeps the same label and the same
rank and degree on both sides of the local duality.

central field on b lifted cycle b = (2, 3)

Yy

n=2  m=3

positive y dual

& pol2 Y=YL—Yr
Il 8 _—
o -dx N\ d
3 s Ry =5/3
& y| central U(2)
x
2nRy =47 Ax =87
F12:1/(87T) tan¢=5/4

Figure II1.6.4: The local flux and angle descriptions for the same object b. Left: a
central rank-two field of degree three on physical periods 27 Ry = 4w, 27 Ry = 67 has
Fi5 =1/(87). Right: the positive y dual has R, = 5/3, and the lifted (2, 3) cycle has
displacement (87, 107) and slope 5/4. The arrow names the dualized coordinate and
its orientation. The central curvature is written inside the left cell. A dotted rectangle
on the right marks one dual fundamental cell; the blue line is drawn on its cover to
keep its winding unbroken.

There is an important global distinction even in this small example. Although the
local curvature is proportional to 1s, the flux per diagonal entry has integral 3/2 in
units of 27r. It cannot define two independent line bundles, each of fractional degree.
An ordinary line bundle has integral first Chern number. Rank-two transition functions
can mix the local components, so a local diagonal expression is not a global splitting.
The calculation assumes such compatible U(2) transition data; it has not constructed
them by merely writing the central field.
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For two bundles a and b of ranks n,,n, > 0, the resulting geometric intersection is
the same integer combination n,my, — mgn,. This equality follows by substituting their
wrapping data into the already established torus pairing. A field-theoretic derivation of
a full magnetized compact spectrum would also require the bundle, projections and all
other sectors. The local endpoint calculation has related a magnetic boundary constraint
to a geometric one. It has not supplied that complete compact equivalence. This is the
part of the circle dictionary from Chapter I1.3 that the later brane constructions can
use together with the WZ units of Chapters 3 and 5.

I11.6.6 Supersymmetric angle choices

When do the two branes preserve the same supersymmetry parameter? Being supersym-
metric separately is not enough: two branes can impose incompatible relations between
the left and right spacetime parameters. We reproduce a sufficient common-spinor
branch for flat, equally oriented D6-branes sharing four spacetime directions. Their three
internal tangent directions lie in three orthogonal planes. The physical starting point
is the D-brane supersymmetry projector. Its common external and Type ITA factors
can be suppressed when comparing these two branes. In the source’s relative-projector
notation the left and right spacetime parameters obey € =I'p e =I'p,e. Each I'p is
the oriented brane-volume Clifford factor in that condition. The common invertible
factors cancel from I'p e = I'p,e. The remaining equation compares their products of
internal tangent Clifford matrices.

Define internal coordinates z* = x; + iy;, i = 1,2, 3, and six spatial matrices r,, Iy,
with Euclidean Clifford relation {T'4,I'p} = 2d4p5. This is the spatial part of the
mostly-plus spacetime convention. It is useful to realize this algebra on the exterior
space A®C3. For an orthonormal basis e’ of C3, let al act by exterior multiplication by
e?, and a; act by contraction with its dual. Then

0 = Iy, +:i0y, o = Iy, —ily,
2 ’ ¢ 2 ' (111.6.47)
{ama;}:@j, {aiaaj}:{ajva;}zo'

The scalar 1 in this exterior space is denoted |0), and it is annihilated by every a;. It is
an internal spinor, not the NS vacuum of the earlier section. Define also the ordered

top form
1) = alalad|0),  a;l0) = 0. (111.6.48)

The order fixes the sign of the top form. The two states have opposite internal chirality.
The full ten-dimensional spinors include the common external spinor factors and the
Type ITA chirality relation.

Put the first brane along the three positive z; axes. For the second, choose coun-
terclockwise relative angles 6; from x; toward y;. After removing the same common
factors from both projectors, the equation for an internal spinor € is

3
Pye=Pye,  Py=T4T;,la,, Py=]](cosO;T,, +sin6ily,). (I11.6.49)
i=1
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The product is in increasing ¢ order. These P matrices are the internal volume factors;
they are not being normalized here into idempotent projectors on their own. The
equation is the relative part of the D-brane condition. The full projector also relates
the left and right spacetime parameters.

The exterior representation makes its action transparent. Since I'y, = a; + a;r and
ry, = i(a;r — a;), each rotated tangent becomes

cos ;T +sin 0,7y, = e ¥iq; + aj. (I11.6.50)

On |0), every term containing an annihilation operator vanishes. Operators in distinct
planes anticommute but have no contraction term. Only the product of three creation
operators survives, giving

P,J0) = |Q),  By|0) = /1 t0240) |y, (I11.6.51)

On the top form only the three annihilators survive. Moving them through three
creation operators gives (—1)32/2 = —1, so

PQ) = —|0),  P|Q) = —e (1 tb240) |0y, (I11.6.52)

The shared minus sign does not change the common-spinor equation. Keeping it exhibits
the chosen ordering convention rather than concealing it inside a self-overlap.

One can also see the spin lift explicitly. Set J; = 'y, I"y, = i(1 — 2a1ai), so JZ = —1.
Different J; commute. The lift continuous from the identity in the chosen angles is

S = exp (; Zew) . S7T,.S =cosbl,, +sinbl,,,  P,=S"'P,S.

(I11.6.53)
Its phases on the two singlet states are

S|0) = e2 2 %0),  S|Q) = e E 2

Q). (I11.6.54)

The factors of one half distinguish the spin representation from the vector rotation.
They are needed even though a simultaneous projector comparison eventually involves
the full-angle phases.

In this fixed complex structure the vector rotation is R = diag(em1 ,etf2, eie?’). A
sufficient branch, continuous with exactly zero signed angle sum, is

0r+0,+0;=0 = detR=1, P,|0)=P,0), P,|Q) =PQ). (IIL6.55)

This is the selected SU(3) common-spinor construction. The D-brane projector premise
turns the exhibited internal spinors into compatible supersymmetry parameters with
the appropriate external factors. The calculation is a sufficient construction, not a
classification of all sign choices, spinors, spin lifts or background projections. Merely
specifying the vector determinant would also lose information about the continuous lift
and the chosen oriented branes.
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For the concrete test take (61,02,05) = 7(1/6,1/3,—1/2). The individual rotations
and their signed sum are

0 +02+065

1 ) ) )
=% + 0, R= diag(e”/6, e /3, e_”/z). (I11.6.56)
™

11
3.2
For example, multiplying the first two vector phases gives e?™/2, which is canceled by
the third. The lift phase on |0) is one. Figure I11.6.5 displays these three rotations in
equally oriented complex planes.

Y1 Y2 Y3

A

2 7—» T3
:

\

vy \

—7/3

91:71'/6 92:7T/3 032—71'/2

Figure I11.6.5: The selected zero-sum relative rotation in three planes, each oriented
from positive z; toward positive y;. Gray horizontal rays are the first brane’s directions.
Blue rays are the second brane’s directions at 7/6, 7/3 and —m/2. Signed arcs show
the rotation sense. The red dashed ray in the last panel changes only the third angle to
—m /3. The label below each panel states the angle, leaving the directions themselves
unobstructed.

Change only the last angle to —7/3. The new phase calculation gives

01 + 62 + 65°% 1 1 1 1 ;
irberbs 222 _ 2 PV (0Y) = /610 £ P,|0). I11.6.
: stsogog B0 =) £ R0, (L6

The top-form phase is e~/ so that state also fails the displayed relative equation.

This altered configuration fails this selected branch. We have not tested every other
internal spinor. Different sign branches and complex-coordinate choices require their
own projector calculation.

This angle example is local. To realize it on a compact torus one must choose
a lattice and radii admitting the proposed directions. Its third angle is vertical, so
the finite-flux chart with n > 0 of the preceding section cannot be applied to that
factor. No flux value is assigned to it by sending a finite formula through n = 0. A
globally supersymmetric orientifold would also require compatibility with its image and
O-plane projectors. Stability and the existence of all required objects remain separate
questions. Chapter 9 develops the broader BPS and projector language. The restricted
construction here gives an explicit spinor test that can be used alongside, rather than
in place of, the compact charge and spectrum calculations of compact intersecting and
magnetized brane models.
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I11.6.7 Exercises

Exercises E1-E4 have bounded numerical submissions. Give the derivations and
interpretation in written work as well. The submitted object has two members, task
and answer. The first is the exercise label and the second contains exactly the fields
stated below. Rational fields are exact strings such as "7/5" or "0"; integer fields
are JSON integers and logical fields are JSON booleans. The companion question file
specifies the complete public submission format. E5 is a written reasoning problem.

1.

E1, conjugate modes. The first endpoint lies on the = axis and the second
on a line rotated counterclockwise by 8 = 7/3. Use 0 < ¢ < 7. Derive the
full two-amplitude determinant, state where it can be reduced, and submit the
least positive frequency from each conjugate tower as rational fields low_mode
and next_mode. Explain why the apparent zero-frequency root needs its own
boundary solution. Do not infer an NS vacuum energy from this single-plane
calculation.

. E2, oriented index. On dzAdy > 0, use primitive cycles a = (2,1) and b = (1, 2).

Submit integer fields intersection for I,; and reversed_intersection for the
result of reversing only a. Locate the crossings on a periodic square. Explain
why this local signed count does not decide compact RR charge cancellation or
anomaly cancellation.

E3, physical flux units. A rectangular B = 0 torus has R; = 2, Ry = 3 and
o' = 5. A central U(2) field has trace Chern number m = 3. Dualize y in the
positive convention. Submit rational fields dual_radius, lambda_flux, slope,
and integer field flux_quanta. The middle two rationals mean AFi5 and the
physical (2,3) dual-cycle slope, respectively. Show the trace-flux integral and
both endpoint signs in written work. Explain why local central curvature does
not define two independent fractional-degree line bundles.

. E4, a selected common spinor. In the fixed complex coordinates and spin

lift of the preceding section, use 6;/m = (1/6,1/3,—1/2). Then change only the
last entry to —1/3. Submit rational fields phase_sum and changed_phase_sum
for the signed sums in units of w. Submit logical fields common_spinor and
changed_common_spinor for satisfaction of the selected zero-sum condition. Re-
construct the action on |0) and |Q2). State which other spinors and compact
conditions this particular calculation has left untested.

. E5, written interpretation. A product of three transverse T2 intersections

has nonzero signed ab index and an oriented chiral bifundamental under the
stated GSO and orientifold-sector premises. Explain which additional geometry,
stack and image charge classes, O-plane contributions, RR cancellation conditions,
full spectrum, anomaly and inflow information, common supersymmetry and
stability data are needed before claiming a consistent compact four-dimensional
vacuum. Use the horizontal spectator ¢ to explain how the local I,;, can stay
fixed while a total candidate charge changes. Then use the parallel third factor
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a3 = bz = (1,0) to explain how a zero signed product can coexist with vectorlike
states or momentum and winding towers. Distinguish possible light states from
guaranteed masslessness. This exercise asks for a physical argument, not a
numerical certification of a compact model.

I11.6.8 Take-home message

A relative brane angle changes both endpoint projectors of a single open string. The
nonzero-frequency two-amplitude determinant produces two conjugate towers. The
two-plane NS calculation then shows how its vacuum constant and surviving fermion
combine into a selected equally spaced sequence of squared masses. The GSO projection
is essential to this physical interpretation. It is not supplied by the bosonic determinant.

On an oriented torus, the determinant of two wrapping vectors gives a signed
intersection. In the stated transverse factorized ab sector, three such determinants
multiply to a chiral index. The sign records chirality. The index loses vectorlike
information and leaves other stack and image sectors uncounted. A parallel factor
illustrates why a zero index need not mean no states.

The flux description follows from varying the two oriented endpoint actions. Its
antisymmetric matrix contains AF', and the positive dual-coordinate map turns it into
a slope. With a genuine central U(n) bundle, the trace Chern integral supplies the
integer degree and the dual cycle has wrappings (n,m). The selected SU(3) projector
construction then exhibits compatible local supersymmetry parameters. Together these
calculations provide usable boundary, spectrum, index, flux and spinor inputs. A
compact construction still has to assemble all of them with its global charge, projection,
anomaly and stability data.

Status and sources

Boundary conditions. Section I11.6.2 uses the flat rotated-endpoint premise of Berkooz
et al. (1996, physical PDF p. 6, eq. (3.1)). The local strip realization and two-amplitude
spectrum are worldsheet results [WS], with its determinant factorization as a mathe-
matical consequence. The local spectrum calculation [MATH] gives the least positive
member of each conjugate tower. The full determinant has the factor w; its reduction is
restricted to w # 0. The zero-frequency solution is a separate boundary calculation. The
source’s etisoL 7 boundary condition has physical line angle 0),ca1 = —0pp1, relative
to the positive x axis. This sign conversion precedes use of its mode notation. The
free-strip convention is the one used in Chapter 1.

Two-plane light tower. Section III.6.3: the light towers are [WS] results under the
two-plane RNS/GSO construction of Berkooz et al. (1996, physical PDF pp. 7-8,
egs. (3.2)—(3.6)). The zeta normal-ordering arithmetic and the distinction between
AM? and M; are calculated under these premises. The Hurwitz zeta value is the
analytic-continuation identity used to evaluate the free-field sum, not a derivation of
GSO. The source visibly prints the empty interval 0 > 6 > 7/2 on physical p. 7 after
taking a > 0. Our working branch 0 < o < 1/2 is independently stated. Neither a
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corrected edition nor a published erratum is asserted. The endpoints require different
mode ordering or zero-mode data.

Oriented chirality and its limits. Section II1.6.4: the relevant [WS] input is the orienta-
tion/GSO chirality premise in the local D6 system of Berkooz et al. (1996, physical
PDF pp. 8-9, egs. (3.7)—(3.8)). The displayed fermion vertices on physical p. 9 omit
the half factor present in that page’s explanatory spacetime spin-field sentence. They
are not used here as normalized vertex operators. The oriented torus determinant
is a mathematical calculation [MATH]. The index calculation [wWS] uses Ibanez et al.
(2001, physical PDF p. 13, eq. (3.5)) for the distinct non-invariant ab sector, with
the factorized index also anchored by Blumenhagen et al. (2000, physical PDF p. 11,
eq. (2.25)). Image, self-image and parallel sectors retain their separate conditions.
The local insufficiency result [MATH] is the conditional argument obtained by varying
a spectator at fixed a,b. The local assignments and separate anomaly condition in
Ibafiez et al. (2001, physical PDF pp. 7-8, eqgs. (2.3)—(2.4)) illustrate the need for more
data. No compact tadpole, anomaly polynomial or stable vacuum is computed by that
argument.

Flux and angle. Section II1.6.5: the signed endpoint variation and its dual are [wWS], with
the radius arithmetic given explicitly. The Chern—Weil trace integral is a mathematical
calculation [MATH], conditional on a genuine rank-n bundle. The local isometric duality
uses the rectangular B = 0 central-field chart, with n > 0, positive physical radii,
integer degree and compatible global transitions. It transfers no QFT claim between
frames and asserts no global orientifold equivalence. The ordered magnetic signs agree
with Blumenhagen et al. (2000, physical PDF p. 5, eq. (2.2)). That source’s physical
pp. 7-8, egs. (2.12)—(2.15), give radius inversion and positive slope in its radius units.
No explicit declaration o’ = 1 was located there; it retains explicit o’ in (2.10)—(2.11).
The chapter restores physical units from the endpoint action and the inherited positive
dual radius, rather than attributing such a declaration to the source.

The rank and Chern-number prose of Ibanez et al. (2001, physical PDF p. 12,
before eq. (3.3)) is used separately from its printed mixed boundary rows. Its two
(3.3) derivative directions have dot product —sin(2¢), and its (3.4) mixed matrix has
symmetric off-diagonal entries. Measuring the angle from the dualized axis explains a
scalar cotangent relation but cannot repair those ordered signs. The signed derivation
here does not claim to be a published correction. Bachas (1995, physical PDF pp. 7—
8, eqgs. (3.1)—(3.3)) explicitly uses o/ = 1/2 and endpoint charges. Its charge chart
translates to F, = —qrH, F, = +qrH in our oriented action. It is not silently
identified with the book’s integer-charge connection at both ends. The connection
uses the integer-charge normalization and the dual coordinate uses the physical circle
convention.

Selected spinor and scope. Section III.6.6: the spinor calculation [WS] uses the D-brane
projector premise and sufficient SU(3) construction of Berkooz et al. (1996, physical
PDF pp. 3-5, eqgs. (2.1)—(2.9)). The exterior-algebra action reproduces that selected
construction, with Clifford normalization and spin phases defined before use. The pair
of exact signed sums and their consequence are mathematical results [MATH] for that
spinor branch. No all-sign necessity, lattice realization, chamber stability or full compact
supersymmetry theorem is inferred.
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Exercises 1-4 ask for bounded calculations and Exercise 5 for written interpretation.
A nonlinear flux modification can agree on finitely many samples and still violate the
general Chern—Weil relation.
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Chapter 1I1.7

Branes ending on branes:
boundary conditions and Blons

I11.7.1 What an endpoint asks of a field

A string ending on a D-brane is an electric source for the brane gauge field. It also
pulls on the brane. A description that keeps the electric field but fixes every transverse
displacement misses this second effect. The simplest useful picture is a charged spike:
electric flux spreads over the D3 worldvolume, while a transverse scalar bends the brane
into a long throat. The relation between the flux and the throat length turns its energy
into a string tension times a length.

There are several different meanings of an endpoint in this picture. The open-string
boundary condition specifies where the string can end. The worldvolume variational
problem specifies which field values or derivatives can be prescribed there. An electric
source specifies a flux. For several D3-branes, the endpoint can instead require singular
noncommuting scalar fields. Finally, a field allowed locally at an endpoint need not
give a normalizable mode on the entire brane segment. These are related questions, but
each needs its own calculation.

We begin with the surface term of a quadratic action. We then retain the full
electric and scalar dependence of the derivative-truncated abelian DBI action. Its
Legendre transform gives a pair of energy squares without requiring the two vectors to
be parallel. The radial solution is a specialization of that result. Only after naming the
physical charge identification do we calculate the energy of its regulated shell. A finite
matrix pole and an interval eigenvalue problem supply the corresponding local tools for
suspended D3-branes.

Chapter 3 supplies the abelian action and its derivative regime. Chapter 4 supplies
the leading matrix fields and their physical position dictionary. Here the scalar endpoint
problem is deliberately simpler than the coupled supersymmetric boundary theory. The
boundary supersymmetry and fivebrane identifications are cited physical inputs. The
calculations below establish surface signs, an abelian energy relation, a finite pole, and
scalar modes under those inputs. The broader projector tools belong to Chapter 9.
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I11.7.2 Boundary variation of a gauge theory

What must be fixed at an endpoint so that a field equation follows from an action? The
bulk Euler-Lagrange equation is only part of the answer. Integration by parts leaves
a surface term. A valid variational problem must say which boundary variations are
allowed, or must supply a boundary action that cancels their coefficients. This is the
field-theory version of the endpoint question in Chapter 1.

Let s increase from left to right on 0 < s < L, with L > 0. The remaining coordinates
x® are tangent to the boundary; one of them is time. Use mostly-plus signature, a
real scalar ¢, and a positive constant x. With variations of compact support in the
tangential directions, the action and its first variation are

So=-5 [d20,000, 55, =-x [ d'a0rs0,0 (LT

The boundary is spatial, so raising its normal index does not change its sign. Integrating
the last derivative gives the bulk wave equation and a separate spatial boundary term:

58Sy =K / diz (D¢)é¢ — K /8 y dlentd'6p, ¢ = 0.6 (I11.7.2)

The outward direction points toward decreasing s at the left end and toward increasing
s at the right end. Thus the two coefficients have opposite signs:

n'(0)=-1,  n*(L)=+1, S|, = /dd*lw [¢'(0)60(0) — K¢/ (L)dp(L)].
(I11.7.3)
Figure II1.7.1 keeps the coordinate arrow and the two normal arrows separate. Reversing
the normal at only one end changes the variational problem rather than changing a
harmless drawing convention.

s increases

0
<« —_—>

n® = -1 n® = +1
D: §¢(0) =0 D: d¢(L) =0
N: —¢'(0) =0 N: +¢'(L) =0

Figure II1.7.1: One oriented interval. The coordinate s increases rightward; the outward
normal at 0 points left, and the outward normal at L points right. A fixed scalar value
removes its variation. A freely varied scalar instead requires the displayed outward
derivative to vanish when there is no boundary action. These local choices will be
imposed on the same interval in the spectral problem.

Dirichlet data fix the value of ¢, so that ¢ = 0 at that end. Neumann data allow
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arbitrary d¢ and set its coefficient to zero. In this problem the alternatives are

D: ¢l =% 06|, =0 N: n°¢[,, =0. (IIL.7.4)

The Dirichlet value ¢, need not be zero. The homogeneous Dirichlet condition used
for fluctuations later is a condition on the fluctuation about a fixed background. The
choices at the two ends are independent for this free scalar. In particular, imposing
Dirichlet data at the right end does not require Dirichlet data at the left.

For a concrete variation take k = 3/2, L = 2, and the trial profile ¢(s) = s? + s.
The derivatives at the ends are 1 and 5, hence

5550 = /dd—lx BM)(O) - §5¢(2) : (I11.7.5)

This profile is useful for testing the surface signs; it is not a static source-free solution
of the bulk equation. Fixing both values kills its surface variation. Allowing arbitrary
variation at either end does not, since the corresponding derivative is nonzero. For
an NN solution the constant profile ¢ = ¢ satisfies both derivative conditions. For
ND data with a prescribed right value, the same constant can satisfy the static bulk
problem only if its value is that right boundary value. Whether its fluctuation is a zero
mode is a later, homogeneous problem.

A gauge field illustrates why an endpoint source must also be specified. To avoid
confusion with the dimensionless DBI electric vector below, denote the Maxwell coupling
by gm. For an abelian connection A,,, put F},, = 0,4, —0,A,. Antisymmetry combines
the two differentiated variations:

Sa = —4% /dda: F, F",

, M X (ILL7.6)

654 =— / d?z (0,F")5A, — — [ d*lan,Fri5A,.

IM In Jom

The index a is tangent to the boundary. The coefficient of a normal variation vanishes

by antisymmetry. Fixing the tangential connection, with the corresponding restriction

on gauge transformations, removes the surface variation. If it is varied freely, the
source-free natural condition is n,F** = 0.

Define a boundary current by the convention §Sp = |, onr J@0Aq. Its sign is part of

the definition, not an implicit charge choice. The coefficient of an arbitrary tangential

variation is then

o N n, e
5(Sa +SB)|8M :/ (j e > 0A,, b =j (I11.7.7)
oM Im Im

For example, a specified component j* = 2 and g3; = 3 requires outward flux component
6. In the same coordinate basis this means F** = —6 at the left end and F*® = 6 at
the right end if both outward currents have that value. The normal, not a universal
coordinate sign, relates the source to the field.

This calculation explains what an endpoint asks of the action. It does not yet
select a supersymmetric boundary condition. That requires the other fields and their
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variations, a preserved supercharge, and possibly boundary degrees of freedom. It also
does not decide which allowed profiles are normalizable. Chapter 4 identifies the fields
to which these choices apply; the final section of this chapter performs the separate
global scalar-mode test. The charged spike next replaces the linear Maxwell constitutive
law by the nonlinear abelian DBI law.

II1.7.3 Electric spikes

How can the gauge field and the shape of a brane support the same endpoint? Work
with a flat static abelian D3 in static gauge. Let x = (2',22 2%) be orthonormal
spatial worldvolume coordinates and let X (x) be one physical transverse displacement,
measured in length. There is no background two-form and no magnetic field. The electric
field is E; = Fy;. Inherited from Chapter 3 are the tension 73 > 0 and A = 27wa’ > 0.

Define the dimensionless vectors

o0 D
aEiﬂ Qz—

Here D is the canonical electric displacement, not the electric field. All dot products in
this section use the Euclidean spatial worldvolume metric. No alignment between e and
u is imposed. DBI keeps their full algebraic dependence, but neglects higher derivatives
of the field strength and second derivatives of the embedding. A large allowed slope is
not by itself a promise that those neglected derivatives are small.

The determinant makes the general domain visible. The static induced metric has
spatial block S = I +uu”. The matrix in the DBI square root and the elementary
rank-one inverse are

U; = 82X7 e; = )\Eu Dz =

. II1.7.
7'3)\ ( 7 8)

uuT

(-1 el - 9 B -1
M(_e 5)7 A=1+u’,  detS=4, ST =I-—— (UL79)

Taking the Schur complement of S gives
A=—det M =A(1 —e'Sle)

=(1+u?)(1-e*)+(e-u?=A4-eKe, K = AI —uu”.
(I11.7.10)

The Lagrangian is £ = —73v/A on the real branch A > 0. Along u, K has eigenvalue 1;
in the two orthogonal directions its eigenvalue is A. At u = 0 all three eigenvalues are
1. In particular K is positive definite. If u # 0 and e = ¢u + e, the domain reads

ef + Ae? < A. (IT1.7.11)

This is an ellipsoid in electric-field coordinates. The condition |e| < 1 is sufficient,
but it is not the general real domain. At A = 0 the finite-displacement Legendre
transformation below is singular. We remain on the strict branch.

Differentiate the Lagrangian at fixed scalar slope. The factor A comes from e = \E:

Ke Ke K71:I+uuT.

D= A n _—
73 q \/Z, A

, 111.7.12
VA (IL.7.12)
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The inverse follows by multiplying K (I +uu?) = AI. Writing w = q7 K~'q > 0 first
eliminates e from the determinant:

A _a’+(u-q)?

=VAK™! A(l =A A= ——
e \/7 q, ( +’U)) ) 1+wa w A

. (II1.7.13)
Every finite q gives a positive A at fixed finite u. This also shows why fixing the
displacement is a convenient way to describe the charged source.

The energy density is H = D - E — L. Because the configuration is static, the scalar
has zero canonical momentum. Using A + e’ Ke = A yields

A
h= H_ q-e+ VA= A
T8 A (IIL.7.14)

—/IT R+t s, e:q++<u-q),

The last equation reconstructs the original electric field. It is an inverse constitutive
relation, not the assertion e = q for arbitrary fields.

For an actual nonparallel example take u = (1,0,0) and e = (1,1/2,0). Direct
substitution gives

— — d; _ 1 _ 1 2 _ 5
A=2, K =diag(l,2,2), A=2-1-5=3, e =7,
qa=(2,v2,0), h=vVi+1+4+2=2V2

This is real even though |e| > 1. The inverse relation gives (2v/2,1/2,0)/(2v2) =
(1,1/2,0), as required. Neither electric displacement nor electric field is parallel to the
slope. Figure II1.7.2 shows its position in a section of the real domain. Restricting
the derivation to radial parallel vectors would have lost this example and obscured the
domain.

To find the special balance between electric flux and bending, rearrange the full
Hamiltonian, rather than dropping the nonparallel terms. Expansion of either right-hand
side gives precisely the same h%:

(I11.7.15)

R =(1+u-q?+u—-q/>, h>1+u-q. (I11.7.16)

RP=(1-u-q)*+|u+q? h>1—-u-q. (I11.7.17)
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(1,1/2)
A=1/2

> e1=¢|

u=(1,0,0),e3=0
interior: A >0

Figure II1.7.2: Electric domain for u = (1,0,0) and e3 = 0. The real branch is the
interior of €7 + 2e2 = 2. The open disk inside the dashed unit circle is a sufficient
subdomain; the two points where the circle touches the ellipse are excluded. The marked
point (1,1/2) lies outside that circle and inside the ellipse. Both axes are dimensionless
components of AE; the vertical component is perpendicular to the scalar slope.

The stronger intermediate bounds contain the absolute values of the first terms.
The displayed weaker versions are useful for integration. Equality in the first displayed
bound occurs at u = q, where 1 +u-q = 1 +u? > 0. The second is saturated at
u= —q, where 1 —u-q = 1+u? > 0. No negative-energy choice of square-root branch
is involved.

For a source-free spatial region 2, Gauss law gives V - q = 0. Therefore the term
bounding the excess energy is a boundary quantity:

/ VX qdz = X q-nds, Eeye > +7m3 [ X q-ndS. (I11.7.18)
Q o0 o0
The two signs come from the two completions. They have a variational energy inter-
pretation when the scalar boundary values and normal fluxes are fixed consistently.
Altering those boundary data changes the quantity being bounded. A pointwise al-
gebraic inequality alone is not a proof of stability against every possible change of
endpoint or core.
For the parallel branch q = u the constitutive relation and determinant simplify
substantially:
h=1+u? e=u, A=1. (I11.7.19)

Thus the dimensionless electric field on this branch can have magnitude greater than
one without leaving the real domain. The slope changes the induced spatial metric at
the same time. For q = —u, one instead has e = —u, the same h, and again A = 1.
These are statements inside the truncated abelian action. Calling the corresponding
string configuration BPS also uses the physical supersymmetry input discussed in the
next section.
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At radius 7 = 2 in the radial branch with ¢ = 3/4, the slope and normalized
displacement are 3/16. Hence

=3y % Hom 9
== T e ~ 256 2567 s 256"

(IT1.7.20)

A flat uncharged brane has u = q = 0 and zero excess energy. Reversing both vectors
leaves this positive excess unchanged. Reversing only q selects the opposite completion
when the slope is held fixed. Confusing these two operations loses the distinction
between electric orientation and the side toward which the brane bends. The next
calculation imposes the field equations and integrates the energy, with the factors
inherited from Chapter 3 restored.

I11.7.4 Flux measures string charge

Which source does the radial spike describe? We take as physical input that an F1
endpoint couples electrically to the integer-charge brane connection, that its oriented
displacement flux is an integer n, and that a fundamental string has tension Ty = 1/A.
The protected string interpretation of the electric/scalar branch is also inherited from
the physical string construction. It is not inferred from a completed square. With these
identifications stated first, the worldvolume calculation can test the precise relation
between energy, flux, and geometric length. This is the endpoint object of Chapter 1
expressed in the field normalization of Chapter 3.

First check that the proposed shape is a solution on the region where there is no
source. The constraint from the gauge field is Gauss law. The scalar equation follows
by varying the Hamiltonian at fixed q; X appears only through its gradient:

V.q=0, V- <u+qf(;1'q)> ~0. (IIL.7.21)

The static gauge field must also obey the electric Bianchi identity V x e =0. On q = u,
the vector in parentheses is u and e = VX. Both scalar and gauge requirements reduce
to a harmonic scalar away from its endpoint:

VX =0, VxVX=0 (r>0). (I11.7.22)

The reduction uses the full Hamiltonian in the previous section. It does not replace a
general stationary equation by an unmotivated Coulomb guess.

Let r = |x| and let T point toward increasing 7. A radial divergence is =29, (r%q,).
The source-free solution with positive constant ¢ and X (co) = 0 is therefore

C
2 /
T qr =¢, X:qT:ﬁ7

X(r) = —% c>0. (I11.7.23)

For ¢ > 0 the spike extends toward negative X near the origin, while its gradient and its
electric displacement point outward. There is no contradiction: the gradient measures
the increase of X as one moves away from its negative tip. A closed sphere detects flux
even though the divergence vanishes on every punctured neighborhood. The excluded
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source is precisely why the divergence theorem cannot be applied through r = 0 without
an additional source term.

Keep only a shell § <r < R, where 0 < § < R. Both the charge-measuring sphere
and the inner boundary of the shell need orientations. With the sphere oriented by +T,
its flux is independent of its radius:

—~ c
n= D-rdS:Tg)\/ —

. 72 dS = 4nT3Ac. (I11.7.24)

The inner boundary of the shell has outward normal —r. Its outward flux relative to
the shell is therefore —n. The two shell boundary fluxes sum to zero, as required by
Gauss law. Figure I11.7.3 distinguishes the enclosed-source orientation from the shell
orientation and marks the two values of X.

D3 base, central section Embedding along a radial ray
X

R

0 R
0 e |

inner shell normal: —r

N X = —c/r only on the retained shell
source sphere orientation: +r

below X (§): core not controlled

Figure IT1.7.3: A meridional section of the derivative-truncated spike X = —c¢/r and
its regulated shell. The left panel is a central section of the D3 base; its two circles
represent cuts through the bounding spheres. The right panel gives one radial ray of the
embedding. Radial arrows represent positive displacement flux in the base. The inner
shell boundary normal points toward decreasing r, opposite to the enclosed-source sphere
orientation. Only § < r < R contributes to the highlighted length. The unresolved
region below the inner cutoff is excluded; no smooth core is depicted.

Subtract the energy of the flat brane on the same shell. The remaining density
is 73¢2/r*, and the volume measure is 47r2dr. The radial integral has one remaining
inverse square:

R
dr
AE(;’R = 471’7’302/ -
r

5 I11.7.25
) ) ( )

— Ayl ((15 - R) . AX = X(R) - X(8) =c ((15 - R) .

The length AX is positive. It is a difference of transverse positions, not the radial
width R — § and not the induced arc length of a curve on the brane. Eliminating ¢
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using the flux yields
ABsp=3AX =nlpAX  (c20). (I11.7.26)

This is the conditional energy calculation. Flux quantization and the F1 identification
supplied the meaning of n; the integral supplied the coefficient multiplying the actual
length.

The same result follows directly from the boundary form of the energy bound.
Inserting both shell normals gives

T3 Xq-ndS = 4n73c[X(R) — X ()] = 4nr3c? (1 - 1) . (I11.7.27)
oQ 0 R
Retaining only the outer surface would have produced a negative term for this negative- X
spike. The positive energy requires the inner surface with its correct orientation.
Units are a useful check on every factor. Let ¢ denote a length unit and use
h = ciight = 1. Since the connection is normalized so that its line integral is dimensionless,
the dimensions are

X]=[]=¢ =0 I[n]=0" [B]=[D]=(7

) _2 4 (I11.7.28)

[ui] = [61] = [Qz] = 17 [C} =/ ’ [n] = 17 [TFl] =/ ; [AE] =0
Thus A cannot simply be dropped from the flux or the energy. The source’s o/ = 1
field convention also needs a conversion. At those fixed units its electric field is
Ecym = 27Epook, and the chain rule gives

Dioox = 27TIon, Moy -dS = -, Dpook-dS =n (! = 1). (IIL.7.29)
S2 27T S2

In general units the local dimensionless DBI field is AEpoox and D = 73Aq. Restoring
physical coordinates as well as A gives (I11.7.24). Equating dimensionful coordinates to
the source’s numerical o = 1 coordinates without a unit conversion would not do so.

Here is a nonunit-A example that also reconstructs a whole shell. Choose A = 5/2,
n=2,c=1,and 73 = 1/(57) in consistent length units. Take § = 3/8 and R = 3. The
flux and length are

8 1 7 2 47 28

ATy e = 2, AX = 3733 Tr1 = R AE = IR (I11.7.30)
For these choices the integral and tension-times-length calculation agree with every
normalization explicit. If both q and u reverse, the profile is +¢/r, the oriented charge
is —2, and the geometric length remains 7/3. The general statement is

e en XX, AXgew= X(B) - X0), AR ="lAx,.
(I11.7.31)
Holding the spike shape fixed while reversing only the flux gives q = —u and saturates

the other energy bound. It is a different relative sign choice. In both cases the
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Hamiltonian is positive. For ¢ = 0 the shape is flat, the flux and excess vanish, and no
length can be inferred by dividing by the zero charge.

Energy on this fixed solution is additive under a subdivision of the shell. For any
0 < p < R, the two integrals have the same c:

1 1 1 1
AE AE, p=4 C Z_— = )| =AE;sg. 111.7.32
S+ BEpR = ATTaC [(5 p) - (p R)] o ( )

For the numerical shell above, p = 3/4 gives energies 16/15 and 4/5, whose sum is
28/15. This checks the integral as a function of the boundaries, rather than merely one
value of the total energy.

Finally, the limit § — 0 is not a core solution. It gives AX ~ ¢/§ and AE ~ 4r13¢? /6.
In the same limit derivatives of the embedding grow without bound. The action used
here omits precisely the higher-derivative information needed to justify an extrapolation
there. Saturation within this action neither supplies a source-independent nonlinear
supersymmetry proof nor resolves the endpoint microscopically. This distinction is
essential before using endpoint data in the suspended brane constructions of Volume
VII-A. Brane creation and the quantum s-rule require their own physical inputs.

II1.7.5 Nonabelian endpoint data

A scalar Dirichlet or Neumann label cannot describe every endpoint of several coinci-
dent D3-branes. The scalars are matrices, and an endpoint can prescribe a singular
noncommuting triple. We now take the physical half-BPS D3/D5 boundary assignment
as an input from the supersymmetric boundary construction. Its D3 bulk theory has
sixteen real supercharges; the boundary preserves eight. The D5-type boundary admits
a Nahm pole. The purpose of the calculation is to translate its sign and verify one finite
residue. Neither the translation nor that residue establishes the physical assignment.

The source frame must be fixed before writing the equation. Denote its spacetime
coordinates by u?, ..., u”. We use the frame after the source’s exchange of its two scalar
triples in section 2.3. In that frame its D3 is 0123, its D5 is 012456, its NS5 is 012789,
and the pole triple is its 456. The book uses the passive relabeling

(2% 2t 2% 23 a2 2 2" 2% 2®%) = (W0 ut u? e uf B ut ud ub).  (T11.7.33)
This moves the ordered three-block 789 past the four-block 3456. It has 3-4 = 12
transpositions and determinant +1. The ordered pole directions become 789 and the
inward coordinate is s = 2% = u? =y > 0. No coordinate is actively rotated through a
brane.
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Object Source frame after exchange Book frame

D3 0123 0126

D5 012456 012789
NS5 012789 012345
Inward direction +u? +a8
Ordered pole triple  (u?*, u’, u5) (27,28, 2%)

Table IT1.7.1: The passive source-to-book conversion. Directions 012 are common. The
last row specifies an ordered triple, so its orientation is part of the sign convention. The
NS5 label belongs to the same final source frame as the D5 and the pole.

Figure I11.7.4 shows the correspondence of directions with explicit arrow endpoints.
An earlier source discussion uses a different assignment of its X and Y triples before
their exchange. Taking that assignment while retaining the later Figure 1 brane labels
would combine two frames. The passive permutation in Table ITI.7.1 converts the final
frame as a whole.

Source after exchange Book
u > 2% =5

(u*, u®, u®) > (z,2° 2%)

(7, u®, ) > (23,24, %)

passive relabeling, determinant +1

D5 012789
| D3 0126, s increases inwar(i
n = —ds <—| X; on ordered 789, X; = J;/s
s=0

Figure II1.7.4: Direction correspondence and the local D5 endpoint. The three arrows
connect ordered source direction groups to their book counterparts; they are coordinate
identifications, not motions of a brane. Below, the D5 is at s = 0 and the D3 extends
toward increasing s = 2%. The boundary normal points toward decreasing s. The pole
fields refer to book 789, whereas 012 is common to both objects.

Here X;, i = 1,2, 3, denotes the Hermitian Yang—Mills scalar triple associated with
those ordered 789 directions. Unlike the single physical-length displacement X in the
abelian DBI calculation, these fields have dimension inverse length. In the leading
position dictionary of Chapter 4, physical matrix displacements are A\X;. The pole
is a statement about the field boundary behavior, not a reliable picture of separated
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position eigenvalues at its singularity. Write Dy = 95 — i[As, -] in the Hermitian book
connection and €103 = +1.

Let X; denote the source’s anti-Hermitian fields, with its connection translated as
As = —iA,. The source equation and its field translation are

DyXi + [Xp, X3] =0,  X=—iX;, y=s, (I11.7.34)

with two cyclic equations. Substitution gives —iD;X; — [X3, X3] = 0. Multiplication
by i therefore yields

D, X, —i[Xy,X3] =0,  D,X; — 2ewk[x X =0. (I11.7.35)

For i = 1, the 23 and 32 terms in the sum are equal, which accounts for the factor
1/2. This sign uses both the anti-Hermitian-to-Hermitian conversion and an inward s.
Reversing the coordinate without converting the equation would reverse the derivative
term only.

Choose the local gauge A; = 0 on s > 0. Let o; be the Pauli matrices and J; = 0;/2.
Explicitly,

1/0 1 1 /0 —i 1/1 o0

These matrices are Hermitian, traceless, and noncommuting. For example, JyJo = io3/4
and JyJ; = —ios/4; all eyclic products give

1, Jo) = ids,  [JayJs] =idi,  [Js, 1] =i, (I11.7.37)

The factor multiplying ios in the first commutator is 1/2, not 1 or 1/4. The derivative
and the commutator must be evaluated in the same normalization.
For a real constant a try X; = aJ;/s. Its derivative and quadratic term are

a ] a2 a2
27 ZEka[X Xi] = 9 S5 €ijk€ikede = 2 — Ji- (I11.7.38)

The last equality uses €;jr€jke = 2. Thus the full residual and its three explicit
matrices are
ala —1)

Ri=—F5—"J

) =S (00 (0 ) 9)

The nontrivial pole is @ = 1; a = 0 is the trivial solution. At a = 2 the coefficient of
every J;/s? is 2, so doubling the residue does not produce another solution. At s = 2
for a = 1, the two terms in each equation are —J;/4 and +.J;/4. At the same point for
a = 2, their sum is J;/2. These finite matrices test the sign as well as the size of the
residue.

The pole has no finite boundary value at s = 0. It specifies an asymptotic singularity,
whereas ordinary Dirichlet data specify a value. The source relates such residues to Lie

(111.7.39)
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algebra homomorphisms p : su(2) — g and to D5-type boundary conditions. Here g is
the gauge Lie algebra and p sends the three standard generators to the residue matrices.
That general physical and moduli-space construction is cited, not proved by the rank-two
example. We have verified one local solution on s > 0, not all representations, allowed
perturbations, or a global moduli space. The local gauge choice also says nothing about
interval holonomies or their endpoint quotient.

Chapter 4 explains why the fields can fail to commute. IX, Chapter 4 uses the
oriented pole when discussing nonabelian endpoints. The scalar-mode calculation next
instead linearizes about the regular flat scalar problem. It is not the fluctuation operator
about this singular triple, and it must not be used as its complete spectrum.

II1.7.6 Interval zero modes

When does a field allowed by an endpoint become a massless field on a suspended
segment? There are two global questions after the local variation has been settled. The
same profile must satisfy the condition at the other endpoint, and its kinetic norm over
the actual domain must be finite. The elementary scalar problem makes both tests
explicit before gauge constraints or interacting boundary fields are introduced.

Let p(z%, s) be a real free fluctuation with the positive kinetic coefficient of the first
derivation. Take a product metric and a flat measure on 0 < s < L. Separate a profile
by ¢ = x(z%)f(s) and define the nonnegative mass parameter k£ when the eigenvalue is
nonnegative. The wave equation separates as

(O +82)e =0, Oy - k*)x =0, —f" = kf. (IT1.7.40)

The sign of the mass term uses mostly-plus signature. The induced kinetic coefficient of
X is proportional to fOL | f|?ds. Thus a solution of the differential equation and a finite
kinetic coefficient are different requirements.

We first justify the nonnegative eigenvalue rather than assume it. For a smooth
eigenfunction satisfying homogeneous N or D data at each end, integration by parts
gives

L L L
2 2. N27e _ [FfNL — 12
k /O |f] ds—/O |f'17ds = [f f']o /0 |f'|?ds > 0. (I11.7.41)

Each endpoint term vanishes because either f or f’ vanishes there. For two such
functions f, g, the corresponding boundary difference [fg’ — ?/g]é also vanishes. These
separated conditions give the usual symmetric scalar boundary problem. The displayed
positive quadratic form suffices to exclude negative mass-squared eigenfunctions here.
No claim about the stability of a coupled brane theory follows from this free scalar
form.

The case k = 0 must be solved before dividing by k. Its complete local solution and
endpoint equations are

f(s) = A+ Bs, Nat0: B=0, Dat0: A=0. (I11.7.42)

For NN, B = 0 satisfies both ends and A remains free. For DD, the right value gives
A+ BL = 0 in addition to A = 0, hence B = 0. For ND, the left derivative gives B = 0
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and the right value then gives A = 0:

conditions | right-end equation after the left end | zero-eigenvalue profiles
NN B=0 A arbitrary
DD BL=0 f=0
ND A=0 f=0

(I11.7.43)
Only a nonzero eigenfunction counts as a mode. The zero function at DD or ND is not
an additional zero mode. The positivity identity gives an alternative quick check: a
zero eigenvalue forces f' = 0, and any Dirichlet end then kills that constant.
For k£ > 0 use independent sine and cosine solutions:

f(s) = Acos(ks) + Bsin(ks), 1'(s) = k|—Asin(ks) + B cos(ks)]. (I11.7.44)

At the left NN endpoint, f'(0) = kB = 0 sets B = 0. At the right end, f/(L) =
—Aksin(kL) = 0. For a nonzero profile A # 0, so the positive spectrum is

NN, k, = ”—Lﬂ (n=1,2,...),  fa(s) = Acos ? fo(s) = Ag.  (IIL7.45)
The last constant is the separately solved k£ = 0 mode. It is not obtained by dividing a
positive-k endpoint equation by k and then setting k = 0 afterward.

For DD, f(0) = A =0 and f(L) = Bsin(kL) = 0. This time the sine solution gives

DD, k, = % (n=1,2,...),  fa(s) = Bsin % (I11.7.46)

The apparent n = 0 sine is identically zero. A constant nonzero profile would fail both
Dirichlet values. These are two ways to see the same absence, but solving A + Bs was
needed to exclude every possible zero-eigenvalue profile.

For ND, N is at s =0 and D at s = L. The left derivative again sets B = 0, while
the right value requires A cos(kL) = 0. Therefore

(n+1/2)m

(n+1/2)ws
L ( '

ND, k,=
’ L

n=0,1,...), fn(s) = Acos (I11.7.47)
The lowest profile travels from an extremum to a zero, using a quarter of a wavelength.
The DD profile must travel from a zero to a zero and uses half a wavelength. This
explains the relative factor of two in the first positive values. The labels are scalar
boundary conditions; they are not the ND oscillator directions of an entire open-string

worldsheet spectrum from Chapter 1.
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NN k=0

0 L
k=mn/L
v /_\ /
* + s
0 L
k=m/(2L)
f + S
0 L

half-line, f =1, fooo |fI2ds = oo

s — OO

Figure II1.7.5: The lowest nonzero profiles on the same finite interval and the separate
constant on a half-line. The NN constant has k = 0; the DD sine has k = 7/L; the
ND cosine has k = 7/(2L), with N at the left. Dots mark boundary values and short
horizontal ticks mark Neumann slopes. The bottom domain continues to infinity, so its
locally allowed constant has an infinite flat-measure norm. Amplitudes in the drawing
are chosen for visibility rather than unit normalization.

For L = 3/2, the first allowed k/7 in the three problems and the lowest positive NN
value are

2
(k/m)feme =0, (k/m)igy = 3

2
- (/m)RY ==

first positive
(I11.7.48)

For instance the ND function is cos(ws/3). Its derivative vanishes at s = 0, and its
value at s = 3/2 is cos(m/2) = 0. The DD function is sin(27s/3) and vanishes at both
endpoints. Replacing its first eigenvalue by zero while leaving a nonzero constant profile
would immediately violate f(0) = 0. Figure I11.7.5 shows the endpoint behavior that
these equations test.

Normalization completes the finite-interval calculation. The raw constant f = 1
has norm squared L. For the positive modes, integrating the squared trigonometric
functions gives

1
(k/ﬂ—)grlgt = ga

L .
L sin(2kL)

2(ks)ds = = + -

/o cos”(ks)ds 5 + 0

3 or (I11.7.49)
/ sin?(ks)ds = = — M
0

2 4k

For each allowed positive NN, DD, or ND value, the final sine term is zero. Normalized
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representatives can therefore be chosen as

1 2 nmws 2 nmws
NN _ NN _ DD _ ;
o VL " VI " Vo

(I11.7.50)

The index ranges are those already stated. At L = 3/2 the raw constant norm squared
is 3/2, the normalized constant is \/m, and the positive-mode normalization factor is
2/v/3. A local derivative condition does not supply any of these normalization factors.

Now change the actual domain to 0 < s < oo, retaining the flat measure and N at
the origin. At zero eigenvalue the solution is again A + Bs, and N again sets B = 0.
The remaining constant is not square integrable unless it vanishes:

I = [APL < oo, Al = Jm [APS =00 (A£0).  (ITL751)

There is no right endpoint condition on the half-line to impose at a finite L. The
global test has changed to the behavior at infinity. Nor does taking L — oo preserve
a fixed normalized constant: L~!/2 tends to zero at each fixed s, while its integral
norm over the growing interval remains one. This sequence does not produce a nonzero
square-integrable constant on the half-line.

A useful worked reasoning route for the written exercise starts with f = 1. First
evaluate f/(0) = 0, a local statement. Next put the same function on a finite interval
with N at its other end; it solves the zero-eigenvalue problem and has norm squared L.
Then put it on the half-line; it still solves the same local equation and left condition,
but its norm diverges. Finally ask what establishes the D5 or NS5 identification in the
first place. That requires the sourced half-BPS brane and field dictionary, including
its scalar triples and other fields. None of the three scalar computations supplies it.
This route uses an explicit function to separate four different statements. The physical
dictionary enters only in the final step.

The common misconception is that a Neumann endpoint automatically yields a
dynamical massless field. The missing questions are the other endpoint, the domain
measure, and the actual coupled and gauge-reduced field content. IX.1 uses endpoint
filtering to identify candidate fields on finite segments. The scalar results here explain
that first filter. They do not determine an interacting boundary-SCFT spectrum,
fluctuations about the Nahm pole, or all supersymmetric brane boundary conditions.

I11.7.7 Exercises

The first five exercises have bounded numerical submissions. Write the intermediate
derivation as well; the submitted numbers test only the specified consequences. The
final exercise is a written explanation. The public question file specifies exact rational
strings and Boolean fields for the numerical submissions.

1. E1. Surface signs. For S = —k [(8¢)?/2 on 0 < s < L, take x = 3/2 and no
boundary action. Find the coefficients multiplying ¢’(0)d¢(0) and ¢'(L)d¢(L) in
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the spatial surface variation. Derive both outward normals and state the allowed
D or N data. Submit the two coefficients.

. E2. A radial density. In the static abelian D3 model set q = u = ¢t/r?, with
¢ =3/4 and r = 2. Starting from the general nonparallel Hamiltonian, obtain the
positive-branch energy square. Find ¢, and (H — 73)/73 at that point. Find the
same excess for the uncharged flat brane. Submit these three quantities.

. E3. Flux and units. Assume the sourced F1 endpoint identification. Let n = 2,
A = 5/2, and let the regulated spike segment have physical length AX = 7/3.
Show how n = f g2 D - dS enters the shell integral. Submit the F1 tension, the
positive excess energy, the oriented flux after reversing F1 orientation, and the
positive energy after reversal. Distinguish a simultaneous reversal of flux and
spike side from a reversal at fixed scalar profile.

. E4. A finite pole. Use D, X; —i€;ji[X;, Xi]/2 = 0, €123 = +1, J; = 0;/2,
and X; = aJ;/s in A; = 0 gauge. Find the coefficient of i3 in [J1, J2] and
the coefficient of J;/s? in the residual for a = 1 and a = 2. Verify all cyclic
components and submit the three coefficients. Explain why the failed a = 2
substitution tests the normalization as well as the sign.

. E5. Modes and norms. Solve —f” = k?f on a flat interval of length L = 3/2
with NN, DD, and ND conditions. Here ND means N at s =0 and D at s = L.
Solve k = 0 separately. Submit the first allowed k/7 for each case. Also submit
whether a nonzero constant NN profile has finite norm on this interval and on a
half-line with flat measure. Show the endpoint equations and the two integrals.

. E6. Written interpretation. Explain why a local Neumann condition, a
finite-interval zero mode, noncompact normalizability, and a half-BPS fivebrane
boundary dictionary are four distinct statements. Use one explicit profile. State
which physical premise supplies the brane identification. Follow the reasoning
route of testing the local derivative, solving on the specified domain, integrating
the kinetic norm, and then identifying the source of the physical dictionary. This
exercise is written and is not machine-certified.

Take-home message

An endpoint first specifies a variational problem. Its electric flux and the brane’s transverse
slope can then balance in the abelian DBI energy. On a regulated radial shell the excess
energy equals the supplied F1 charge magnitude times its tension and transverse length.
A matrix pole specifies different local endpoint data, while a finite-interval mode requires
two endpoint conditions and a finite norm. A reader should now be able to derive the two
surface signs, reconstruct the DBI Hamiltonian and its real branch, calculate the shell
energy with nonunit A, verify the spin-half pole in the stated frame, and distinguish a
finite scalar zero mode from a locally allowed half-line profile.
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Status and sources

The calculation uses the stated metric, tension, axis and trace conventions. The body
uses the cited physical premises and displays the conditional calculations.

Section I11.7.2 uses the endpoint definition in Polchinski (1995, physical PDF p. 3,
eq. (4)) as a worldsheet premise [wS]. The scalar surface variation is [MATH], derived
for a smooth real scalar, k > 0, no boundary action, and the two stated outward
normals. The gauge-current extension is the corresponding direct variation with the
explicitly defined §Sg = [ j6A. The physical half-BPS boundary context is in Gaiotto
and Witten (2009, physical PDF pp. 10-12, egs. (2.13)—(2.15)); that context is not
derived from the scalar variation.

Section II1.7.3 uses the derivative-truncated static abelian DBI premise of Chapter 3
and Callan and Maldacena (1998, physical PDF p. 6, egs. (3.2)—(3.4)). The electric-field
calculation is mathematical [MATH] and conditional on that action, flat background,
one physical-length scalar, and zero magnetic field. The displayed determinant, inverse
Legendre map, nonparallel example and two squares establish only this conditional
algebra. The domain is A > 0; |e|] < 1 is not its general definition.

Section II1.7.4 follows the harmonic branch and nonlinear energy in Callan and
Maldacena (1998, physical PDF pp. 6-7, egs. (3.5)—(3.7)). The source-free radial
solution and finite shell integral are [MATH] within the stated action, with 0 < d < R
and the endpoint excluded. The charge and string-mass input is Callan and Maldacena
(1998, physical PDF pp. 3-4, eqs. (2.5)—(2.6)). The conversion of its o/ = 1 connection
gives Dyoox = 2mllcy in those units; physical units restore A = 2wa’. One conditional
mathematical consequence [MATH] is, AE = |[n|AX/A. Its integral F1 charge and
protected/BPS physical interpretation are separate inputs. The paragraph after the
source’s eq. (3.7), physical PDF p. 7, explicitly leaves its full Born—Infeld supersymmetry-
variation check undone. No such proof or core completion is supplied here.

Section IT1.7.5 uses Gaiotto and Witten (2009, physical PDF pp. 25-26, eqgs. (2.40)-
(2.43)) and the source’s post-section-2.3 frame in Gaiotto and Witten (2009, physical
PDF pp. 28-29, section 2.5.1 and Figure 1). The orientation convention translates the
anti-Hermitian source fields by X; = —iX; and fixes the inward s and ordered book 789.
The rank-two local substitution on s > 0 and the coordinate conversion with determinant
+1 are conditional calculations [MATH]. The half-BPS D3/D5/NS5 assignment and
D5-pole identification are separate physical inputs. The general homomorphism and
Nahm-moduli construction is cited source material, not a theorem proved in this chapter.

Section I11.7.6 derives the spectral results [MATH] for the flat free scalar operator on
the stated finite interval or half-line. Its zero-mode, positivity and norm conclusions use
those actual domains. The brane motivation retains the separate physical premise in the
source’s section 2.5.1 and Figure 1. No complete gauge/fermion spectrum, interacting
boundary-SCFT spectrum, or fluctuation spectrum of the singular pole is inferred.
Exercises E1-E5 consume these bounded calculations; E6 is written interpretation.
Finite numerical controls do not establish completeness. In particular the independently
derived shell-additivity relation checks boundary dependence beyond the fixed charge
examples. The physical boundary inputs remain conditional.
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Chapter 1I1.8

T-duality on D-branes: the
brane dictionary

II1.8.1 An endpoint loses a direction

An open string can carry momentum around a circle even though it has no conserved
winding number there. Its endpoints can move, allowing a loop of string to unwind.
When the circle becomes small, nonzero momentum costs a large energy. The light
open-string states then seem to lose a spatial direction. Closed strings in the same
theory have the circle duality of Chapter I1.3, so their description still includes that
direction. Where has the open string gone?

The endpoints supply the answer. In the dual coordinate they sit at fixed positions,
while the interior still vibrates. A direction available to the bulk string has become
transverse to its endpoint brane. A gauge holonomy around the original circle determines
the dual brane’s position. This is why a Wilson line, which changes the masses of
charged fields without producing a local field strength, can turn into an actual separation
between branes.

This chapter derives that dictionary on a free open strip. We keep a physical
spacelike circle, its orientation and its radius visible through the calculation. We then
compare absolute energies, follow two separately labelled transverse dualities, and ask
which parts of that reasoning can be used for a circle fiber that degenerates. The
last question separates three useful constructions: the flat D3/D5 boundary map, the
curved NS5 of a brane tiling, and the isometric approximation to a localized five-brane
background.

We use the endpoint conditions of Chapter 1, the tension normalization of Chapter
3, and the circle units of Chapter I1.3. After this chapter, the reader can exchange
complete NN and DD modes and obtain positions and vector masses from holonomy.
The same conventions allow wrapped-energy and gauge-coupling comparisons. They
also allow a labelled two-circle brane table to be completed and reversed. The final test
is to identify the isometry and global conditions of a proposed five-brane duality. A
correct dimension count does not construct a curved background.
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I11.8.2 Boundary conditions and oscillators

How can the endpoints become fixed without freezing the string? The answer requires
both worldsheet derivatives. Use Lorentzian strip coordinates 7,0, with 0 < ¢ < 7.
A dot and a prime denote 0, and 9,. The target coordinate X has length units and
period 27 R; o has length squared. On a flat circle with vanishing B field the free
equation is

(02 -0)X =0, X~ X +27R. (IT1.8.1)

The local solution splits into left and right movers. We choose the positive dual
coordinate of Chapter II.3:

X=X,(r+0)+Xp(r—0), X=Xp(r+0)—Xp(r—0). (I11.8.2)

If the derivatives of the two one-variable functions are X} and X}, then X=X T+ X5n
and X’ = X7 — X},. Applying the same chain rule to the difference gives the operative
identities . _

X=X, X =X. (I11.8.3)

There is no minus sign in the first identity with these Lorentzian strip and positive-
coordinate conventions. The difference also solves the wave equation, so the map
changes the boundary data while preserving free bulk propagation.

At each endpoint, Neumann means that the normal derivative vanishes. Dirichlet
means that the coordinate is fixed in time, although the two endpoint values can be
different. Equation (II1.8.3) gives

X'or=0 = X|ox=0, X|oxz=0 = X'|or=0. (111.8.4)

Thus NN becomes DD and DD becomes NN. Here DD describes a pair of fixed endpoint
values, not an instruction to set the entire coordinate to zero. Figure II1.8.1 distinguishes
the worldsheet strip from the physical target circle.

First follow the zero mode. In the absence of a holonomy, single-valued NN states
have momentum k = n/R, n € Z. The strip normalization fixes its coefficient and its
dual:

Xo=z+ 20/%7, Xo=7+ 2a'%a. (IIL.8.5)

The original constant velocity becomes a constant slope. Integrating that slope over
the actual strip width gives

- ~ 2 ~ ~
X(r) - X(0) = ﬂg " _omR, R= % (I11.8.6)

The endpoints agree on the dual circle and differ on its covering line. The integer n is
now the image of one fixed endpoint relative to the other. It was a momentum number,
not a topological winding number of the unconstrained original NN string. Using the
closed-string spatial period 27 in this integration would insert an erroneous factor of
two.
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Worldsheet strip, width =

. o
0, ¢ T, j
i, J can move 1, j fixed modulo circle
n = 3 lift _
AX =67R
r >
g
% % % > X
NN target circle DD target circle i J + 3 images
X ~X+27R X ~X+21R

Figure II1.8.1: The same oriented string, with endpoint ¢ at ¢ = 0 and j at 0 = w. The
upper panel is the worldsheet strip; its width is 7, independently of the target radius.
The lower panels show positive target circles before and after duality. Without a Wilson
line, the two fixed dual endpoints coincide modulo 27 R. The covering-line arrow depicts
the n = 3 zero mode, whose lifted endpoint difference is three dual circumferences.
Oscillations of the interior do not move those endpoints.

The oscillator map is equally necessary. For a real NN solution the complete
nonzero-frequency part can be written with independent real coefficients A,,, B, of
length dimension:

X =2+ 2kt + Z cos(mo)[Ap, cos(mT) + By, sin(mr)]. (I11.8.7)

m=1
The cosine in ¢ enforces Neumann at both boundaries because m is integral. Integrate
X" = X term by term for a smooth solution, or first for a finite mode sum. The

integration constant is fixed by X=X up to a constant position. The result is

X =7+2dko+ Z sin(mao)[— A, sin(mT) + By, cos(mT)]. (I11.8.8)
m=1
Both independent temporal phases matter. Keeping only the A,, term would illustrate

one phase of each mode but would not give the full real solution. For one frequency,
differentiating the two expressions yields

X!, = —msin(mo)[Apn, cos(nt) + By, sin(mr)] = X, (I11.8.9)

X, = mcos(ma)[—Ap, sin(mr) 4+ By, cos(mt)] = X/, (I11.8.10)
The sine oscillators vanish at 0 and m, so only the affine slope contributes to the
endpoint difference. At ¢ = 7/2, an odd-m oscillator can be nonzero. This gives a
direct counterexample to the idea that fixed endpoints imply a motionless string.

For completeness, start instead with DD values y; and y; + 2rwR on a covering line.
Define the oriented difference d = y; — y; + 2rwR. A general real free solution with
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those endpoint values is
d — . .
X=y+—-0+ Z sin(mo)[Chy, cos(mT) + Dy, sin(mr)]. (II1.8.11)
™
m=1
The same derivative identities now integrate to an NN coordinate:
~ _d >0 )
X=T+ -7+ Z cos(mo)[Cy, sin(mt) — Dy, cos(m7)]. (I11.8.12)
0
m=1
For example, differentiating one term of the last cosine sum gives
X!, = msin(mo)[~Ch, sin(mr) + Dy, cos(m7)] = X, (I11.8.13)

This is precisely the time derivative of the previous sine mode. The new endpoint
normal derivative vanishes, including the zero mode. Its momentum is

=

(I11.8.14)

2ma!

When the original endpoints coincide modulo 27R, d = 2rwR and k= w/ﬁ For
distinct endpoints the shifted momentum will be explained by a Wilson line in the
inverse description. This is the full zero-mode and oscillator inverse, not just a reversal
of the endpoint name.

Consider the nonunit example o/ = 7/3, R =5/2, n = 3, with all lengths expressed
in one chosen unit. Direct substitution gives

6 , 28 ~ 14 AX 14
5 20k = = R = 15 or — B (I11.8.15)
Indeed (14/5)/(14/15) = 3. An additional NN mode A cos o cos 7+ B cos o sin 7 becomes
—Asinosin T+ Bsino cos T and leaves these numbers unchanged. Conversely, choosing
DD separation d = 7R with w = 0 gives k = R/(2a/) = 15/28, halfway between two
unshifted momentum levels. The inverse description therefore needs a nontrivial relative
holonomy rather than an integer momentum assertion.

A Dp spans p spatial Neumann directions. Dualizing a tangent circle removes one;
dualizing a transverse circle adds one:

k=

Ty:Dp— D(p—1), T, :Dp— D(p+1). (IT1.8.16)

This boundary calculation is bosonic. For type-II strings the associated reflection of
the right-moving fermion reverses one spacetime chirality. That separate worldsheet
input exchanges ITA and IIB; the allowed even ITA and odd IIB D-branes are consistent
with the dimension rule. A scalar wave equation alone does not establish the GSO
projection or the Ramond-Ramond charge of the endpoint brane. Chapter 9 will use
the supersymmetry information that is not contained in this scalar map. The next
section uses the zero-mode slope to make the endpoint position measurable.
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I11.8.3 Wilson lines become positions

Where is a dual brane if the original field strength is zero? A flat connection can still
have holonomy around a circle. A charged open string measures that holonomy, and
its shifted momentum determines a displaced endpoint after duality. The question is
global even in a locally free background.

Use a constant Hermitian matrix connection ax on a flat wrapped U(N) stack,
with no other separation or flux. It is the connection for integer endpoint charges.
Diagonalize its holonomy, and define real fractions u; modulo integers by

ax = E diag(ulv cee 7UN),

. | , (IIL.8.17)
U =exp (2/ ax dX) = diag(e*™ ... e?™uN),
0

This ayx is a matrix connection, not a coefficient along a half-normalized central
generator. Let E;; = |i)(j| be the Chan-Paton matrix of a string whose endpoint at
o = 0 is i and whose endpoint at o = 7 is j. Choose the Fourier factor e*/% and the
covariant derivative

Ui — Uj
R

Applying this operator, rather than guessing an endpoint sign, gives

Dx (6 X/REij) = ZTje BB, kijn =

DX = 8}( — i[ax, 'L [ax, Eij] = Eij- (111818)

n—u; +u;
R

The Fourier label n is an integer, while the covariant momentum £ need not be an
integer multiple of 1/R. A gauge transformation that removes ax locally transfers
the same information to a twisted periodicity of the charged field. Removing a local
connection therefore does not remove its observable phase around the full circle.

The position convention consistent with the positive dual coordinate is

(I11.8.19)

a/

Y; = 2ma/ (ax )i = 27 Ru;, Y; ~Y; + 27R, R= 7 (IT1.8.20)

A common additive position is free. Once an origin and a lift are chosen, the string
from ¢ to the nth image of j has the oriented displacement

AY,, =Y, -Y + 2mnR = 27T]§(n —u; +uj) =27 kijp. (I11.8.21)

This follows from the same strip integration as (II1.8.6). It also fixes which ordering of
the two eigenvalues belongs to F;;. The actual length and its classical stretching energy
are positive quantities:

Kij,n = |A1/ij,n|; TFI = TFlgijm = |kj”7n| (111822)

2mal’

Calling the signed AY a length would lose the distinction between orientation and
mass. For a chosen image the straight segment on the covering line has that length;
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the shortest string between the two circle positions requires an additional minimization
over images.

The superstring mass formula is a further physical input. In the NS sector write
Nng for the oscillator level and ang for the intercept that is subtracted. With all other
separations and momenta suppressed, the mass measured in the common noncompact
worldvolume directions is

Nas — 1
k2, NS TINS g = 5 (I11.8.23)

ij,n o

2
Mij,n
The vacuum energy is —1/2. Tt is not the subtractive intercept. The GSO projection
removes the NS ground state, and the first surviving vector has Nyg = 1/2. Thus the
oscillator contribution cancels:

2 2
n—u; + u; lij
Mocroriin = | — 5= =2 . 111.8.24
vector,ij,n ( R ) (2,”_0/) ( 8 )

The agreement is an equality of the free vector masses under the stated spectrum and
tension inputs. It does not ensure that a state with large ¢ lies within a low-energy
Yang—Mills truncation. That truncation also requires energies well below the massive
string levels, whose spacing is set by 1/ V.

Now take o' =7/3, R =5/2, (u1,u2) = (1/6,2/3), and fix E15 with n = 1. First
find the radius and ordered positions:

~ 7/3 14 YT 141 7 Yo 142 28
5/2 15’ 2r 156 45’ 2r 153 45 ( )
The commutator and Fourier derivative combine to give
1 2 3 3/2 3
Rkig1=1—=4+-== ki1 =—= = —. 111.8.26
12,1 6 + 3= 12,1 572 5 ( )
The endpoint computation reaches the same answer with its image shown:
AYi o1 28 7 14 7 14w
1 _ = L =_ 1 lio91 = . 111.8.2
or 45 45 15 5 2Ty (I11.8.27)

Multiplying by the F1 tension gives ¢/(2ma’) = 3/5 and hence M? = 9/25. Figure I11.8.2
shows why this particular state goes beyond the closest image. The image label specifies
which string has been calculated. Selecting the lightest state is a further step.
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brane 1 image of brane 2

n=1: Az=3/2

A
>

A
Y

~1/3 1/6 2/3 5/3

z =Y/(2rR), positive to the right
R=14/15, lo—y = 147/5, Llumin = 147/15

Figure I11.8.2: The FEj» string on a covering line in the dimensionless coordinate
z =Y/(2mR). Brane 1 is at 1/6; images of brane 2 are at —1/3,2/3,5/3. The long
upper arrow is the specified n = 1 string. The two lower arrows are the equally short
n = —1,0 strings. Positive orientation is rightward. For R = 14/15 the physical
positions obey (Y1,Y2)/(27) = (7/45,28/45). Moving brane 1 to its next image by a
large gauge transformation requires relabelling the upper string n’ = 2.

For arbitrary relative fraction § = u; — u;, the shortest-image vector obeys

1 . = .
M2, = 2 I;lel%(n +6)2, lmin = 27R mig |n + 4] (IT1.8.28)
In the example § = 1/2, the two minimizing integers are n = 0, —1. They give opposite
oriented displacements and the same mass:
1 1 147

Fioo =z, koa=—g loin = M2, = R (I11.8.29)
The degeneracy is geometric: the endpoints are antipodal, so the two shortest arcs have
equal length. It is not gauge enhancement, since neither has zero length. At coincidence
modulo the circle, instead, § € Z and n = —4 gives
AY =0, k=0, M?

vector

=0. (I11.8.30)

For the flat U(2) stack the holonomy centralizer is generically U(1) x U(1) and becomes
U(2) at coincidence. The off-diagonal vectors then join the two diagonal vectors. This
is a statement about this Chan—Paton system, not a determination of a global gauge
group in a compact construction with additional projections or fixed data.

A large gauge transformation shifts u; by an integer ¢;. The holonomy is unchanged,
while a chosen lift of the position moves by an integer circumference. Spectrum
invariance requires transforming the Fourier label as well:

'LL; :’LLZ'-F&;, Y;-/ :Y;—FQ’]Tﬁ&, ’I’Ll = n—l—& —Ej. (111831)
Substitution checks both the momentum and the lifted displacement:
n' —u + u; =n—u; + uj, z'/j,n’ = AYjjn. (111.8.32)
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For uy + uy + 1 in the example, n = 1 must become n’ = 2. Then 2 —7/6+2/3 = 3/2
as before. Keeping n = 1 instead gives 1/2, a different string of the same full spectrum.
The gauge invariant object is the set of states with their relabelled images, not a fixed
integer label detached from the connection.

Reversing the oriented string gives F;; and —n. Its displacement and momentum
change sign:

Kji—n = —kijn, AYji _p = =AY, M, =M}, (I11.8.33)
The squared mass alone therefore cannot resolve an inconsistent endpoint order. The
covariant derivative in (IT11.8.19) can. This is also why a common shift of all u; translates
the branes but leaves the adjoint masses unchanged, although the full holonomy can
retain a common central phase.

Chapter 6 uses the same positive dual coordinate for a nonzero constant central
magnetic field. Its already fixed local chart has tangent (1, f) and normal (—f, 1), where
f =2ma’Fi. For a genuine central U(n) bundle of positive rank on circles of physical
radii Ry, Rs, its trace degree m gives the relation

D _ ’
mZQWanRQFlg, tangb:f: @7 R2 °

= —. 111.8.34
an R2 ( )

That chart extends the connection-to-position idea to a slope. It does not replace a rank-
n bundle by n independent fractional-degree line bundles. The present flat-holonomy
derivation neither proves a global magnetized-brane equivalence nor supplies its chiral
spectrum. Those questions remain in Chapter 6. We now need a different comparison:
if a brane gains or loses a circle, why is its total energy unchanged?

II1.8.4 Wrapped brane energies and gauge couplings

Which energy should agree when a brane loses a circle? A wrapped brane loses a
worldvolume direction under tangent duality. The two resulting tensions have different
dimensions, so comparing their numerical values would not compare the same observable.
The appropriate observable is the energy per common spectator spatial volume, including
the wrapped circumference once.

Work in a flat, unwarped product, with constant dilaton, vanishing flux, and physical
spacelike radius . Let g5 be the asymptotic string coupling, and 7, the physical energy
per spatial p-volume. The absolute type-II D-brane tension and the circle/dilaton map
are inputs:

- ]. E—O/ ~ \/07
Tp(gs)*ma =& gs = gs R

(111.8.35)

Equivalently 7, = p1,,/gs in the inherited charge units. Since 7, already contains the
inverse coupling, no additional factor g;! multiplies its static energy. The dilaton
transformation comes from the worldsheet measure; it will not be derived by requiring
an energy equality.
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For a spatially wrapped Dp, p > 1, write V,,_; for the common spectator volume.
Its induced metric is the flat product metric, so the spatial volume integral factors:

E:Tp/
\Z

p—1

27 R

E

Pt / dX, = (27 R)7p. (I11.8.36)
0 Vo

The circumference is 27 R, not R and not an angular integral with a dimensionless

metric omitted. Evaluating it gives

R
(271-)10—10/(174'1)/295 ’

(2rR)1, = (111.8.37)

In the dual frame the D(p — 1) has no wrapped direction in this comparison. Its tension

is
@) = _ . I11.8.
Tp 1(9s) (2W)p_1a/p/2(gs\/67/R) (27r)p71a/(p+1)/2gs (I11.8.38)

Hence

o= (27 R)1p(gs) = Tp—1(Gs)- (I11.8.39)
p—1
The dimensions are length to the power —p on both sides. This is an algebraic consistency
check of two physical inputs, the absolute tension and the measure map. An unknown
common tension normalization would cancel from a ratio check, so the equality alone
could not determine the absolute D-brane tension.

The inverse, transverse operation is the same equality in the other direction. A
localized D(p — 1) gains a circle of radius R; its new Dp coupling is §sva//R = g,. Its
energy includes 2r R. Both operations require an allowed type-II brane and a physical
spatial circle. A DO has no spatial worldvolume circle to wrap; the formula with a
tangent DO is not a new physical example.

Take the D4 example o/ =9/4, R =5/3, gs = 2/5. A tangent duality gives an 1IB
D3 with 3 9/4 27 23/2 9

/I — — — N — —
\/07_27 R—5/3—207 B=53E" (111.8.40)
The energy comparison can be made without hiding factors of 27. Multiplying the
common E/V3 by (27)3a’? gives, on the wrapped side,

omparZ — B _ 53 2% (II1.8.41)

Vs Valge  (3/2)(2/5) 97

On the D3 side the same expression is 1/g, = 25/9. The original D4 tension and the
final D3 tension are not equal; their integrated energies are. Changing units rescales
both energies with the same dimensions and leaves this normalized comparison intact.

An odd-p example tests a different power of a’. Wrap a type-IIB D3 at the same
radius and coupling, giving an ITA D2. Before duality,

E R 1 5/3 200

Va  (2m)2a2g,  (2m)2 (81/16)(2/5)  243(2m)2° (II1.8.42)
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After duality the absolute D2 tension gives independently

1 200
(2m)2(9/4)3/2(9/25) _ 243(2m)2

m(9/25) = (I11.8.43)

The same general derivation works for every allowed wrapped p, rather than depending
on the D4 example or setting o/ = 1. These two numerical cases illustrate the identity;
they do not prove its physical inputs for arbitrary curved or fluxed branes.

Energy matching must also be kept separate from gauge-coupling normalization.
Put A = 2wa/. Expanding the flat DBI action to quadratic order in a weak field strength
gives, for the fundamental matrix trace,

R I W I11.8.44
pr = =2 [ T (B ). (111.8.44)
Here the connection entering F' is the same integer-charge connection that enters a

holonomy. The book uses Hermitian generators with Tr;(T%T°) = §9°/2 and the
component coupling gpook. In this convention

1 1 1 THA2
e Ty 2= pe g TR 111.8.45
2g}:2>00k d 4g%ook . 29%001{ 4 ( )

Matching coeflicients therefore determines

2
Thook = —5 = 2(2m)P2g,a/P=3/2, (I11.8.46)
TpA
For an identity U(1) connection of charge one, instead, the action is —fz/(4g,2j(1)). Its
coefficient in DBI gives

1 _ _ 1
912](1) = W = (2m)? 24.0/P=3/2 = Eggook' (I11.8.47)

For a single brane the normalized generator is 1/v/2. Writing its matrix connection in
that basis changes the component, not the matrix holonomy: a = A°/v/2 and F® = /2f.
The component action then has — f2/(2¢g2,,), exactly the identity-connection expression
above. Inserting v/2 into Y; = A(ax ) would change the integer-charge phase and spoil
the endpoint spectrum.

For the dual D3 in the example, the book coupling is

_ 36w 9b3book 9 187
Thsbook = 4ms = ==, TR = — g = (ITL.8.48)

25’ 4 25’ 25
The ratio two is a trace normalization, whereas the change from g5 to g, is a physical
duality transformation. They perform different jobs. Chapter 3 derives the DBI approx-
imation and its regime; here its leading coefficient provides a consistent normalization
across circle frames. The next figure follows both wrapped circles and the unchanged
stack through the complete D3/D5 example.
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I11.8.5 Two dualities and a tiling

How does a D3 acquire the two worldvolume directions of a D5 in a brane tiling? Start
with N identical D3-branes along 0123 in type IIB, transverse to two flat rectangular
circles X4 and X6. Keep their physical radii R4, Rg labelled even after duality. There
is no NS5 in this starting flat product. We hold o’ fixed, set B = 0, and use a constant
asymptotic coupling gs.

Dualizing X* changes a DD direction into NN and exchanges IIB with IIA. The
first step is

D3p123 2, D4 (R4, Rg) — (§4,R6),

01234
I11.8.49
[ N ( )
Ry’ s * Ry

The superscript on g, labels the duality step. It is not a power. The X circle remains
transverse to the D4, so a second transverse duality gives

/!

Ts ~ o
Dy 951 = Ddg195750 R = Rs’
: / (IT1.8.50)
g2 = g<1>@ — g
s 5 Rg *R4Rs

The final theory is IIB. The number N is unchanged at both steps. Each endpoint stack
is being redescribed, not supplemented by a newly created brane. Figure I11.8.3 retains
the same two labelled circles and illustrates how point support becomes a wrapped
cycle and then a wrapped torus.

IIB D3 0123 IIA D4 01234 IIB D5 012346
N =2 N =2 N =2
X6 X6 X6
T4 T(;
°  — — >
X* X4 X4

(R4, Re) (o’ /Ry, Rg) (¢'/Ra, 0’/ Re)

9s gsVa! /Ry gsa' /(R4Rs)

Figure I11.8.3: The transverse torus support of the same N = 2 stack through Ty then
Ts. The horizontal direction is labelled 4 and the vertical direction 6 in every panel;
a tilde denotes the dual physical coordinate. The D3 is a point on the torus, the D4
wraps its horizontal circle, and the D5 wraps both circles. Common 0123 directions
are suppressed. Opposite sides of each square are identified. The support of the two
coincident branes is drawn once and its multiplicity is stated explicitly. There is no
NS5 in any panel.
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Let V3 be the original spatial volume along 123. Define E,/V3 for the three frames,
including every newly wrapped circumference. The three directly computed expressions
are

Eqy N

— =N73(95) = 5575 11.8.51
Vi 73(9:) (2m)3a’?g, ( )
E ~ NR

— =NQ@rR)n(gV) = —————, (111.8.52)
Vs (2m)3ar5/2g{)

By _ n(onfin) T (g — —VEalts

Ve = NrR) 2rRe)ms(o%) = oyt (I11.8.53)

The wrapped volumes are essential. Substitute the first-step radius and coupling into
the middle expression:

R '/R 1
4 o/R —. (I11.8.54)
O/5/29gl) a®2g\/o/ [Ry  A'?gs
For the D5 the separate two-circle cancellation is
R4R 2 /(R4R 1
afle o7/(FufRs) . (I11.8.55)

a’3gg2) - a’3gsa’/(R4R6) 06/295

Consequently Ey = FE; = Fs per the same spectator volume. This is the transverse
version of the wrapped-energy relation, applied twice with labels retained. It checks the
coupling map at both steps and would fail if one left the second coupling unchanged.

For a concrete table choose o/ = 9/4, Ry =5/3, Rg = 7/2, g5 = 2/5 and N = 2.
The newly created radii and couplings are

5 Y g O o 932 21

9
R = — gV =~

Ry = — =—. I11.8.56
STk 14’ 250 Y T o572 175 ( )
It is useful to normalize by the initial brane multiplicity:
2m)3a?E, 1 R R4R
P G A S R PR Ty (I11.8.57)
NV3 Js /a’ggl) o/gff)
The two wrapped rows evaluate to
27/20 5 (27/20)(9/14) 5
b= == 9=~ = —. I11.8.58
YT (3/2)(9/25) 2 > (9/4)(27/175) ~ 2 ( )

Table II1.8.1 collects all three frames.
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Frame and brane  Worldvolume Labelled radii (4,6) Coupling &

1B D3 0123 (5/3,7/2) 2/5 5/2
IIA D4 01234 (27/20,7/2) 9/25 5/2
IIB D5 012346 (27/20,9/14) 27/175  5/2

Table II1.8.1: Two labelled transverse dualities in a flat product, with the same N = 2
throughout. Radii are physical lengths in the chosen common unit. The energy uses
the entire wrapped dual-circle volume in each frame. The type alternates at each step.

The return path is a useful physical check. Starting from the final D5, dualize the
now tangent X circle. Its radius returns to Rg and the coupling becomes

Rlﬁ)ack: 0/ 7z back,1 __ 27 3/2 _ 9

2= =22 = 111.8.59
R 2 % 1759/14 _ 25 ( )

The brane is the ITA D4 along 01234. Dualizing its tangent X4 circle then gives

5 9 3/2 2
Rback — i — 2 back,2 = — " = —, I11.8.60
4 %3 s 2527/20 5 ( )

The result is the original IIB D3 along 0123, with both transverse circles restored. A
reversal must recover the axes and coupling as well as the brane dimension. Merely
toggling p would miss the content of these checks.
The energy argument does not depend on N = 2. At the level of the sum of probe
tensions used here, each identical brane contributes the same energy, so
Eq(N) N

1
Vs (2n)3ag,’ Eo.(N+M)=E.(N)+E,(M),  &(N)= . (I11.8.61)

For N = 3 in the numerical example the energy normalized without dividing by N is
15/2, while the per-brane normalized value remains 5/2. This distinguishes total energy
from a normalized value that hides the multiplicity. The finite-stack calculation does
not, address backreaction, compact tadpole cancellation or an interacting bound-state
spectrum.

Now compare this flat result with the toric brane-tiling construction. In that
construction the relevant compact directions are also 46, and the D5 spans 012346.
An NS5 spans 0123 and a holomorphic curve X in the four real directions 4567. After
identifying the dual coordinates as those of the construction, the worldvolumes read

D5 : 012346, NS5 : 0123 x Y4567, X%, X5 compact. (I11.8.62)

The curved NS5 and the singular circle-fibration construction are sourced geometric
input. They are not additional rows generated by dualizing a featureless flat torus.
Figure I11.8.4 shows their worldvolume roles separately from Figure 111.8.3.
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X6
projection of NS5 curve X

Common directions: 0123

D5 adds compact 46

NS5 adds ¥ C 4567
D5 tangent directions adds = C

X* Curved geometry is extra input;
not produced by the flat torus.

Figure I11.8.4: The separately sourced NS5/D5 geometry. The coordinate plane 46 is
compact, with positive 4 rightward and positive 6 upward; 5,7 are the other two real
curve directions. The shaded rectangle identifies the compact D5 tangent directions,
with 0123 suppressed. In the actual construction D5 regions are bounded by the NS5
in this plane; the shading does not specify their shapes. The curved line is a schematic
projection of ¥ C 4567, not an equation for a specific toric curve or a calculated
coamoeba. The direction table states the full worldvolumes and makes explicit the
extra NS5 absent from the flat two-duality calculation.

This comparison explains the useful part of the dictionary for Chapter VII.4: the
D3-to-D5 dimension, axes, radius and coupling data are calculable before discussing a
tiling. The source’s selected phase uses equal face multiplicities for its D5 regions. Its
interacting SU(N) language does not remove the local U(N) Chan-Paton connection
used above; the treatment of central modes needs the actual construction. A flat
boundary map also does not determine the quiver superpotential or prove a statement
about the coamoeba of every holomorphic curve. Chapter I1.10 introduces the NS5-curve
interface, and the geometry and mirror tools in Volumes IV and V supply the further
background.

The circles must keep their identities in applications. X® here is a full transverse
circle before duality, not a finite interval between two NS5-branes. Nor is it a spacetime
X3 circle used in a different compactification. Reusing the symbol T without stating
the circle can turn an energy-preserving dictionary into an unsupported chain. The next
section gives a quantitative example of the missing condition: an angular dependence
that no isometric field transformation can retain.

I11.8.6 Circle fibrations and localization

When is a circle direction available for an elementary geometric T-duality? The flat
examples have a continuous shift symmetry of the background fields. A circle fiber
can still have that symmetry even when it is globally nontrivial. A localized source,
however, can break it. To distinguish these situations we first keep track of the fiber’s
period and patches, then calculate exactly what circle averaging loses.

For this section only, 71, gr are Tong’s dimensionless radial coordinate and parameter.
They are not a physical radius R or the string coupling ¢g;. Let ¥, ¢ be usual polar
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angles on the base R? with 0 < ¥ < 7 and ¢ of period 27. The cited coincident
charge-N ALF metric has a fiber coordinate v of period 4:

1 1 N
ds®> = Hy drp- dep + Zngl(d@y +w)?, Hy=— + —, w = N cos? dp.
gp  2rr
(I11.8.63)

This is a sourced metric on its appropriate punctured-base chart. The period and the
factor 1/4 are part of its geometry. Put y = /2 and A = w/2. Then

N
X ~ X + 2, ds? = Hy drrp- der + Hy' (dy + A)?, A= 5 cos¥dp. (111.8.64)

At large rp the fiber coefficient tends to g%, so its radius in these source units is gr.
This observation does not identify g with gs, or supply a conversion to an arbitrary
physical target-circle radius. In particular, the physical circle formula of the previous
sections cannot be used by simply renaming these parameters.

A local mixed metric component does not determine the bundle on the whole sphere.
With increasing x as fiber orientation, choose the usual base orientation sind dd A dp.
The curvature is

N
Fy=dA= 5 sin ¥ dd A d. (IT1.8.65)
Its Chern number includes both angular ranges and the fiber’s 27 normalization:
1 N 27 ™ )
1= — Fp=—— dy sin¥dd = —N. (IT1.8.66)
2 S2 4 0 0

For the concrete choice N = 3, this is —3. Reversing the base orientation alone changes
the integral to +3, with the fiber still oriented by increasing x. This orientation is
separate from an NS5 linking-three-sphere orientation. Equating the two without
defining the map would make the charge sign ambiguous.

The polar singularities of A are removed in separate patches. Choose

An = %(cosﬁ — 1)dy, Ag = g(CO819 + 1)dep. (II1.8.67)

The first is regular at the north pole and the second at the south pole. They have the
same curvature and obey

ANy — As = —Ndyp, XN = Xs + Ny, dxny + Ay =dxs + As.  (I11.8.68)

As @ increases by 27 on the overlap, the two fiber coordinates differ by 27N, an allowed
period precisely for integral N. The transition is therefore real global information, not
a singular choice of vector potential. Figure I11.8.5 fixes the orientation and patch sign
used in this computation.
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north
Fiber: x ~ x + 27

Base: sind dd A dp

( increases

N=3, c=-3

south _ m [\ .
. U U T

An — As = —=Ndyp coincident

XN =Xs + N pole
free fiber for r > 0

Figure II1.8.5: A base sphere at fixed rp > 0 with north and south connection patches.
The overlap is parametrized by increasing ¢; its transition preserves dy + A with x
of period 27. The base uses the usual polar orientation sinvdd A dp. Thus N = 3
gives ¢; = —3, although the fiber-coordinate transition is +3¢. The inset marks the
collapsing fiber at the coincident pole; the sphere-patch calculation alone does not prove
a smooth core.

Indeed the free-fiber chart fails at rp = 0. Dropping the constant term in Hy and
setting rp = p?/(2N) gives the leading core metric

ds? ~ dp* + pj
4 N

2
d¥? + sin? ¥ dp? + (dw + Cos19dap> ] . (I11.8.69)

To see the radial coefficient, use Hy ~ N?/p? and dry = (p/N)dp; the product Hydr2.
is dp?. The fiber angle ¢/N has period 4r/N. Thus N = 1 has the usual smooth
R* core, while coincident N > 1 gives C?/Zy. The N = 3 example above cannot be
described as a smooth single-center core. Separated centers require the corresponding
multi-center geometry rather than changing the period by hand.

For N = 1 the circle isometry in (II1.8.63) permits the ordinary Buscher construction.
In the classical dual description it produces an NS5 smeared around the dual angle 6,
of period 27, with harmonic function

1 1

H ==+ —. I11.8.70
o(rr) i ( )
The isometric NS5/KK field dictionary is the one introduced in Chapter I1.10. The

localized supergravity solution on R? x S! has, for r7 > 0, the different function

1 1 sinh r
Hye(rr,0) = 4+ —————. I11.8.71
toc (77, 6) g% 2rp coshry — cosf ( )
The elementary obstruction is directly calculable:
inh in 6
Oy Hio — sinh 77 sin (I11.8.72)

~ 2rp(coshryp — cos0)2
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For example, at 77 = 1, § = 7/2 it is — sinh(1)/(2cosh?(1)) ~ —0.2468. The derivative
vanishes at 6§ = 0, m, but a stationary value of a function at two angles is not a continuous
circle symmetry. The localized field is therefore outside the ordinary isometric Buscher
hypothesis. Applying that hypothesis to Hy remains possible; it supplies information
about Hy.

What, exactly, was discarded by replacing Hio. with Hy? Set ¢ =e "7, 500 < ¢ < 1,
and denote the dimensionless source profile by K(rr,0) = 2rp(Hoc — g772). Using
sinhry = (¢71 — ¢)/2 and coshry = (¢~ + ¢)/2 gives

o 1=¢ 1
- 1-—2qcosf+4q2 1—qet? 1 —qe=

—1. (I11.8.73)

Expand each denominator as a geometric series. Pairing conjugate terms makes the
Fourier content real:

K=1+ Z " (e 4 ey =142 Z e M7 cos(kB). (I11.8.74)
k=1 k=1

This identity includes all harmonics. A finite expansion through ¢? can illustrate the
first terms but cannot by itself justify an exact angular average.

The justification is uniform convergence away from the core. On any region rp >
ro > 0, put go = e~ < 1. Each absolute harmonic is at most 2q§, whose sum is finite.
The uniform tail bound is

sup |K—1-2 Ze‘k’T cos(kd)| < o (IT1.8.75)
T >T0 k—1 1-— q0
0€0,27]

Consequently the continuous partial sums converge uniformly and can be integrated
term by term over the compact angle. Each nonconstant cosine has zero integral, so
the full, not truncated, average is

N Y B PR S (I11.8.76)
2w 0 o 2w 0 loe _g% 2TT n 0 o

This argument uses the stated positive radial lower bound. It makes no uniform claim
on a region containing rr = 0.
The first two discarded terms of H are
e—TT —2TT

cos b, 0H, =
rT rT

0H, = cos(20). (I11.8.77)

Relative to the smeared pole term 1/(2rr), the leading correction is 2e~"7 cos§. More
quantitatively, keeping m harmonics gives

e—(m+1)rT

1 m
|Hige — H™| < . H™ =Hy+ = e ™ cos(kf).  (IIL8.78)
rT

rp(l —e="r) P
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For the zero-mode approximation specifically,

Hy. — H 2e77T
u:u(,ugei
1/(2rr) 1

The denominator of the left side is the sourced pole contribution, not the full Hy. The
full relative error additionally depends on gr and is no greater than this bound for
positive g%. Thus r >> 1 controls the angular approximation, independently of whether
other conditions make supergravity reliable.

Figure I11.8.6 plots the exact source profile. At rr = 3, ¢ ~ 0.04979 and the uniform
zero-mode relative bound is about 0.1048. Keeping two harmonics reduces the profile
error to at most 2e~?/(1 — e~?) ~ 0.000260. At r7 = 1 the zero-mode bound is about
1.164, so no comparably small uniform angular error is promised. These are bounds
from the complete series, not fits at a few angles.

(I11.8.79)

— e—TT '

\ 0 \ \ \
3r/2 27 0 w/2 ™ 3r/2 27

§4

0
0 /2

Figure I11.8.6: Exact normalized localized profile K = 2rp(Hoe — 9772) against the
dual angle of period 27, in the source’s dimensionless units. Both panels have the
same vertical scale and zero-mode average Ky = 1. The blue curves use rr = 1 and
rp = 3; the dashed line is the exact angular average, not a fitted constant. The first and
second omitted harmonics are respectively 2e™"T cos @ and 2e~2"T cos 26. The radial
exponential suppresses angular contrast far from the core.

The core exposes the failure without any numerical sampling. At the source angle
and at the antipodal angle the exact expressions are

K (r,0) = coth(rr/2), K (rp,m) = tanh(rr/2). (I11.8.80)

As rpr — 0T these behave as 2/rp and r1/2, respectively. The corresponding source
contributions to the harmonic function obey

1
Hioe(rp, @) — g7° — = Hy—g7% = —. (I11.8.81)

1
Hyoe 70 — g5~ ’
1 (TT ) gT 4 QT'T

20
rm
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The average diverges, but it describes neither angular behavior near the core. The
error bound also grows without limit as 7 — 0. This is why a large-radius Fourier
truncation cannot be extended uniformly into the localized source.

Averaging is mathematically noninvertible: adding any multiple of cosf to an
integrable profile leaves its average unchanged. Even exact knowledge of Hy cannot
recover the erased Fourier coefficients. Tong’s specified two-dimensional ' = (4,4)
gauged linear sigma model supplies an additional worldsheet mechanism. Its vortex
instantons, including multiple topological sectors, correct the target metric with angular
dependence and account for localization. That is a cited physical result for that model.
We have derived the Fourier identity and its approximation bounds here; we have not
derived the instanton measure or its all-sector coefficients. A quantum worldsheet
mechanism can add information absent from classical isometric Buscher fields, but this
is not an arbitrary nonisometric Buscher rule.

Finally, a proposed NS5-to-KK-to-ITA/M chain needs more than a local harmonic
function. The elementary T step uses invariant metric and dilaton and compatible
B/ H patches, with specified circle periods and holonomies. Flux quantization, the fiber
transition and any fixed points or degeneration must agree globally. The transition
(IT1.8.68) is an example of such required data. At a localized angle the elementary
isometry has already failed; it cannot be restored by renaming the averaged background
as the localized one. A toric D3/D5 direction table and this localized-circle problem
ask different questions.

The later ITA/M step is restricted to a massless ITA background admitting the
specified isometric circle reduction and the corresponding metric frame and global
data. In the common physical asymptotic length convention of Chapter 11.9 its radius
is Ryg = gs’HA\/c?, with X0 of period 27R1o and angular coordinate of period 2.
Identifying the ITA description with an M-theory completion uses a nonperturbative
premise. No arithmetic comparison above proves that premise, and an arbitrary
Romans-mass background has no assumed ordinary circle lift. Chapter 10 takes up NS5
worldvolume physics, rather than obtaining it from the dimension count or the Fourier
average.

I11.8.7 Exercises

Use the physical-radius and positive-dual-coordinate conventions of the chapter. E1-
E4 have bounded numerical submissions through the companion; the accompanying
derivations and interpretation questions are written work. E5 is entirely written.
Rational answer fields are exact strings, such as "5/7"; integer fields such as a winding
or an axis label are JSON integers. Every bounded submission has top-level fields task
and answer. The public question file gives the full required field types and ordering of
arrays.

1. E1. Momentum becomes an image. On the open strip 0 < o < 7, take o’ =
7/3, R =5/2 and n = 3, with no Wilson line. Starting from X = z + 2a/(n/R)T,
determine the dual radius, the coefficients in X =7+ ¢ T+c,0, the lifted endpoint
difference divided by 27, and the winding. Submit dual_radius, tau_slope,
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sigma_slope, endpoint_difference_over_2pi, and winding in answer, with
task equal to "E1". In written work derive both derivative identities for both
temporal oscillator phases, check the endpoint conditions, and give the inverse
DD-to-NN zero mode. Explain why the interior need not be fixed.

. E2. A holonomy and a selected string. Take a flat wrapped U(2) stack
with o/ = 7/3, R = 5/2, ax = diag(1/6,2/3)/R and B = 0. Choose Fia,
Dx = 0x —ilax, -], Fourier label n = 1, endpoint 1 at ¢ = 0 and endpoint 2
at 0 = 7. Submit dual_radius, positions_over_2pi as the ordered two-entry
array with common origin zero, kinetic_momentum, separation_over_2pi, and
mass_squared of the first GSO-surviving NS vector. Use task equal to "E2". In
written work obtain the sign from the commutator, distinguish signed displacement
from length, and show how u; — w1 + 1 must relabel n. Determine the shortest
images and explain why their degeneracy differs from coincidence enhancement.
Those last reasoning tasks are not assessed by the numerical submission.

. E3. Wrapped energy and the factor of two. A single type-IIA D4 spans
0123X, with R = 5/3, o = 9/4, g = 2/5 and no flux. Dualize X. Sub-
mit dual_radius, dual_gs, normalized_energy defined as (27)3a/2E/V3, and
book_gym_squared_over_4pi for the resulting IIB D3; use task equal to "E3".
Start from the absolute 7, in (II1.8.35). In written work carry out the general-p
wrapped integral and the trace matching. Explain why the identity-abelian cou-
pling is different while the connection holonomy and dual positions are unchanged.
Repeat the absolute energy comparison for a wrapped IIB D3 to test an odd-p
case.

. E4. Keep the circles labelled. Start with N = 2 IIB D3-branes along 0123,
transverse to a rectangular torus with (R4, Rg) = (5/3,7/2), o' =9/4, gs = 2/5,
and B = 0. Apply Ty then Tg. Submit task equal to "E4" and answer containing
a steps array with three rows: initial, after Ty, after Ts. Each row has p, type,
worldvolume, count, gs, radii, and normalized_energy. The worldvolume
lists all integer coordinate labels including 0; retain labels 4 and 6 for the dual
coordinates. The radii array is always ordered (4,6). Energy is (27)3a/2E/(NV3)
with all wrapped dual volumes included. In written work reverse Ty then Ty, prove
the energy identity for general positive N, and explain why this table neither
produces the curved NS5 nor proves a general toric coamoeba statement.

. E5. What an average cannot recover. Use the sourced H),. in (II1.8.71) for
rr > 0. Derive its isometry test, its first two nonconstant Fourier harmonics, and
its exact circle average. Justify exchanging sum and integral on rp > rg > 0, give
an error bound, and explain the angular contrast at the core. For a proposed NS5-
to-KK-to-IIA /M chain, identify the isometric T step, the missing patch/flux/fixed-
point data, and the nonperturbative M-lift premise. Explain how Tong’s specific
instanton mechanism differs from an arbitrary nonisometric duality, and why
the flat toric brane-dimension count cannot discharge this localization question.
Specify a massless isometric ITA reduction whenever discussing the M step. This
task is assessed by written reasoning.
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I11.8.8 Take-home message

Take-home message

Circle duality exchanges the endpoint derivatives as well as the bulk coordinate. An
NN momentum becomes a DD image, and an integer-charge holonomy becomes a brane
position. With endpoint order fixed, the same covariant momentum gives the signed
separation and the positive vector mass. The wrapped energy agrees only after including
the actual circle volume and the dilaton shift; the book’s trace factor is a separate
normalization. Two labelled transverse dualities explain the flat D3/D4/D5 map. A
curved NS5 needs additional geometry. For a localized five-brane, the exact Fourier
average is the smeared profile, but the lost angular modes and global fiber data cannot be
reconstructed from that average. The ITA/M identification adds its own nonperturbative
premise.

Status and sources

§111.8.1-111.8.2. The open-circle boundary map follows Johnson (2000, physical PDF
pp. 61-62, eqgs. (161)—(164)), using the exact arXiv:hep-th/0007170v3 edition. The
derivative identities, real oscillator exchange and lifted zero-mode difference are derived
here for a free strip [MATH]; their physical circle-duality use is the local isometric
worldsheet dictionary [ws]. The tangent/transverse brane identification and separate
type-1I chirality input follow that source’s physical pp. 6667 and 104-105, Section 5.6
[WS]. The type-II parity and RR-consistency statement is also sourced in Polchinski
(1995, physical PDF pp. 34, eqgs. (4)—(7)), arXiv:hep-th/9510017v3 [ws]. The scalar
calculation does not derive a GSO or RR-charge theorem. The calculation uses the
metric, tension, strip and physical circle conventions stated above.

§111.8.3. The Wilson-line and position inputs are in Johnson (2000, physical PDF
pp. 62-67, egs. (165)—(175)) [ws]. Given these inputs, the commutator sign, large-
gauge relabelling, nearest-image masses and flat U(2) centralizers are conditional
algebra [MATH]. The first GSO-surviving NS vector is sourced on physical pp. 87-88,
egs. (231)—(234) [ws]. We use vacuum energy —1/2 and subtractive intercept +1/2: the
nearby source prose uses a negative a while (233) subtracts it. Equation (171) prints
6; — 0;, whereas (174) prints §; — 0;. The fixed E;; convention and explicit covariant
derivative determine the orientation here; reversing both endpoints and image reverses
the displacement while preserving its square. No source erratum is assumed. The
original Figure 17 correctly has primed radii; only its text extraction loses the primes.
The connection uses the integer-charge normalization inherited from Chapters 3 and 4.
The magnetic-slope comparison uses the restricted rectangular central-field chart of
Chapter 6; no new compact magnetic equivalence is inferred.

§111.8.4. The measure/dilaton shift is sourced in Johnson (2000, physical PDF p. 54,
eq. (139)) [ws]. The tension recursion and absolute physical tension use physical
pp. 71 and 109, eqs. (182)—(183), (274)—(275) of the same exact edition [ws]. Their
input is separate from the displayed energy and trace-normalization checks [MATH].
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The quadratic action and the book half-trace translation use the tension and trace
conventions of Chapter 3. Johnson’s (276) has a final equality without gs; its preceding
Tp expression and (275) retain it, as does the chapter. No new normalization ratification
is made. The general-p identity, D4 and odd-p D3 examples are conditional checks, not
a derivation of the dilaton measure or an extension to arbitrary flux or curvature.

§l11.8.5. The flat D3/D4/D5 boundary and chirality map uses the local worldsheet
dictionary [wsS] for the stated labelled axes. Given that map and the tension input, the
radius/coupling entries and general-N energy additivity are conditional calculations
[MATH]. The separately cited toric NS5/D5 construction is Franco et al. (2006, physical
PDF pp. 8-10, introduction end and Section 2), arXiv:hep-th/0504110v2 [GEO-E]. It has
compact 46, D5 along 012346, and NS5 along 0123 x ¥4567. The curved NS5, selected
face multiplicities and interacting-sector interpretation are source input, not outputs of
the flat energy table. No coamoeba theorem, quiver dynamics or new QFT-transfer
claim is established. The downstream pointer is VII.4; I1.3 forward-route consistency
remains a whole-volume integration check.

§l11.8.6. The ALF metric, 9 period 4, factor 1/4, and coincident charge-N pole follow
Tong (2002, physical PDF p. 20, egs. (A.32)—(A.34)), arXiv:hep-th/0204186v3 [SUGRA].
The x = /2 conversion, patch transition and signed ¢; are derived here with the stated
sphere orientation [MATH], reusing Volume II, Chapter 10. The elementary isometric
NS5/KK map uses the source's physical pp. 2-3, egs. (1.1)—(1.3), in the same isometric
domain [WS]. Its localized profile, eq. (1.4), is sourced supergravity input [SUGRA]. The
angular derivative, uniformly convergent Poisson series, exact average, error bound
and core angular contrast are derived for rp > 0 [MATH]. The multi-instanton GLSM
localization mechanism is cited from the same exact source, physical pp. 1-3 [WS]; no
all-sector instanton calculation is supplied here. Ordinary Buscher requires the declared
isometry and compatible global and measure data. The physical-radius and massless
ITA/M discussion uses the units of Volume II, Chapter 9 and is conditional on the
nonperturbative ITA /M lift. A finite radius or tension match does not establish that
premise. No arbitrary nonisometric map or massive-ITA circle lift is assumed.

§l11.8.7-111.8.8. E1-E4 assess bounded submitted circle, position, mass, coupling and
energy values. The oscillator arguments, shortest-image interpretation, general-p and
general-N reasoning, reverse route and NS5 limits also have written components.
E5 is written only. The chapter derives its free-mode, finite-matrix and convergent-
series statements under explicit hypotheses; it cites rather than proves the superstring
spectrum, absolute tension, curved toric construction, GLSM instanton mechanism and
nonperturbative ITA /M identification. No full QFT equivalence is inferred from these
local dictionaries.
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Chapter 111.9

Kappa symmetry and
supersymmetric branes

I11.9.1 A supersymmetric brane is a compatible ob-
ject

A D2-brane stretched along two spatial axes is an extended object in a supersymmetric
spacetime. The spacetime may have thirty-two supersymmetries, but the chosen brane
preserves only those that leave its configuration unchanged. Adding a second brane
asks a compatibility question: can the same supersymmetry preserve both objects?
Their individual fractions do not answer it. Two branes can impose the same condition,
impose independent compatible conditions, or impose inconsistent conditions.

The missing link between an embedding and a condition on supersymmetry is kappa
symmetry. The brane action contains fermionic superspace coordinates with a local
redundancy. A spacetime supersymmetry can move those coordinates and still preserve
the brane if a local kappa transformation compensates the movement. This mechanism
turns the geometric question into an eigenspace problem. The eigenspace must be taken
inside the actual space of background Killing spinors. A projector cannot manufacture
a supersymmetric background.

We develop the calculation on a single abelian D2 probe in flat massless type
ITA spacetime, first without a gauge field and then with constant magnetic flux. The
magnetic example is useful because its flux also couples to the DO potential. It shows why
a brane carrying two kinds of charge need not impose two independent projections. A
short membrane calculation then separates a cited superspace action from the algebraic
consequences of its projector. Finally, a sheared tangent plane makes the relation to
calibration explicit.

The required background is the real type-II spinor space from Volume II, Chapter 4
and the DBI/WZ action from Chapter 3. Chapter 5 supplies the global charge questions;
Chapters 6 and 8 give the separate flux-angle and T-duality dictionaries. The calibration
geometry belongs to Volume IV, Chapter 6. Here we derive selected Clifford, determinant
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and norm identities. The local invariance of the full superspace actions and the global
calibrated-cycle theorem are cited physical and mathematical inputs, respectively.

I11.9.2 A local fermionic redundancy

Why can a bosonic brane preserve a spacetime supersymmetry that shifts its fermionic
coordinate? The answer requires keeping a gauge transformation separate from a
physical change. Let 0% a = 0,1,2, be D2 worldvolume coordinates and let its
superspace embedding be

ZM (o) = (X" (0),0%(0)), p=0,...,9, a=1,...,32 (I11.9.1)

The X* are bosonic coordinates. The real Grassmann coordinate 6 is a spacetime
Majorana spinor and a worldvolume scalar. In flat superspace the invariant vector
pullback and induced metric have the form

" = 9, X" — OT"9,0, Gap = 0, TATLY 0 = 07 Cenarge- (I11.9.2)

We use mostly-plus signature and upper-index spacetime gamma matrices. Ccharge
denotes charge conjugation. It will never denote an RR potential or the local three-
gamma matrix introduced below.

The superspace DBI and WZ terms work together. In the source normalization with
the overall constants suppressed, their flat-space structure is

Ssuper = — | d3ov/—det(G + F) + / Q3, F=dV —b. (I11.9.3)

Here b is the pulled-back superspace NS two-form and 23 is the superspace WZ form.
The source connection V' absorbs the flux units. For our bosonic example, dV = AF
with A = 2ma’ and Bng = 0. The book combination P[Byg] + AF then agrees with the
source combination. Setting the bosonic NS two-form to zero does not set b to zero as
a superspace form. Its fermionic components participate in local invariance.

The full local invariance of this action is a sourced premise. It uses on-shell superspace
torsion, NS and RR constraints. It is stronger than the statement that a matrix squares
to one. The latter only identifies a candidate half-rank transformation. The cancellation
of the DBI and WZ variations is an additional physical statement. We use the D2 case
for which the cited construction supplies that statement, and do not attempt a full
superspace proof.

In a native column-spinor convention the transformation at a bosonic configuration
takes the form

80=0+K)k+e  K?=1, 0=0. (I111.9.4)

The parameter € is a background supersymmetry parameter and (o) is local. In flat
spacetime the background Killing spinors are constant. In a curved background e must
already satisfy the background Killing-spinor equations and their global conditions.
The brane test acts on that solution space.
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To preserve the bosonic configuration we require 6 = 0. Multiplication by 1 — K
removes the kappa term:

0=1-K)0=1-K)(1+K)k+(1—K)e=(1—-K)e. (111.9.5)
Conversely, when Ke = ¢, the choice

K
pe—t (U Kste=—2C

+e=0 (I11.9.6)

supplies a compensator. One may add a kappa parameter in ker(1 + K) without
changing the transformation. Thus compensation and the positive eigenspace condition
are equivalent within this sourced transformation law. This is the origin of the familiar
brane projection.

A source can state the same mechanism with a row spinor and a differently signed
operator. The Aganagic—Popescu—Schwarz formula restricts the row variation by
55(1 + vaps) = 0. An unrestricted row parameter ¢ therefore gives

80 = (1 —vaps), Yaps = 1. (I11.9.7)
Transposing this equation and using the Majorana conjugation rule gives

60 = (1 + K)Cv K= _Cil VKPSCChargo (11198)

charge

The sign belongs to this row-to-column conversion. The positive barred projector in the
Bergshoeff-Townsend transformation has its own operator; it is not a reason to replace
~vaps by that operator. Section II1.9.5 will perform the conversion with a magnetic field
and keep its relative sign.

For a concrete example choose X0 = ¢, X! = ¢!, X? = ¢2, with other coordinates
constant, and choose the ordered orientation do® A do' A do? > 0. The induced lower
time gamma is 79 = —I'’. At zero flux the source row operator is —I'°T''T'2, The
rank-three Majorana transpose sign is positive, so the column operator is

A=T%2 =172, yaps = —A, K =A. (I11.9.9)

For any A-positive background spinor, substituting x = —e/2 into (I11.9.4) cancels the
variation. For an A-negative spinor the residual projection (1 — A)e = 2¢ cannot vanish.
This example identifies which half is preserved before counting it.

143



embedding

Physical real ITA space} condition \[ Preserved parameters
32 = 16 + 16 J ’L Ke = € 16
Fermionic coordinates After kappa removal On shell
0: 32 16 components 8 modes
local gauge first-order
equation

Figure I11.9.1: Three distinct counts for the flat D2. The upper branch tests background
supersymmetry parameters against an embedding. The lower branch removes a local
redundancy from fermionic fields and then uses their first-order equations. The two
occurrences of sixteen count different objects. The diagram assumes the physical real
ITA space, not an unrestricted doubled spinor space.

Figure I11.9.1 also prevents a common misreading of kappa symmetry. Removing
sixteen redundant fermionic field components and preserving sixteen spacetime super-
charges are different operations. For the flat D2, the seven transverse scalars and the
one propagating abelian vector mode give eight bosonic on-shell modes. The fermionic
count runs from thirty-two components to sixteen after local gauge removal, and to
eight on shell. The first-order equation is responsible for the last reduction. Chapter 3’s
bosonic DBI action does not prove this fermionic structure; the superspace action
supplies the premise. We next count the background eigenspace without confusing it
with those field components.

II1.9.3 The real spinor space

Half of which space survives a D2 projection? In type ITA the parameter has two real
Majorana—Weyl components of opposite chirality. With the chirality operator and space
written explicitly,

x=1oTt... 19, x> =1, S=S;®95_, dimg S, = dimg S_ = 16.
(I11.9.10)
Thus dimg S = 32. These are real counts. Neither replacing S by one fixed chiral
summand nor treating an unrestricted sixty-four-component doublet as physical is
the ITA calculation. The physical type-II distinction was established in Volume II,

Chapter 4.
There is no need to print a 32 x 32 matrix to determine its projection rank. We
use a real static representation with (I'%)T = —T'% and ()T =T for spatial i. For an

ordered product of r distinct mutually orthogonal indices, moving the second copy back
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through the first gives

(D D)2 = (=1)r D2 T e, (I11.9.11)

a=1

For A, there are three exchanges and one negative metric factor. Transposition also
reverses the product and introduces one time sign:

A= (-1(-1)1=1, AT=-TT'T'=A (II1.9.12)

The reversal of three different gammas contributes the second minus in the transpose
calculation. This is why no additional 7 belongs in A. Multiplying it by ¢ would instead
give square —1 and destroy a real positive/negative eigenspace interpretation.

A useful trace argument is conjugation by an invertible gamma that anticommutes
with the blade. For example a spatial direction outside 012 gives

MPATH) ' =-A4 = trAd=—-trA=0. (I11.9.13)

Since A% = 1, its minimal polynomial divides (z — 1)(z + 1), whose roots are distinct
over the reals. There are no Jordan blocks. If n, and n_ are the multiplicities, the
dimension and trace equations are

ny +n_ =32, ny —n_ =0, ny =n_ = 16. (111.9.14)
The actual projection matrices and their ranks follow:

= #, Poy= %, P3 = Pa, rank Py = tr P4 = 16. (I11.9.15)
The equality between rank and trace holds because the matrix is an idempotent. That
condition will matter for intersecting branes.

Chirality does not provide another harmless label on this positive space. Each
individual ten-dimensional gamma anticommutes with y; an odd product therefore does
as well:

Ax = —xA, A: S, — S A: S — S, (I11.9.16)

Suppose both Ae = € and xe = € held. Applying their product in two orders would give
Axe =€, Axe = —xAe = —¢, e=0. (111.9.17)

This vanishing is not an absence of ITA supersymmetry. It says that a preserved spinor
cannot lie entirely in one of the two summands.

One can exhibit all sixteen preserved components without choosing a matrix basis.
Choose any € € Sy and form

e =&+ A€, Ae = A+ € =k, e=2¢. (111.9.18)

The last equation makes this map injective. Conversely the positive chiral part of any
A-positive € determines its negative part as A{. Thus the positive eigenspace is the
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graph of an isomorphism between two real sixteen-component spaces. For a unit £
the two summands are orthogonal in the static component norm; dividing & + A¢ by
V2 gives a unit preserved spinor. This is a complete worked description of the real
eigenspace, rather than a count inferred from a formal fraction.

__ An eleven-dimensional algebraic extension will be useful for the membrane. Define
I'* =T* for p=0,...,9 and 'Y = x. The inherited relations imply

{T0.r#} =0, (T2 =1,

o - (111.9.19)
{TA T7} = 291,

No extra spinor components have been added. The planar triple [912 ig the same
A, so its positive space again has real dimension sixteen. The physical membrane
interpretation requires the action premise in Section II1.9.7; the algebra alone is not an
ITA /M-theory duality argument. The practical lesson for later brane constructions is to
specify the physical spinor space before counting eigenvectors. Figure II1.9.1 should be

read with precisely that space at its starting point.

I1I1.9.4 Compatible intersections

When does a second half-projection halve the first one’s solutions? Keep the first brane
along 012 and introduce local matrix names

A =102 B =103, C =T1%3, (I11.9.20)

Here B is a matrix, distinct from Byg, and C' is a matrix, distinct from both C; and
Ccharge- Bach ordered triple is a real symmetric traceless involution. Time 0 is common
to all the static branes. Spatial common directions must be read separately, as in
Figure I11.9.2.

Start with the branes along 012 and 034. Moving the second I'° through two spatial
factors and then using (I'°)? = —1 gives

AB = —T'T’T*T* = BA, (AB)? = 1. (IT1.9.21)

The four-spatial-gamma blade has zero trace. For instance conjugating it by I'! changes
its sign, because three other spatial factors must be crossed. Therefore all three traces
needed for the intersection calculation vanish:

trA=trB=tr(AB) = 0. (I11.9.22)
The product of the two positive projectors is an idempotent because they commute. Its
image is exactly the common positive eigenspace:
1+A+ B+ AB
4 )
If a vector is already positive under both operators, ) fixes it; this proves the reverse
inclusion of images. Taking a trace now counts the intersection:

32+trA+trB+trAB .
1 =

Q = P.Pg = Q*=Q, AQ = BQ = Q. (111.9.23)

dimg(Sa+ N Spy) =

8. (I11.9.24)
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In particular, zero trace of the product is a hypothesis used in the last step, not a
consequence of the statement that the two branes differ.

For comparison, the 012 and 013 branes share the spatial 1 axis. The sign calculation
is short enough to do in full:

AC = —T'T?T'I? = 47713, CA=T°1? = -T%I3. (I11.9.25)

Thus {A,C} = 0. A common positive vector would satisfy both ACe = ¢ and CAe = ¢,
whereas the operators are negatives of one another. It follows that

Sa+ NSt ={0}. (I11.9.26)

Sharing a spatial axis is not a sufficient compatibility criterion. The Clifford signs,
including the time direction, do the work.

Multiplying two projector matrices without checking compatibility gives a particu-
larly instructive wrong answer. Let Q' = P4 Pc. From PoCP4 = 0, one obtains

PAPcPy = %PA, Q) = %Q’ #Q. (I11.9.27)

The image of @' lies inside Sa4. On that subspace, the preceding formula shows that
its restriction is one half of the identity, so it already reaches every vector of Sa.
Consequently

rank(PAPc) = 16, dim(SA+ N Sc+) =0. (IH.Q.?S)

The rank sixteen is not a supersymmetry count. The product maps vectors without
being the projection onto their simultaneous solutions.
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(a) 12/34: common 8 (b) 12/13: common 0

4 9 3 9
1 shared 1
(c) 12/12: common 16 (d) A/ — A: common 0

L 2
L} 1 L) 1

All branes share time 0. Blue is the fixed first D2.
Arrows specify ordered spatial directions; perspective is schematic.

Figure I11.9.2: Four local flat probe comparisons, with the first oriented D2 always
along spatial 12 and time 0 suppressed. The second plane is 34, 13, 12, or the same 12
plane with reversed orientation. A pair of arrows specifies each ordered spatial plane.
The last two panels use a small separation only to make the two copies legible. Numbers
are dimensions of common real spinors, not intersection-state multiplicities.

Dependence supplies the other two cases in Figure I11.9.2. A repeated brane imposes
A a second time. Reversing its orientation instead imposes —A. Both pairs commute,
but their product traces differ:

tr(AA) =32, PsPj = Py; tl"(A(—A)) =-32, PsP_,=0. (IH.9.29)

Putting these values into the general trace formula gives sixteen and zero, respectively.
Opposite projectors are unequal commuting operators whose product is not traceless.
Thus inequality of the matrices does not justify a universal quarter-supersymmetry rule.

There is also a direct method that works for every pair above. Stack the two linear
conditions instead of guessing a product projector:

dim{e : Kye = Koe = €} = 32 — rank (Ijé : }) : (111.9.30)
For the four pairs (4, B), (4, C), (4, A) and (A, —A), the stacked ranks are 24, 32,16, 32,
giving 8,0,16,0. The trace and anticommutator derivations explain these numbers
before any particular matrix realization is chosen.

The eight common spinors for 012/034 mean one quarter of the flat background
supersymmetries obey these two probe conditions. This is a statement about compatible
parameters. It does not determine the localized matter spectrum, a backreacted global
solution, or whether a particular quantum bound state is populated. The Hanany—
Witten configurations in IX use the same method with their own IIB spinor space and
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oriented projectors. Their separate source-sign translation is still required. Likewise
Chapter 7’s boundary equations cannot be justified by counting this D2 pair. The
transferable procedure is to identify the physical space, establish the operator relations,
and only then count common solutions.

I11.9.5 The signed magnetic projector

A magnetic field on the D2 carries a coupling to the DO potential. Why can the
resulting configuration still preserve sixteen supersymmetries? The answer is one
rotated projection. Deriving its signed coefficients requires more information than
checking that it is an involution. Assume a single flat abelian D2 in massless IIA with
constant dilaton, Byg = 0, no electric field and constant real magnetic field in an
orthonormal chart. Define

f = \Fia, A\ =2md/, D=T%=-1'12...1°, (I11.9.31)

The last equality uses (I'Y)2 = —1. The matrix D is an ordered rank-nine spatial blade
with an overall minus sign, even though its first expression contains both a gamma and
X-

We first evaluate the source row formula. In the chosen static chart yg = —T°,
v =T and 9 =T2. Let ¢ = y,do® and identify the source I'y; with y through the
chiral labels. The Aganagic-Popescu—Schwarz three-form is

_ Y _ 1 2
ps =37 + Fx, F = fdo" Ndo*. (111.9.32)

Wedge multiplication antisymmetrizes the three distinct gammas. Its 3! permutations
cancel the displayed 3!. The first coefficient is ypy1y2 = —A. For the magnetic term,
do* A do? A do® has the positive 012 orientation. Since xyg = —xI'’ = I'’x = D, the
coefficient of the full source volume form is

~A+fD

’YAPS:inQ.

The square root is positive. The determinant giving it will be evaluated independently
in Section I11.9.6.

To convert this row operator, start with the Majorana rule Cchargel"“C;h;rge =

prow = —A + fD, (111.9.33)

—(I")T. For a rank-r antisymmetrized product, the r individual minus signs and the
r(r — 1)/2 reversal exchanges combine into

O3l (TN O e = (—=1)m /270, (111.9.34)

charge

The exponent is 6 for » = 3 and 45 for » = 9. Thus A is even under this conjugated
transpose and D is odd. Substitution into (II11.9.8) gives

A+ fD

K(f) == c_h;rge’Yz;PSOchargo == W (HI.9.35)
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At p = 0 the source one-form p; = x¥ similarly has row coefficient D and column
coefficient D for the selected DO orientation. This fixes the relative sign used in the
D2/D0 example. An involution test alone would accept the wrong replacement f — —f.

Now determine why this is one half-projection. The needed Clifford identities,
including the vanishing mixed term, are

A% =D? =1, AD = —DA, (A+ fD)* = (1+ fH1. (I11.9.36)

For example AD = —I''2y while DA = +I''2y. Both A and D are traceless; the latter
trace vanishes by conjugation with I'°. Hence K? = 1 and tr K = 0, giving sixteen
positive eigenvalues at every finite real f. Imposing Ae = ¢ and De = € separately
would instead give no nonzero solution because they anticommute. Dissolved charge
changes the operator; it does not append that second independent constraint.

The rotation is useful both for interpreting the result and for checking its branch.
Let

1
tnf=f T <B<T,  cosf=———, sinfi= S amasm

1+ f2 1+ f?

The condition cos 8 > 0 fixes the oriented finite-field branch. For J = DA, the same
algebra gives J2 = —1, JA =D and AJ = —D. Define
B

C o P " B . B
R—C052+Jbln2, R —0052—J51n2. (111.9.38)

Writing the two half-angle coefficients temporarily as a, b, direct multiplication gives
RAR™ = (a®> = V*)A +2abD = cos B A +sin 8 D = K(f). (I11.9.39)

In the multiplication, JA.J = A accounts for the —b%A term. The half-angle is required
because conjugation contains both R and R~!. It is not a guess from the final coefficient
circle.

For an explicit positive field take f = 3/4. The hypotenuse is 5/4, so K =
(4A +3D)/5. Here a = 3/v/10 and b = 1//10: a® — b*> = 4/5 and 2ab = 3/5. For
f = —5/12, the hypotenuse is 13/12, and the coefficients are instead

4 3 12 5
K(@B3/4)=-A+-D K(-5/12)= —A—- —D. 111.9.4
(3/4) = A+ 1D, K(-5/12)= [ A- o (11L.9.40)

In the second case a = 5/v/26, b = —1/4/26, which reproduce both coefficients through
(II1.9.39). The sign of the flux survives the rotation calculation.
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f — +o0-
f=3/4
(4/5,3/5)
/ 81
| f=0
l c (A)
f=-5/12
\ (12/13,—5/13)
f \—;\—\OO*

C+s=1, ¢>0
finite real magnetic branch

Figure 111.9.3: The coefficients ¢ = cosf3, s = sinf in K = cA + sD. Finite real
magnetic flux occupies the right semicircle ¢ > 0, oriented toward increasing 3. The
points (4/5,3/5) and (12/13,—5/13) are the two worked examples. The endpoint DO
directions are limits, not finite-f points. This is a circle of operator coefficients; a
geometric brane angle needs its separate T-duality identification.

Figure II1.9.3 makes the limiting tests visible:
m K(f)=-D. (111.9.41)

li
f——o0

K(O)=A,  lm K(f)=D.

A reversal of the entire brane orientation would send K to —K; it is different from
changing only f. The endpoints describe normalized charge directions at arbitrarily large
flux density. They do not create an isolated finite-energy DO state from a noncompact
D2. Chapters 6 and 8 explain when the coefficient angle is also a geometric angle in a
specified dual description. The calculation here requires neither that dictionary nor a
general electric-field branch, whose determinant and reality conditions differ.

I11.9.6 Local energy and dissolved charge

What do the two signed projector coefficients mean for an energy and a charge mea-
surement? First retain the normalization of the local action. Let 79 > 0 be the physical
D2 tension, including the asymptotic inverse string coupling once. In an orthonormal
static chart the full bosonic DBI matrix is

-1 0 0
G+MF=|[0 1 f|, det(G+IF)=—(1+f?). (111.9.42)
0 —f 1
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Expansion along the time row reduces the determinant to —(1 + f2), with a plus from
the two antisymmetric magnetic entries. There are no electric components, so the static
Hamiltonian density is the negative of the Lagrangian density:

Lopr = —ToV1+ 2, Epoper = TaV/1+ f2> 0. (111.9.43)

This is energy per physical area measured with proper time. The branch is fixed by
positive tension and the positive real square root.
The two rational examples provide a normalization check with no tension set to one.
At 7o = 7/3 their proper densities are
75 35 713 91
gprOper(3/4) = 34 = 12’ gpmper(*5/12) = 312 = 36
For fixed |f| the energy is even, although the coefficient multiplying D is odd. Thus
measuring only the energy would miss a magnetic sign error. The signed coefficients in
Figure I11.9.3 distinguish charge direction from this even energy. The positive branch
has its minimum at f = 0; its weak-field expansion begins with the Maxwell magnetic
energy,

(I11.9.44)

gproper =T+ %fQ + O(f4) (111945)

The expansion is a local small-|f| statement. The unexpanded magnetic determinant
above still belongs to the abelian action without higher derivatives; it is not a nonabelian
or arbitrary rapidly varying action.

Coordinate changes can conceal this normalization. To see how, let the static
induced metric have lapse N > 0 and a positive spatial Gram matrix g5, 4,j = 1,2,
with no shift. Write

—N2 0 0
Gap = 0 gu 912, A = g11g22 — gis > 0, h = AFip.  (I11.9.46)
0 gi12  Gg22

The spatial off-diagonal entries of G + AF are g12 + h and g12 — h. Their product is
gt — h?, s0

h
A
The second equation is the orthonormal magnetic field obtained by dividing the two-form
coefficient by the physical area Jacobian. The coordinate static energy and proper local
energy are therefore

Ecoordinate = N7V A + h27 M =191+ fz. (111948)
NVA
The lapse is retained in energy conjugate to coordinate time. Dividing only by the area
Jacobian would leave that lapse in the answer.
For a full nonunit example choose N = 2, spatial lengths 3 and 5, and the same
physical field f = 3/4. Then g1, = 9, gas = 25, g12 = 0, VA = 15 and h = 15f. Direct
substitution gives

—det(G 4+ AF) =900(1 + ),  Ecoordinate = 30m2y/1 + f2. (I11.9.49)

—det(G + \F) = N*(A + h?), f= (I11.9.47)
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With 75 = 7/3 this is 175/2 per coordinate area. Dividing by Nv/A = 30 returns 35/12.
Using h = f in this chart would change the physical field; setting N = 1 midway would
confuse proper and coordinate time. These are normalization questions even in a flat
background.
Now consider the WZ term in the book’s inherited RR normalization. For Byg = 0
and the positive ordered orientation it contains
/Jg)\ - 1

Swz = o / (P[Cs] + AF A P[C1)), = (IT1.9.50)
W po 2w

tp denotes the RR charge coefficient, not 7, with its inverse coupling. The source
tensions suppressed in superspace formulas must not be silently restored as either
coeflicient. Positive magnetic flux gives a positive local coefficient for the DO coupling
in this chart. If a compact oriented spatial surface ¥ and a globally valid integer-charge
abelian connection are additionally supplied, the coefficient in DO units is

A 1
&/ F=— [ F=n (I11.9.51)
Ho Jx 2m Js

Integrality of n is an extra global premise, treated in Chapter 5; the local determinant
does not impose it. Likewise the WZ term is a sourced physical coupling, whereas the
ratio and integral in (II1.9.51) are its consequences in the stated units.

This explains the complementary roles of the projector and energy. The normalized
pair of D2/D0 directions rotates with signed flux, while the local DBI energy remains
positive. On an infinite plane the constant densities integrate to an infinite total energy.
Neither a finite matrix rank nor a positive local density asserts a stable quantum state
of prescribed global charge. The relevant pitfalls are to count two anticommuting
conditions as independent halves, to equate coordinate and proper energies, and to
infer global charge quantization from a local field value. Each mistake discards an
assumption that the calculation has kept explicit.

111.9.7 The membrane action

What additional input is needed to call the same triple-gamma algebra a membrane
supersymmetry calculation? It is the eleven-dimensional superspace action and its local
fermionic transformation. Write Z for a membrane superspace embedding and E,” for
the pulled-back supervielbein. Its induced metric is

Gab = B"Ey"nps, V= /—detg > 0. (I11.9.52)

V here is a scalar volume density, not the source D-brane connection used earlier. For
positive tension T' = Tj2, an auxiliary positive density © writes the scalar part of the
cited membrane action as

detg © T (V?
£scalar =T ( 9 - v) =3 <A “V‘E)\) . (111953)

20 2
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The full action also has a super-three-form term. It is not removed by choosing a
background with zero bosonic Cs: that choice specifies the lowest bosonic component,
not every superspace component.

Eliminating ¥ is a calculation we can do completely. Vary it while holding the
embedding fixed:

aﬁscalar T <W >

The negative algebraic root lies outside this branch. There is only one positive stationary
value for nondegenerate Lorentzian g. A useful off-shell identity also fixes the sign:

T .
Locatar + TV = —?\(’U —-V)2<o. (IT1.9.55)
v
Thus the stationary scalar Lagrangian is a maximum with respect to this auxiliary
variable. It is not a negative physical energy: after elimination the scalar Lagrangian is
—TV, the familiar Lorentzian Nambu-Goto sign. In the inherited book orientation the
action takes the separate form

Snio = —Thio / o/~ det §+ T / P[C5). (I11.9.56)

Its superspace meaning remains the sourced one. This scalar elimination has not tested
the fermionic variation.

For a numerical example use the determinant and tension in E5: detg = —36/25
and T = 11/7. The positive volume is V' = 6/5, so direct substitution gives
6 11 3 3 66
U= - scalar = 5 | =Tz — - | & — 5= I11.9.57
v=5  Lsem 7(5 5) 35 (LL9.57)

Both terms contribute; dropping either would give a factor-of-two error. The example
also keeps the tension separate from the density.

The sourced kappa matrix is the normalized induced three-gamma product. With
the source’s barred convention it is written

é‘abCEaﬂEbleCﬁFﬂpﬁ
3l/—detg

012

Tpr = 8. E™ = [7(1 + Tpr))°. (I11.9.58)

On a static 012 plane with source €*¢ = +1, the lower time gamma makes this barred
representative —A. We choose the native oriented sector with column condition Ae = ¢;
reversing the source volume orientation exchanges the eigenspace labels. This choice is
sufficient for the finite ranks below. It is not a conversion of the full signed source super-
three-form coupling into the signed book C5 charge. The inherited WZ normalization
in (IT1.9.56) and this selected projector sector are separate statements.

Using the real extension T10 = X from (II1.9.19), the selected planar conditions give

dim 50127_;,_ = 167 dim(5012,+ﬂ50347+) == 8, dim(50127+050137+) =0. (111959)
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The plane comparisons in Figure I11.9.2 apply to these selected M2 operators as well.
These numbers follow from the same trace and anticommutator derivations as the D2
examples. Thirty-two is still the real spinor dimension; introducing the eleventh gamma
does not double it.

Volume II, Chapter 8 fixes the physical membrane tension and circle units. Vol-
ume VIII’s quadratic bosonic membrane fluctuation calculation uses the bosonic trun-
cation of such an action. That fluctuation calculation cannot certify the full fermionic
completion or its superspace constraints. Nor does the algebraic extension above estab-
lish a nonperturbative M-theory completion. The useful result here is narrower: under
the cited membrane action and projection premise, we can eliminate the positive auxil-
iary density and count the selected local supersymmetry parameters. The next section
turns the triple-gamma condition into a geometric measurement without extending that
physical premise.

I11.9.8 Tangent planes and calibration

How can a local spinor condition recognize an oriented area? A wrapped brane presents
a family of tangent planes, so both the actual area and the spinor used to test it must be
kept. Work in a flat static frame with Euclidean spatial metric. Let u, v be independent
tangent vectors and define their full Gram area

glu,v) = (u v v) ’ (I11.9.60)
a(u,v) = /(u-u)(v-v) — (u-v)2 > 0.

The area is positive and independent of an orientation reversal. Orientation instead
enters the wedge numerator. The associated static plane operator is

Do (uiv? — uv®)[0%

a(u,v)

Kyp = (111.9.61)
Spatial indices are Cartesian. This is an ordered-product formula; there is no extra 2!
in the sum over 7 < j.

To check its normalization for arbitrary independent u, v, choose an oriented orthonor-
mal pair e, ¢/ spanning them by Gram—Schmidt. Their oriented wedge isuAv =aeA¢e.
If T'(e) = €'T"%, the numerator reduces to al'°T'(e)T'(e’). The three factors anticommute
and have squares —1, 1, 1. Therefore

Ky, =TT'(e)I'(e), K2 = (-1)3-1D1=1, KL = K,,. (I11.9.62)

uv

The transpose proof is the same three-factor reversal as for A. A degenerate plane
has a = 0, so this normalization is undefined. One must not assign a projection to a
collapsed pair of tangent vectors by dividing by its vanishing area.

Now fix a unit real spinor € in the same static representation. Define a spatial
two-form through its ordered components,

¢=> ¢idr' Ada), iy =T%e  e=1. (111.9.63)

i<J
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This is a positive component norm in a fixed frame, not a proposed Lorentz-invariant
positive spinor norm. Evaluation on the tangent pair relates the geometric two-form to
the projector:

b(u,v) = a(u,v) €' Kyye. (I11.9.64)

The form depends on the chosen spinor. Changing the spinor separately at each point
would change the object being tested.

The central norm identity can be derived for any real vector 7, before imposing unit
length. Symmetry and the involution give

11— EK)n|* =n"(1-K)"(1-K)n
=n" (2= 2K)n =2(|]n|* = n" Kn).

For our unit spinor this yields the one-sided oriented bound and its precise equality
condition:

(I11.9.65)

a— plu,v) = %”(1 “Ku)elP>0,  d(uv)=a = Kupe=c  (IIL9.66)

Applying the same argument to —K also gives ¢ > —a. The upper bound is the
calibration condition for the chosen orientation. An oppositely oriented plane can
saturate the lower bound instead. The physical use is that a positive spinor eigenspace
is detected by saturation of an oriented area inequality, rather than by the smallness of
an unoriented angle alone.

We can compute a nonorthogonal example completely. Select any unit A-positive
spinor and restrict the tangent vectors to spatial R*, with

u=1(2,0,0,0), v=(1,3/5,4/5,0). (I11.9.67)
The anticommutator of A and C proves the needed second bilinear: e/ Ce = ¢7 AC Ae =
—€eTCe. Thus ¢12 = 1 and ¢13 = 0 for every such spinor. All dot products, including
the shear, enter the area calculation:

9 16
u-u=4, u-v=2 v-vzl—l—%—F%:Q, g:(;1 ;) (IT1.9.68)

Consequently det g = 8 — 4 = 4 and a = 2, rather than ||uf|||v]| = v/8. In the oriented
wedge, the longitudinal component of v drops out:

6 8 3A+4C 6
uAv= 51 Neg + 5¢1 N e, Kuyy = +7 ¢(u,v) = 5 (I11.9.69)

The norm residual and area deficit now agree through two calculations:

4 4
(1 — Ku)e|* =2 (1 - ?) = a—¢=2— g = (I11.9.70)

Here a/2 = 1, so the two numerical values happen to coincide. Their units and general
relation are different. The plane is not calibrated by this spinor. Its 12 projection has
signed area 6/5, whereas its full area is 2.
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Full plane in span(e;, w) Oriented 12 projection

w €2

|
|
vV =e w ! — 1
o a=2 b= 6/5 13/5

u = 2e1 U

w = (3ez + 4e3)/5 Same shear and horizontal length

Figure I11.9.4: The actual sheared parallelogram of (I11.9.67). The horizontal direction
is e; and the vertical screen direction is the unit vector w = (3ez + 4e3)/5. Thus
u = 2e; and v = e; + w have full area 2. Its 12 projection, drawn at right with the
same horizontal scale, replaces w by 3e2/5 and has area 6/5. The orientation is the
ordered pair (u,v) in both panels. The Gram off-diagonal entry is 2; the drawing does
not replace the full Gram determinant by the product of side lengths.

Figure I11.9.4 distinguishes a shear from a change of area. Subtracting e; from v
removes the shear without changing u A v, a or K. In contrast, altering the length of u
changes both the wedge and the area. An independent example that varies this length
is

u' = (3,0,0,0), v = (4,5,12,0),
, (9 12 ;o B (I11.9.71)
g = <12 185) , det g’ = 1665 — 144 = 1521.
The positive area is 39, the wedge coefficients are 15 and 36, and the bilinear is 15.
Hence

5A +12C

Ku’v’ =
13

(1 = Koo )e]|? = 2 (1 - 153> . % (I11.9.72)
In particular (5/13)2 + (12/13)? = 1 still normalizes the projector. This second example
prevents the special value u! = 2 from masquerading as part of a general area formula.

For an aligned comparison use u = 2e;, v = 3e3. Then a =6, K = A, ¢ =6 and
the residual vanishes. Replacing v by —3es keeps the positive area 6 but gives K = — A,
¢ = —6 and residual squared 4. Replacing it by a multiple of e; instead makes the
Gram determinant zero. These three cases distinguish saturation, orientation reversal
and degeneration. None requires a negative area.

Finally, a constant spinor and constant Cartesian gamma matrices make the coeffi-
cients of ¢ constant. In this flat patch,

dp =Y (Op¢ij)da® A da' Ada? = 0. (I11.9.73)
k,i<j

Closure and the plane inequality supply an ordinary calibration form. For a surface,
however, the same ¢ must solve K (x)e = ¢ at every tangent plane. The existence of a
sixteen-component positive space at each separate point does not establish a nonzero
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intersection of those spaces over the surface. Volume IV, Chapter 6 uses this local-
to-global distinction when stating volume minimization. We now identify the further
physical premises needed before turning it into a wrapped-brane state.

I11.9.9 From local planes to global states

A local projector solves a compatibility problem at a point. A wrapped brane is a global
object, and a physical BPS state requires still more information. Figure I11.9.5 separates
these statements so that an area inequality is not asked to establish a spectrum.

The ordinary calibrated-cycle theorem applies to an already realized compact smooth
oriented boundaryless cycle in an oriented Riemannian manifold with a globally defined
closed calibration. The cycle must saturate the calibration at all its oriented tangent
planes. Under the usual smooth homologous-competitor hypotheses, the integral of the
closed form is the same on the cycle and its competitors, while the pointwise bound
puts that integral below each competitor’s volume. Thus the realized calibrated cycle
minimizes ordinary volume in that class. This is the cited theorem stated in Volume IV,
Chapter 6; it is not an existence theorem for a representative of an arbitrary homology
class. In a noncompact problem or one with boundaries, boundary conditions and the
allowed class of deformations must be specified before transferring that conclusion.

For the spinorial application there must also be one global background Killing spinor.
A spin structure or quotient lift may obstruct it even when each local metric patch
admits the same Clifford matrices. The constant spinor of our flat example is part of
that example’s background; it is not a prescription for extending an arbitrary patch
spinor around a compact space. If the spinor does extend, its local plane conditions
still have to agree everywhere on the realized embedding.
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One nondegenerate oriented tangent plane
K? = 1,Ke = ¢ ¢l = volg

global compatibility
Y
{ One global spinor and one closed form }

The same € satisfies all tangent-plane conditions

existence and geometry

Y

Realized compact smooth calibrated cycle
Specified orientation, homology and allowed competitors

additional physical input
Y
Physical wrapped-brane state question
Charges, boundaries, equations
Action regime, spectrum and stability

Figure II1.9.5: Logical requirements for using the flat spinor-plane bound in a wrapped-
brane problem. Each downward step adds premises; no reverse implication or existence
assertion is drawn. The ordinary-volume statement belongs to a realized calibrated
cycle. The final physical state question also depends on charges, boundary conditions,
the action regime and quantum stability. General redshift and electrostatic energies
require their own analysis.

The action regime matters independently. Our D2 calculation uses a single abelian
derivative-truncated probe with fixed flat background, constant dilaton and constant
magnetic field. A coupled source must satisfy the background equations as well as its
worldvolume equations. A curved flux background can have redshift-weighted volume
and an electrostatic contribution to static energy. Ordinary volume alone then is not
the relevant energy functional. The generalized calibration discussion in the cited source
treats this distinction; the flat norm identity derived here does not prove its curved-flux
theorems.

Finally the global charge sector must support the proposed physical state, with
appropriate spectrum and stability or chamber assumptions. A supersymmetry fraction
is not a multiplet-shortening argument for a protected observable, and it supplies no
index calculation. The local rank counts in this chapter therefore do not determine
BPS multiplicities. They provide necessary compatibility information for constructions
that must separately address these questions.

Chapter 7 offers a related warning. In its Hermitian convention with inward s = z
and ordered transverse 789, the Nahm equation is D X; — (i/2)€;1[X;, Xi] = 0. A finite
rank-two residue can test that equation in its stated ansatz. It is not a proof of kappa
invariance or a classification of all supersymmetric boundaries. The same separation
applies to Volume VIII’s bosonic membrane fluctuations and the full superspace premise

6
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used here. A useful construction argument specifies which local equation it has solved,
which global object exists, and which state question remains.

I11.9.10 Exercises

E1-E5 have bounded numerical submissions. Written derivations and interpretations
are separate parts of the work and are not certified by those numerical submissions.
The public questions. json gives each exact JSON schema. An answer has precisely
the top-level fields task and answer; the task string is the exercise ID. Within answer,
use exactly the field names listed below. E1 and E2 use integers, E3 and E4 use exact
rational strings, and E5 mixes these as specified. A rational string has an optional
minus sign, a decimal integer numerator and, optionally, a slash followed by a positive
integer denominator; use no decimal point, leading plus or spaces. For example "7/11"
illustrates the syntax only. Follow benchmark/PROTOCOL.md for the public submission
envelope. E6 is written and ungraded.

E1. In the physical real type-IIA space, use A = I''*2 and y =I'?-.-T'"%. Calculate the
real spinor dimension, the ranks of (1+ A)/2 and (1 — A)/2, and the dimension of
the common A-positive and x-positive space. Under task E1, submit the integer
fields real_dimension, rank_plus and rank_minus. The chirality intersection
goes in the integer field common_with_positive_chirality. Explain why a
physical ITA pair is not an unrestricted sixty-four-component doublet, and why
its positive brane spinors need not have definite ten-dimensional chirality.

E2. For A = T92 B = I'®4 and C = I''"3, compute common positive dimen-
sions for (A, B), (A,C), (A, A) and (A, —A). Submit integer fields independent,
anticommuting, duplicate, and opposite under task E2. Derive the compati-
bility or dependence of each pair before counting. Explain why the rank of P4 Po
is not a count of its simultaneous solutions.

E3. In the selected flat, constant-dilaton abelian D2 with Byxs = 0 and no electric
field, write K = cA + sD with ¢ > 0, s/c = f, D = I’y and f = AFj5 in an
orthonormal chart. Determine the coefficients at f = 3/4 and f = —5/12, and the
positive proper DBI energy density at 72 = 7/3, f = 3/4. Submit rational-string
fields positive_c, positive_s, negative_c, negative_s, and energy_density
under task E3. Recover the relative flux sign from the APS row-to-column map.
Explain why the two charge directions are not two simultaneous half-projections.

E4. In Euclidean spatial R, take u = (2,0,0,0), v = (1,3/5,4/5,0) and a unit
real A-positive spinor. Use ¢12 = 1, ¢13 = 0 and K, = (u'v?4 + u'v3C)/a.
Calculate every independent Gram entry, the positive area, ¢(u,v) and ||(1 —
Kyuo)e||?. Submit rational-string fields gram11, gram12, gram22, area, phi, and
residual_norm_squared under task E4. Discuss why local saturation, if it oc-
curred, would not guarantee a populated global BPS state. Repeat the geometric
calculation in written work with v = (3,0,0,0) and v = (4,5,12,0) to test the

dependence on u'.
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E5. For the sourced flat M2 probe, use the real extension I'* = y and the chosen ori-
ented planar condition Ae = €. Find the real spinor dimension, the single rank and
common positive dimensions for 012/034 and 012/013. Also eliminate the positive
auxiliary density in £ = T[det §/(20) — v/2] with det g = —36/25, T = 11/7 and
zero pulled-back bosonic C'3. Under task E5, submit integer fields real_dimension,
rank_single, common_012_034, and common_012_013, together with rational-
string fields auxiliary_density and nambu_goto_density. Explain which parts
follow from scalar stationarity and finite algebra, and which require the cited
superspace action.

E6. Written, ungraded. Explain why simultaneous local projector solutions do not
establish a global supersymmetric wrapped-brane state. Address background
Killing spinors and spin structure, a realized smooth calibrated representative,
charge and boundary conditions, equations of motion and the backreaction regime,
and spectrum/stability or chamber assumptions. Distinguish the full sourced M2
superspace action from a bosonic quadratic fluctuation calculation. State the
Chapter 7 Nahm sign with inward ° and ordered 789, and explain why its rank-
two residue proves neither kappa invariance nor general boundary classification.

I11.9.11 Take-home message

Take-home message

A brane preserves a background supersymmetry when a local kappa transformation
compensates it. In the selected real IIA space this becomes Ke = ¢ on thirty-two real
components. One flat D2 leaves sixteen; the four pairs studied here leave 8,0, 16, 0.
Constant magnetic flux gives one signed rotated projector, K = (A + fD)/+/1+ f2,
together with a positive proper DBI density. The membrane action supplies a separate
superspace premise; eliminating its positive auxiliary density is a scalar calculation. A
static spinor bilinear translates the plane projection into oriented area saturation. Global
geometry and physical state existence require their own additional hypotheses.

After this chapter the reader should be able to convert the selected APS row formula
to the column condition, count compatible constraints in the physical real space, derive
the signed magnetic coefficients and distinguish proper from coordinate energy, and
evaluate a sheared plane with its full Gram determinant and norm residual. These are
the local calculations needed before applying the separate charge, wrapped-cycle and
brane-engine constructions.

Status and sources

§l11.9.2 Local action. The full superspace D2 action and its local invariance are cited
physical premises. Their sources are Aganagic et al. (1997, physical PDF pp. 34,
6-8, egs. (1)—(8), (21)—(39)), Bergshoeff and Townsend (1997, physical PDF pp. 4-5,
13-16, 25, egs. (2.1)—(2.8), (4.17)—(4.30)), and the compensating transformation in
Bergshoeff, Kallosh, et al. (1997, physical PDF pp. 3, 10, egs. (5), (38)—(40)). The
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APS letter omits full proofs of its three key identities, as its conclusion states. BT
reports full verification in bosonic backgrounds for p < 6, and in general backgrounds
for p = 0, 2; the present D2 lies within those ranges. The standard on-shell superspace
constraints remain hypotheses, not conclusions of a bosonic determinant. The restricted
row/column translation is [MATH] under the stated Majorana and source conventions.
It does not certify the physical premises.

§l11.9.3 Real ranks. The involution, trace, chiral-graph and real rank calculations
[MATH] use the physical ITA space inherited from Volume II, Chapter 4. The algebraic
eleven-dimensional extension is independent of the membrane action premise.

§l11.9.4 Intersections. The intersection calculations for the four specified flat pairs are
mathematical results [MATH]. The physical probe method and constant-field solutions
come from Bergshoeff, Kallosh, et al. (1997, physical PDF pp. 13-14, eqs. (53)—(57)).
The zero product-trace condition is kept explicit: opposite matrices are an exception to
the source’s unequal-commuting shorthand.

§l11.9.5 Magnetic operator. The operator calculations for the finite real magnetic branch
are mathematical results [MATH], with the source coefficient sign fixed by APS pp. 6-7.

§l11.9.6 Energy and charge. The energy calculation [MATH] assumes the abelian DBI
action and inherited physical units. The physical WZ interpretation uses the local DO
coupling supported by Johnson (2000, physical PDF pp. 112-113, egs. (285)—(286)) and
BT pp. 4-5. Chapter 5 owns global flux quantization.

§l11.9.7 Membrane. The full superspace membrane action is a physical premise from
Bergshoeff and Townsend (1997, physical PDF pp. 20, 23, egs. (6.1), (6.20)—(6.24))
and Bergshoeff, Kallosh, et al. (1997, physical PDF pp. 20-21, egs. (92)—(94)). The
selected eleven-dimensional ranks and positive auxiliary-branch elimination are [MATH]
conditional on it. No unconverted signed M2/C's dictionary, fermionic completion proof
or M-theory duality proof is inferred.

§111.9.8 Calibration. The symmetric-involution norm identity, full Gram examples and
flat constant-form closure are mathematical results [MATH]. Their spinorial geometric
interface follows Gutowski et al. (1999, physical PDF pp. 1-2, egs. (2)—(7)), with the
lower-time-index sign paired with the chosen native orientation.

§111.9.9 Global interface. The ordinary-volume theorem is the already scoped [MATH]
result of Volume IV, Chapter 6 for a realized compact smooth oriented calibrated cycle
and suitable homologous competitors. The existence of a physical state is a separate
question. The redshift and electrostatic qualification is explicit in GPT physical p. 1,
eq. (1).
Conventions and scope. The calculations use the stated metric, Clifford, tension and
charge conventions. The cited physical premises are inputs to the mathematical
deductions. A preserved fraction alone does not establish a short BPS representation.
The supplied calculations cover the real ten- and eleven-dimensional Clifford relations,
selected common kernels, the APS transpose sign, magnetic rotations and determinants,
auxiliary stationarity, and the sheared-plane components. The variable-u! shear shows
the dependence on the plane directly. These finite calculations do not establish a
compact cycle, a stable spectrum, or a general curved-flux theorem.
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Chapter 1I1.10

NS5-brane worldvolume
theories and little strings

II1.10.1 The worldvolume question

A fivebrane can carry a theory even when its coupling to bulk gravity is removed. The
degrees of freedom that remain need not all be point particles. A membrane ending on
a fivebrane has a string as its boundary, and the energy of that string measures the
separation from another fivebrane. This gives a concrete way to study a worldvolume
theory: identify its light fields, find the objects charged under those fields, and ask
which of their energy scales survive a limit.

For an NS5-brane, this route also explains why a low-energy field theory and a
finite-string-scale theory are different descriptions. Type ITA and type IIB fivebranes
have different free multiplets. Both preserve sixteen real supercharges, but the ITA
multiplet contains a chiral two-form, whereas the IIB multiplet contains a vector. The
extended objects they couple to have different dimensions. Removing gravity does not
erase that distinction, and it does not by itself remove the intrinsic string scale.

We work with flat parallel positively oriented NS5-branes along 012345, with no
orientifold, additional projection, RR deformation or Romans-mass region. The sepa-
rated branch means that the branes occupy distinct transverse positions and that we
observe them below the scales of the stretched objects connecting them. Each isolated
brane then has a free infrared multiplet. The identification of that multiplet and the
existence of the charged stretched states are physical inputs. We will derive their
polarization counts, tensions, scale dependence and selected compactification masses.
These calculations do not construct the interacting theory at coincidence.

The prerequisites are the six-dimensional supersymmetry grammar of Volume I,
Chapter 8, the bulk NS5 geometry of Volume II, Chapter 10, and the endpoint and
brane-energy methods of Chapters 7 and 9. The present chapter supplies the tension and
scale calculations used in suspended fivebrane constructions. XVI treats the interacting
(2,0) theory; the planned discussion of composite constructions and little string theories
treat the finite-string-scale dynamics beyond this preview.
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After working through the chapter, the reader should be able to count the tensor
and vector multiplets without multiplying the supersymmetry algebra by the number
of branes; distinguish a stretched-string tension from a stretched-particle mass; choose
a limit that keeps a finite tensor string tension; and match separate winding and
momentum masses on a worldvolume circle. A further goal is to identify the physical
premises that none of this arithmetic can establish.

I11.10.2 Fields on separated fivebranes

Why do fivebranes with the same six worldvolume directions carry different fields in
ITA and IIB? Begin with a slowly moving isolated brane. Its transverse position can
vary from point to point along the worldvolume. Such a displacement is a scalar field
from the six-dimensional viewpoint. The four visible transverse directions in either
ten-dimensional theory are 6789. These account for four real scalar fields before we say
anything about supersymmetry.

For the ITA brane there is another local displacement in its M-theory description.
Under the ITA/M-theory identification, the NS5 becomes an M5 localized on the
transverse 10 circle. Its position on that circle is a fifth scalar locally. It is periodic
globally, rather than an additional noncompact ITA coordinate. With the common
physical length convention, its period is

X190~ X104 27Ry, Rio = gsls. (I11.10.1)

Here g, is the asymptotic string coupling, ¢, is the string length, and o’ = ¢2. The
use of the M circle is a conditional physical identification, with the same massless-1TA
domain as in Volume II, Chapter 9. It is not a new local supergravity argument for an
extra coordinate in every ITA background.

The other bosonic field on an isolated ITA NS5 is a worldvolume two-form. Its three-
form field strength is self-dual in the book’s (2,0) convention. Denote the worldvolume
potential by B, and its free field strength by H, to distinguish them from the bulk
NS two-form. In a flat patch,

Hyy = dByy,  Hyy = %6Hyy. (111.10.2)

The ITA infrared multiplet is the (2,0) tensor multiplet. The self-duality condition
is part of its field content. It halves the physical two-form polarizations, rather than
adding another independent field to an unconstrained two-form.

The IIB NS5 instead has a (1,1) vector multiplet. Its four scalars describe the
visible transverse displacements, and its gauge potential is a one-form Ay, with free
field strength

Foy = dAyy. (I11.10.3)

One way to understand the assignment is the conditional IIB S-duality identification
with a D5-brane, whose massless fields are a vector and four displacement scalars.
The physical identification relates the theories; it does not make a weakly coupled
open-D-string description available at small NS5-frame g;. The tensor and vector
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assignments are sourced facts about fivebranes. Counting their components will test
their consequences, rather than derive the assignments from the metric.

ITA: tensor multiplet ITB: vector multiplet

NS5 along 012345 NS5 along 012345

o

X6.7.8,9 X6.7:8,9

X1 periodic

four displacements fifth scalar

four displacements

8 fermion modes; 16 real @

5 scalars + 3 tensor modes
8 fermion modes; 16 real @

L 4 scalars + 4 vector modes }

Equal total polarization counts do not iden-
tify the fields or their charged objects.

Figure I11.10.1: The free fields of isolated ITA and IIB NS5-branes. The common
worldvolume is 012345 and the visible transverse space is 6789. Only the ITA column
uses the transverse M circle to describe a fifth local displacement. The field and
fermion entries count physical on-shell polarizations; the ) entries count preserved real
supersymmetry generators.

To count a massless field, fix a null worldvolume momentum. Gauge constraints
remove the two light-cone directions, leaving a Euclidean four-dimensional transverse
space for its physical polarizations. This is the vector space on which the massless little
group SO(4) acts. A vector therefore has

Nyector = 6 —2 =4 (III].04)

physical polarizations. For a two-form, the remaining antisymmetric indices can be
chosen from four directions. Before imposing chirality, the count is

4 4-3
Ntwo-form = <2) == T = 6. (111105)

The Euclidean Hodge operator on this polarization space realizes the chirality restric-
tion. It should not be confused with applying a Euclidean six-dimensional self-duality
condition to the spacetime field strength. We have already fixed a null momentum and
retained only physical transverse components.

Choose an oriented orthonormal basis e, €2, e?, e* for this polarization space, and

write € = e’ A e/. The three complementary pairs transform as

*4612 _ 634, *4613 — —624, *4614 _ 623,

g6t = 12, e w02 = !,

(I11.10.6)



In each pair, one linear combination has Hodge eigenvalue +1 and one has eigenvalue
—1. For example, e'? + €34 has eigenvalue +1, whereas e'? — e3* has eigenvalue —1. A
basis for the positive subspace is

el? 4+ ¢34, el? — 24, el + 23, (I11.10.7)
Thus either chiral choice has three polarizations:
dimker(xq — 1) = 3, dimker(x4 + 1) = 3. (I11.10.8)

An overall opposite chirality convention would exchange these subspaces. It would not
change the count. We keep the book’s positive (1,0) supercharge convention and its
(2,0) self-dual tensor.

The complete bosonic count can now be made field by field:

ITA : 5 scalar modes 4 3 tensor modes + 0 vector modes = 8, (111.10.9)
IIB : 4 scalar modes + 0 tensor modes + 4 vector modes = 8. o

Equal totals do not erase the distinction between the fields. A one-form gauge potential
couples electrically to a particle worldline; a two-form couples electrically to a string
worldsheet. This is why the change from vector to tensor will become visible in the
dimensions of the endpoints in the next section.

Fermion polarizations and supercharges are different counts. In the six-dimensional
multiplet grammar of Volume I, a symplectic-Majorana—Weyl fermion unit has eight
real components before imposing its massless equation; the equation leaves four real
on-shell polarizations. The (2,0) tensor multiplet has two such chiral units, and the
(1,1) vector multiplet has two units of opposite chirality. For both,

8

Nfermions = 2 (2> =38. (1111010)

This is the sourced free supermultiplet content. No physical fermion has been counted
twice by treating a symplectic reality partner as an independent complex field. By
contrast, (p, q) records real supersymmetry generators of the two chiralities:

HA: (Q4,Q-)=(16,0),  8(2+0) =16,

The massless Dirac equation halves the fermion modes. It does not halve the number
of generators in this algebra.

As a complete separated-brane example, take three parallel branes of one type, and
remain below all nonzero stretched-object scales. The field species are three free copies
of the corresponding multiplet:

‘ scalars tensor modes vector modes bosons fermions
15 9 0 24 24 (IIL.10.12)
12 0 12 24 24

TTA, N =

3
IIB, N=3
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For general separated N, the corresponding totals are 8 N bosonic and 8 N fermionic
modes. The same sixteen ambient generators act on every parallel brane; there are not
16 N independently preserved spacetime supercharges. Rotating one brane relative to the
others would change the shared supersymmetry problem, rather than this multiplicity
rule.

For one brane the complete inventory is already the 8 4+ 8 pair in Figure I11.10.1,
with the charge splits in (I11.10.11). For several branes, diagonal displacements describe
the separated branch, but these free fields cannot predict all extra states that become
light at coincidence. In particular, counting five scalars does not derive a nonabelian
tensor action. The adjacent endpoint calculation tells us which scale signals the failure
of the separated description. The interacting (2,0) construction in XVI starts where
that description ceases to be sufficient.

I11.10.3 Strings between fivebranes

What becomes light as two parallel fivebranes approach, and why is its energy a tension
in one theory and a mass in the other? Fix two IIA NS5-branes along 012345 at
2% =0, L, with L > 0. An M2, or its ITA D2 description, can stretch along 016. At
each end of its x® interval its boundary extends along 01. The boundary is therefore a
string on the fivebrane. The appropriate charge couples to the worldvolume two-form
introduced above.

This statement uses the sourced existence of a straight supersymmetric stretched
configuration. The leading brane analysis identifies the boundary and its charge;
extending that analysis to an actual protected state is a physical premise. With that
premise supplied, the energy of a static strip follows from area. If its length along 2 is

Az, then
E

— 1 — —
E =Twvo L Az*, Tstring = Al Tae L. (I11.10.13)
All lengths and tensions in this comparison use one common asymptotic length conven-
tion. The minimal membrane tension and the IIA/M units are

1

3 _ 3

Ty =

The separation-dependent string tension is consequently

L

Tstring = ———=- 111.10.1
string (277')295€§ ( 0 5)

This is a string tension measured by a worldvolume observer, not the bulk NS5 tension.
It has mass dimension two because a membrane tension has mass dimension three and
is multiplied by a length.
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ITA: D2 along 016 IIB: D1 along 06

— > 6

string segment
membrane strip

6 6

Linx Linx
boundaries along 01 boundaries along 0
strings on the NSb5s particles on the NSb5s

Each blue line is a parallel NS5 along 012345 at 2% = 0 or
L. Time z° and the other common directions are suppressed.

Figure I11.10.2: The dimensions of stretched-brane boundaries. In the ITA panel, a D2
strip along 016 has string boundaries along 01. In the separate IIB configuration, a
D1 along 06 has particle boundaries along 0. Both panels keep the same two parallel
fivebrane positions 0, L in 2%. The type change labels two configurations, rather than a
motion within one theory.

The common-frame formula deserves a check in the leading NS5 background. Let
Z5 be its harmonic function. Away from its singular centers the string-frame metric
and dilaton have the form

ds? = nydatde” + Zsdigda‘de’,  e® = g/ Zs,

o (I11.10.16)

Denote the string-frame metric by G. For a static straight D2 with no worldvolume flux
and no RR potential term in this background, the leading DBI energy density contains
the unshifted dilaton factor e~®. Its coefficient without that factor is 1/[(27)2¢23]. The
pullback along 016 gives

1 1
- —det P|G — e = —. 111.10.17
e e
[Gloie gs\/Z—s\/Ta 7 ( )

Thus the static density per coordinate dr'dz® has no residual Z5 factor. Integrating it

yields
E 1 L b L
Aal <2w>242/0 95 (2m)2g.03° (HL1018)

The coordinate interval here agrees with the separation measured by the asymptotic
string metric. It is not the divergent transverse proper distance down an NS5 throat.
The cancellation explains why an extra transverse proper-length factor should not be
appended to (II1.10.15).
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The cancellation is a leading probe calculation outside the singular cores. Near a
core the local dilaton becomes large, and higher-order effects or backreaction invalidate a
literal DBI derivation across the endpoint. The sourced BPS interpretation is additional
input; an algebraically finite integrand does not repair singular-core control. Likewise
L — 0 is a formal zero of the displayed tension, at precisely the locus where the
separated free-field description fails.

The IIB comparison makes the role of the boundary dimension explicit. A D1 along
06 stretches between I1B fivebranes, so its boundary at each end is a worldline along 0.
Its energy is a particle mass on the NS5. The same leading background has

1 1
e~ ®\/—det P[Glos = ——=1\/Z5 = —. (I11.10.19)

9sVZs Js
With the D1 coefficient 1/(27¢2), integration gives

1 L b L
Mparticle = —= —_— = 111.10.20
particle 2ml? /0 Js 2mgsl? ( )
Its mass dimension is one. The D2 and D1 formulas involve different powers of ¢ because
the parent branes have different dimensions. Their endpoint charges are compatible with
tensor and vector fields, respectively, as Figure I11.10.2 shows. Charge compatibility
alone does not establish that every allowed state exists.
For a nonunit example, take g; = 3/5, £ =2 and L = 7/3 in the common length
unit. Removing only the displayed factors of 27, we obtain
7/3 75 35
2 2TS ring — =291 =9
(2m) Tawing = 57595 = 391~ 72
7/3 75 35

2Mari = TN — T TS —YT T
Tfparticle = (3 75v92 T 312~ 36

(111.10.21)

These reduced quantities are still dimensionful in the chosen length unit. They are not
redefinitions of the physical tensions or masses. At fixed L, ¢, decreasing g, sends the
tensor tension to infinity. Keeping it finite instead requires L o gs when /; is fixed.
The zero-separation formula gives zero tension, but says nothing by itself about the
interacting spectrum at that point.

A useful local comparison comes from adding a D6 along 0123456 on this interval.
For this comparison only, assume a flat unwarped constant-dilaton patch and a gauge
zero mode constant in 2%, In the book’s half-trace normalization,

1 1
Sr= _?/Trf FynFMY, Trg(T°T°) = 55@7 97 = 2(2m)"g,L3. (111.10.22)
7

Integrating the constant zero mode over z° gives

1 L 2(2m)4g 03
== @= 22m) g5 (I11.10.23)
96 97 L

Multiplying by the stretched D2 tension cancels the geometric and coupling factors:

L 2(2m)*g 03 B

2(2m)? = 8x2. 111.10.24
2m)2g, 03 L (27) 87 ( 0-24)

Tstringgfzs = (

170



For the numerical example, g2 = 2(27)*(72/35), so (35/72)(27)~22(27)*(72/35) = 82
again. The product is dimensionless since g2 has length dimension two. Dropping the
factor of two in g2 would change the product by two; it would silently change the trace
convention.

This interval interpretation is used in X.4. It is an auxiliary local gauge-theory
comparison, rather than a claim that every pair of isolated NS5-branes contains a D6
gauge interval. Warped or massive-IIA regions require their own reduction. In particular
the presence of D8-branes or nonzero Romans mass does not permit an automatic lift
to the simple M circle used here.

There is a second use of the membrane tension that does not require adding a
D6. The transverse x'° circle has the full physical circumference 2rR19. A membrane
wrapped once around it has string tension

2mgsts 1

Tvo(27R1g) = = =TF. 111.10.25
M2(27B10) = 5r 0 = g — T ( )

The cancellation of g, matters. Although the physical transverse circle shrinks at fixed
ls as gs — 0, its membrane-weighted period remains finite. In particular,

A(Tv2X ") = Twz(2mR10) = Tr1. (I11.10.26)

The combination on the left is a tension coordinate with mass dimension two. No scalar
kinetic term has been derived, so its period must not be called a canonically normalized
scalar circumference. Nor should it be identified with g4 2 from the separate interval
model merely because both quantities have mass dimension two.

Longitudinal circle

-

Transverse M circle
210 ~ 210 4 27w R0

2

NS5 along 012345

2® ~ x4 2R
RlO = gsgs

position gives a local scalar inside the worldvolume

reduction to five dimensions
Figure I11.10.3: Two physically different circles. The transverse z'° circle belongs to
the ITA /M description and supplies a local scalar position. A longitudinal z° circle is a
compact direction within the fivebrane and is available for worldvolume reduction in
either type-II description. Each stated period is a full circumference.

Figure II1.10.3 separates the two circles before we take any limit. The fifth scalar
uses a transverse circle, whereas the later five-dimensional particle masses will use a
longitudinal circle. At fixed string length the former has a shrinking geometric radius
and a finite tension-coordinate period. These two facts can coexist because Ty diverges.
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The same reasoning suggests the next question: which other scales remain finite when
gravity is removed?

I11.10.4 Keeping a finite string scale

How can bulk gravitational interactions vanish while strings with finite tension remain
on the fivebrane? We must distinguish three measurements: the strength of bulk gravity,
the intrinsic string tension, and the separation-dependent tensor-string tension. A limit
can remove the first without removing the second or the third. Keeping track of all
three prevents a low-energy approximation from being mistaken for the entire decoupled
theory.

First fix the gravitational units. With the full physical transverse circumference,
dimensional reduction of the Einstein term in the common asymptotic length convention
gives

= , 2k3, = (2m)300. (111.10.27)
Substituting ff; = g.{3 and Ryy = gsls yields

(2m)8(gs3)®

r (2m)7 g2 8. (I11.10.28)

2/@%0 =
The factor 27 in the circumference is needed for the exact normalization. Both
expressions have the correct length dimension: k%, has dimension nine, while k%, has
dimension eight. Using a source radius measured in a differently rescaled metric without
translating its units would spoil this check.

Let E > 0 be a finite fixed observation energy. A dimensionless measure of bulk
gravitational interactions and a measure of string corrections at that energy are,
respectively,

(2m)7
2

Vanishing of the first quantity suppresses this bulk gravitational parameter. Vanishing of
the second sends the intrinsic string scale above the observation energy. These conditions
constrain different combinations of g; and ¢;. The finite-string-scale fivebrane limit
keeps ¢; fixed while sending g5 to zero. The assertion that an autonomous worldvolume
sector survives is a physical premise about the NS5 system, beyond the displayed
gravitational estimate.

To distinguish paths precisely, introduce a positive parameter ¢ — 0% and fixed
positive prefactors go, £o, Lo:

K E® = g2(EL,)8, o E? = (BY,)?. (I11.10.29)

gs = goe*, Ly =1loe’, L= Lo (I11.10.30)

The powers of € follow by substitution into the already derived formulas. For the
intrinsic length and gravitational scales,

of = 2e?, 262, = (2m)7 g2 527 F8Y, (I11.10.31)
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For the intrinsic string tension and observation scale,

6_2b

Tr1 = —
F1 271'637

El, = Elye’. (I11.10.32)
Finally, the transverse-circle radius and stretched-string tension give

L
_ +b _ 0 —a—3b
RIO - g()g()Ea 3 Tstring == WEC @ . (1111033)
These are six different quantities. In the fixed order (o, QK%O,TFM EES,Rlo,Tstring),
their exponents are

(2b, 2a +8b, —2b, b, a+b, c —a — 3b). (I11.10.34)

A positive exponent means the corresponding quantity vanishes, a negative exponent
means it diverges, and zero means its fixed prefactor survives. This reading must
be attached to the quantity: a diverging tension means a disappearing low-energy
excitation, whereas a vanishing Newton coefficient suppresses gravitational interactions.

Keeping the tensor-string tension finite and nonzero fixes a relation between the
path exponents,

L
c=a+3b,  Tiring = ( 0 (I11.10.35)

2m)2goly
It is the scaled separation, rather than the unscaled coordinate L, that measures a
finite tensor-branch tension. Sending the branes close together in bulk coordinates can
therefore leave a nonzero physical worldvolume scale.
On the finite-string-scale path choose a > 0, b = 0 and ¢ = a. Equations (I11.10.31)—
(I11.10.33) then give

ki E® — 0, o =02, Ter = 5,
0
L (I11.10.36)
Rio — 0, Tstring = W—

The fivebrane theory that retains an intrinsic string scale in this limit is called little-
string theory. Its existence and decoupling are cited physical inputs here. Bulk massive
string excitations still have finite string-scale masses when /; is fixed. They were not
sent to infinite mass by reducing g,; the physical decoupling statement concerns their
coupling to the retained sector.

An isolated ITA brane has its free tensor theory far below the surviving string scale,
and the IIB description has its infrared vector theory. The full finite-scale theory
contains additional degrees of freedom. In particular the little-string tension Tg; does
not equal every separation-dependent tension Titring. The latter can vary with the
tensor-branch position while the former fixes the intrinsic scale.

There is also a further local infrared path. Choose a > 0, b > 0 and ¢ = a + 3b. Now

K1 E® — 0, Ely — 0, Tp1 —> 00,
T Lo (111.10.37)
string — (27T)2g0€8 .
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This path removes the intrinsic string scale from observations at fixed F, while retaining
a chosen finite tensor-string tension. It is a scale separation appropriate to the sourced
low-energy description on the branch. It does not produce a nonabelian (2,0) Lagrangian.
For IIB, the (1,1) gauge theory is an effective infrared description whose interaction
scale depends on /5. Removing /¢, at fixed energy need not leave nonzero interactions.
No universal interacting IIB local limit is implied.

gs

local infrared path
b>0, c=a+3b

finite string scale
b=0,c=a Both paths: a >0
L/(gs£2) fixed
finite tensor-string tension

Y
j o E?

GE? >0

Arrows denote € — 0*. Endpoints on g = 0 are limits; the diagram does

not establish existence of a decoupled interacting theory.

Figure II1.10.4: Two paths with vanishing bulk coupling at a fixed observation energy.
The vertical path keeps o E? positive and finite; the curved path sends it to zero as well.
In both cases the separation is scaled so that ¢ = a + 3b and the tensor-string tension
stays finite. The axes show parameters, not a phase diagram or a proof of factorization.

For an explicit calculation use the same nonunit prefactors as before, go = 3/5,
Ly =2, Lo = 7/3. The finite-string-scale choice (a, b, c) = (2,0,2) gives, in the order of
(IT1.10.34),

(2:0,2-24+8-0, —2-0, 0, 2+0, 2—2—3-0) = (0,4,0,0,2,0).  (IIL10.38)
The local infrared choice (a,b,c) = (1, 1,4) instead gives
(2,248, -2, 1, 1+1, 4—1—3) = (2,10,-2,1,2,0). (I11.10.39)

Both retain the same tensor tension, but only the second sends Tg; to infinity. The
actual prefactors provide a separate normalization check:

2k2 3\ 2 9 2304
Vs = <5) 2" = 35256 = S5
(2m)7e ;N (I11.10.40)
mTp 1 1 ) 35
6_2b = ? = Za (271—) Tstring - 6

The path powers alone cannot recover these prefactors. Conversely, checking the
prefactors at one finite € cannot establish an asymptotic limit without the powers.
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Several boundary choices reveal what the conditions do. If a = b = 0, the gravita-
tional coefficient is constant; there is no parametric gravitational decoupling. If b = 0,
a > 0 and ¢ = 0, the unscaled separation gives Tiiying o< €~ ¢, which diverges. If instead
¢ > a at b =0, the tension vanishes. These last two paths reach different worldvolume
scales despite both having g; — 0. Figure 1I1.10.4 keeps the finite tension condition
explicit precisely to exclude that ambiguity.

The bulk NS5 throat of Volume II, Chapter 10 supplies a different kind of control:
a small-curvature and weak-local-dilaton region for selected supergravity calculations.
Such a region is not a definition of the entire worldvolume theory. A vanishing Newton
coefficient also does not prove Hilbert-space factorization, the existence of a proposed
state, or the survival of a particular interacting amplitude. The next section probes
the finite intrinsic scale through masses after circle reduction, keeping these physical
premises separate from the algebra.

I11.10.5 A circle along the fivebrane

How does a string on a six-dimensional fivebrane produce a particle after compactifica-
tion? Compactify the worldvolume direction x° on a physical circle of radius Ry >0,
with periodic fermion spin structure. We will compare two separate pure sectors from the
start. In the first, an existing string wraps the circle statically, with no additional exci-
tation energy. In the second, a pure KK mode descends from a massless six-dimensional
field and has zero momentum in the noncompact spatial directions. These conditions
are needed for the masses below; they do not describe a state simultaneously carrying
winding and momentum.
The circle is longitudinal because it lies within 012345:

z° ~ 2 + 27Ry. (II1.10.41)

It is distinct from the transverse z!'° circle in Figure I11.10.3. Periodic spin structure

allows the six-dimensional supersymmetry generators to have constant zero modes
around z®. Antiperiodic fermions would change this reduction and cannot be included
under the same supersymmetric assumptions.

For a pure static string of tension 7" and winding w € Z, the wrapped length is
2m|w|Ryj. Its rest energy follows by integrating the tension:

271'\w|R||
M, = / T ds = 2r|w|R)T. (111.10.42)
0

This uses an existing purely wrapped configuration. Oscillator excitations, waves, other
charges or additional kinetic energy would change its energy. Reversing w reverses
orientation but leaves the positive rest mass unchanged. When 7' = T, the intrinsic
little-string winding mass is

M}Li;ttle _ 2’/T|’LU|RH e — o . (1111043)

The full circumference is what removes the 27 in the fundamental string tension. A
formula [w|R)T would miss this factor.
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For the separate KK sector, periodicity quantizes the circle momentum. A massless
six-dimensional parent has the Fourier dependence

5 ! n
d(z,x°) = gbn(x)e”””S/R”, Ps =5 n € 7. (I11.10.44)
I
Here x contains the five noncompact spacetime coordinates. For that massless parent,
its six-dimensional dispersion relation becomes

EQ—pQ—p2—n—2 i — 7l (I11.10.45)
=D5= 53> = . .10.
Ej R
At p = 0, the energy is the five-dimensional rest mass shown on the right. Nonzero
noncompact momentum increases E rather than the invariant rest mass MXK. The
parent being massless is essential. Merely assigning an integer momentum to an existing
state does not remove its six-dimensional rest mass.
For comparison, a free six-dimensional parent of mass mg obeys

E? _p?— 2_|_n72 M2 = 2+i2 (I11.10.46)
P =m Rﬁa 5 = My Rﬁ T

The choice mg =1, n = 2, R = 3/2 gives

2
/ 2 16 5 In| 4
My=y\/1+ (05 ) =1+ =2, == 111.10.47
° +<3/2> 973 R 3 ( )

The difference is the retained parent mass. This free-particle comparison introduces no
joint winding-and-momentum dispersion relation for little strings.

Longitudinal T-duality relates the IIA and IIB NS5 descriptions on these circles. In
the inherited physical units its radius and asymptotic-coupling relations are

/
/ « / gsﬁs
fr -, gs = . (III.10.48)
IR R

The fivebrane remains wrapped on the longitudinal circle. This is not the transverse
NS5/KK-monopole transformation, which has different geometry and isometry re-
quirements. The physical identification of the worldvolume sectors under longitudinal
T-duality is sourced; inverting a radius alone cannot establish it.

Conditional on that identification, the pure winding sector is mapped to a pure
massless-parent momentum sector in the dual description. Its mass agrees because

jwiRy |w|

o Rﬁ '

(I11.10.49)

Separately, original KK momentum is mapped to pure winding in the dual description:

In| _ WRﬁ

111.10.50
R o ( )
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Each equality compares the same mass in two descriptions of one pure sector. Adding
the two entries would assert information about a different state. Neither the existence
of such a joint state nor its interactions have been derived here.

ITA NS5, radius R IIB NS5, radius RTI

same mass pure KK mode n' = w
>
lwl/R|

pure static winding w
|w| Ry /o

pure KK mode n same mass ©
>
Inl/Ry

pure static winding w’ = n
In|Rj /o

| = d/Rj. Each row is a separate pure sector.
Wrapped strings have no extra excitation; KK parents are massless, with
zero noncompact momentum. Neither circle is the transverse z'° circle.

Figure II1.10.5: Two separate pure-sector identifications under longitudinal ITA/IIB T-
duality. The upper row maps a statically wound little string with no extra excitation into
pure KK momentum of a massless parent; the lower row makes the reverse comparison
for the other original sector. The circles lie along x° within the NS5. No vertex or
formula combines the rows into a joint state.

The nonunit example makes all four masses explicit. Use £, = 2, R = 3/2, winding

w = —3 in the pure winding sector and n = 2 in the separate massless-parent KK sector,
at zero noncompact momentum. The dual radius is
4 8
"'=4, Rij=—=-. 111.10.51
“ 1=3/273 ( )

The two original masses are

. 2 2 4
plittle _ 3(3T/) _ % MEK — a3 (I11.10.52)

In the dual description, the original winding gives momentum n’ = w, and the original
momentum gives winding w’ = n. Therefore
KK 3 9 letle _ 2(8/3) 4

MEE === Mt — = - I11.10.53

The four masses in order are 9/8,4/3,9/8,4/3. The minus sign of the original winding
is visible as an orientation label, but absolute values enter its mass. Figure I11.10.5
keeps the two calculations on different rows for this reason.
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There is another wrapped string on a separated IIA tensor branch. It has T' = Tring,
rather than the intrinsic Tg;. For a pure static once-wrapped configuration with no
extra excitation energy,

Mtcnsor = 2’/T-RH,-sttringa 2'/T]M’tcnsor = R|| [(27T)2Tstring} . (1111054)

Using the tension from (IT1.10.21),

335 105 35
2 Myepsor = === = — = —. 111.10.55
THtensor =979 T 144~ 48 ( )
Thus the reduced tensor wrapping mass is 35/48, while the physical mass is 35/(967)
in the chosen unit. Replacing the tensor tension by 1/(2wa’) would change the object
being wrapped. A mass depending on separation and a mass set by the intrinsic string
scale answer different questions.
The finite-radius condition also matters for the decoupling limit. At fixed finite
R and fixed £, taking g; — 0 gives g, — 0. Thus the same bulk weak-coupling path
exists in both circle descriptions. A simultaneous scaling R = Roe? would instead give
42
R/‘ _ 7062b7d’

0
=3 g, = 900 ca+b—d (I11.10.56)
0

S RO

For example, along the finite-string-scale path with b = 0, a radius shrinking as ¢

requires a — d > 0 for dual coupling to vanish. If d = a, the dual coupling stays finite;
if d > a, it diverges. These are algebraic checks of a changed path, rather than an
extension of the fixed-radius claim. The dual radius and the momentum and winding
scales must be rechecked at the same time.

At fixed tension, sending R — oo makes every nonzero pure winding mass diverge
while the KK gap tends to zero. Setting w = 0 or n = 0 gives zero for the corresponding
pure-sector contribution, but does not create a physical massless particle for every
formal label. State existence, protection and global gauge group information remain
physical questions. XVT uses circle reduction in its interacting (2, 0) and five-dimensional
applications; the free masses derived here supply units and checks, rather than that
interacting construction.

I11.10.6 Beyond the local description

The preceding calculations distinguish two meanings of a theory on a fivebrane. Its
infrared field theory describes the light local fields on the chosen branch. Its finite-
string-scale limit can retain additional string excitations after bulk gravity decouples.
The second description is the little-string theory in the cited NS5 construction. Its
existence is a physical input; the six scale exponents show which energies that input
allows us to retain.

The presence of strings, even tensionless strings, is not by itself a test of nonlocality.
The local (2,0) theory also has stringlike excitations whose tensions vanish at its singular
point. In the little-string discussion, longitudinal T-duality supplies the cited reason that
one ordinary local-QF T spacetime description is insufficient: two different worldvolume
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circle radii describe the same physics with momentum and winding exchanged. The
mass matches above illustrate that identification; they do not prove the complete duality
or determine the stress tensor and interacting spectrum.

As a comparison, the two paths in Figure II1.10.4 have identical finite tensor-string
tension and the same free infrared multiplet assignment. One retains finite intrinsic
little-string tension, while the other sends it above the fixed observation energy. The
equality of their free polarization counts cannot distinguish these theories. The finite-
scale spectrum and its physical identifications are additional information. A harmonic
function or a weak-coupling region in a bulk metric cannot supply that information on
its own.

The useful continuation to suspended branes is correspondingly specific. X.4 uses
the local D6 interval and 872 tension-coupling product, with its own additional matter
and anomaly analysis. Chapter 5 of that volume uses a local massless-ITA M-circle
frame with no local D8/08/M9 objects. The interacting (2,0) construction belongs
to XVI, beginning with its Chapter 1 and continuing to compactification applications.
The full little-string discussion belongs to the planned treatment of little string theories
across construction engines and the roadmap beyond it. None of these continuations is
fixed by the four free calculations in this chapter.

II1.10.7 Exercises

The first four exercises have bounded numerical or representation answers. The fifth asks
for written physical reasoning. The public companion gives the exact JSON submission
structure for each bounded task, including which entries are integers and which are
rational strings. A reduced quantity removes only the stated powers of 2m; it never
changes the physical normalization.

1. Free multiplets (II10-E1). For one flat isolated positively oriented NS5 along
012345, with no extra projection or background deformation, use the sourced
ITA tensor and IIB vector identifications. For each type give the real scalar,
self-dual tensor and vector polarization counts, the total bosonic and fermionic
on-shell counts, and the two real supercharge counts (Qy,Q_). Derive the
tensor count using the complementary Hodge pairs. Explain in writing why
three separated parallel branes multiply the species but not the sixteen common
spacetime supercharges. The bounded submission concerns the single brane
inventories only.

2. Stretched objects and the interval (II10-E2). Take g, = 3/5, {5 = 2 and
L =7/3 in the common asymptotic length frame. For the existing straight ITA D2
boundary string and the separate IIB D1 boundary particle, compute (27)*Tytring
and 27 Mparticle- Give their mass dimensions, the g, power of the tension at fixed
L, 0, the exponent c in L x g¢ needed for a finite nonzero tension at fixed ¢4, and
the formal coincident reduced tension. In the separate flat constant-zero-mode
D6 interval model with g2 = 2(27)%g.¢2 and g5 = L/g%, compute Titringg?d /7>
State in writing why the formal zero at coincidence and the leading background
cancellation do not prove singular-core control or state existence.
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3. Two scale paths (II10-E3). At fixed finite E, set gs = (3/5)e?, £; = 2¢b
and L = (7/3)e°, with e — 0". For (a,b,¢) = (2,0,2) and (1,1,4) give the
six exponents in the exact order (o, 2k%, Tr1, Es, R1o, Tytring). Also give the
two common prefactors [2x%,/(2m)7] /€228 and [27TF1]/e2°. Explain in writing
which scale survives on each path and why the vanishing Newton parameter is
not a factorization theorem.

4. Separate pure sectors on a circle (II10-E4). Use a periodic-spin longitudinal
x® circle with R =3/2 and {, = 2. Assume an existing pure statically wrapped
little string with w = —3 and no extra excitation energy. In a separate sector take
KK momentum n = 2 from a massless six-dimensional parent at zero noncompact
momentum. Compute R E the original pure winding mass, the original KK mass,
and their respective dual KK and winding masses. These are four separate entries,
not contributions to a joint-state mass. Then wrap an existing pure static tensor
string once, with no extra excitation and (27r)2TSmng = 35/72, and give 2w Miensor-
All six bounded answers are rational strings. As a written diagnostic, replace the
massless parent by a free parent with my = 1 and compare its rest mass with the
original KK entry.

5. Physical premises (II10-E5, written). Explain which physical premises
the four calculations do not establish. Address the ITA (2,0) and IIB (1,1)
infrared assignments; the fifth ITA scalar and its finite tension-coordinate period;
separation-dependent tensionless strings versus intrinsic finite-tension little strings;
gravity decoupling versus eliminating o’ at fixed energy; and why a dilaton or
curvature window does not define the entire theory. Include the periodic spin
structure and the failure of an automatic simple M lift through a D8 /Romans-mass
region. Route the interacting (2,0) construction and full little-string dynamics
to their later homes. In particular, explain why equal 8 + 8 free counts do not
identify the finite-scale theories. This written task is not certified by a numerical
grader.

I11.10.8 Take-home message

The field living on a brane determines what sort of charged object we should look for.
The ITA tensor couples to a boundary string of a stretched membrane; the IIB vector
couples to the particle boundary of a stretched D1. Once those physical objects are
identified, their tensions, masses and scale dependence follow in one common frame.
The finite tension-coordinate period of the transverse circle and the winding masses of
a longitudinal circle are two different consequences of using full physical circumferences.

Removing gravity and removing the string scale are separate operations. A finite-
string-scale NS5 limit can retain little strings, whereas a further infrared path sends
that intrinsic tension to infinity at fixed observation energy. The distinction is visible
in circle masses, provided pure static winding and massless-parent KK sectors are kept
separate. The existence of the retained theory, its protected states and its interacting
dynamics remain physical inputs beyond these conditional calculations.
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Status and sources

Scope and conventions. The conventions use the six-dimensional multiplets of Volume I
and the dimensional-reduction, trace, membrane, circle and supergravity normalizations
stated above. The local notation distinguishes Rio from Rj, physical tensions from
reduced exercise quantities, and worldvolume potentials from bulk potentials. The
ITA /M lift and IIB S-duality are nonperturbative physical premises.

§10.2. The free ITA tensor and IIB vector identifications are cited physical premises.
Strominger (1995), exact arXiv v1, physical PDF pp. 2-5, equations (1)—(8) and the
longitudinal T-duality paragraph, supplies the endpoint and tensor /vector identifications.
Its (0, 2) chirality naming is translated to the book’s (2, 0) convention without importing
a projector sign. Seiberg (1997), exact v2, physical PDF pp. 3-4, §2.1 and equations
(2.1)—(2.3), supplies the infrared distinction and periodic fifth scalar. The conditional
free counting is a mathematical calculation [MATH], including the explicit transverse
Hodge decomposition. Fermionic representation content is a multiplet premise; counting
is not a derivation of the brane assignment. For N > 1, a total count alone does not fix
the individual species counts.

§10.3. The conditional tension, interval product and period computations assume the
stretched states and inherited units. Strominger v1, physical PDF pp. 3-5, equations
(6)—(8), distinguishes leading-order supersymmetry from the presumed corrected BPS
configuration. The singular-core completion is not derived here. Its stronger global-
group and moduli assertions on physical PDF p. 6 are excluded from this free-branch
use. Myers (1999), exact v2, physical PDF p. 2, equations (1)—(3), and p. 7, equations
(21)—(23), supplies the leading DBI domain and physical D-brane tension. Its shifted
dilaton and rescaled RR normalization are source-local; the physical tension is not
multiplied by a second asymptotic g;!. The local interval match uses the stated
dimensional-reduction and half-trace conventions, not a warped massive-IIA reduction.

§10.4. The conditional Newton normalization and six exact power laws are mathematical
calculations [MATH]. They do not establish factorization or an interacting limit. Witten
(1995), exact v2, physical PDF pp. 11-12, §2.3, equations (2.9)—(2.14), supplies the
frame comparison. The radius prose on physical p. 11 conflicts with the scaling of
equations (2.13)-(2.14) on p. 12. We use the equations with an explicit frame translation,
not the conflicting sentence. The source-metric r ~ gf/ % is not directly identified with
physical R1g = gs¢s. Lu (1997), exact v1, physical PDF pp. 3-4, equations (1.5)—(1.6)
and the subsequent minimum-charge discussion, cross-checks the membrane and Newton
units under its charge-quantization premises. It does not independently prove M-theory
or minimal-state existence. For little-string existence, decoupling and nonlocality at
finite scale, Seiberg v2, physical PDF pp. 2-4, introduction and §2.1, is the physical
source. Its schematic Mg, scalar and gauge-coupling units are not used as exact book
normalization constants.

§10.5. The separate pure static winding and massless-parent KK kinematics and
the rational example are mathematical calculations [MATH]. The pure static/no-extra-
excitation condition and massless six-dimensional parent/zero noncompact momentum

181



condition are essential. The massive-parent diagnostic gives 5/3, whereas the massless-
parent KK entry gives 4/3; the reduced tensor wrapping mass is 35/48. These are not
joint-state energies. The physical longitudinal ITA /IIB sector identification uses Seiberg
v2, physical PDF pp. 4-5, §2.1, equation (2.4) and its wrapped-state paragraph, and
Strominger v1, physical PDF p. 5, longitudinal T-duality paragraph. Fixed finite radius
is part of the limit; scaling the radius requires the displayed dual-coupling and hierarchy
recheck.

§10.6 and limits. A weak-dilaton/small-curvature region describes selected bulk observ-
ables; it does not define the full theory. The lift and supergravity statements retain their
local domains. D8/Romans-mass extensions and the interacting (2,0) and little-string
constructions remain outside this chapter.

Calculations and exercises. Exercises 1-4 cover free field counts, nonunit stretched
tensions and the interval product, six scale exponents with nonunit prefactors, and six
separate circle quantities. Exercise 5 asks for written interpretation. The calculations
require the stated physical premises. The bibliography records the exact preprint
editions used. The published Seiberg title has a metadata variant; the title below
follows the v2 PDF. No claim depends on silently substituting a later edition.
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