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Chapter 1I.1

Worldsheet actions and
quantization of the bosonic
string

I1.1.1 A vibrating string and its particle spectrum

A plucked string has many frequencies, but a string in spacetime poses a more surprising
question. Which of its vibrations appear as particles to a spacetime observer? The
answer needs more than a wave equation. Reparametrizing the two coordinates on the
swept surface cannot change the particle, and the equations enforcing that redundancy
remove oscillations that point along time or along the direction of propagation. The
remaining frequencies give a sequence of masses and polarizations.

An embedding X#(7, o) assigns a target-space position to each point of a worldsheet.
The time coordinate 7 orders the motion and ¢ runs along the string. For an open
string 0 < o < 7; for a closed string o is periodic with period 27. Figure I1.1.1 shows
these two surfaces and the same increasing-7 direction. We work in flat D-dimensional
Minkowski target space with mostly-plus metric, and set h = ¢ = 1. The string tension
isT=1/(2nra’) with &' > 0.

By the end of this chapter the reader should be able to

e recover the area action from the auxiliary-metric action on its positive, nondegen-
erate classical branch and retain the stress constraints;

e normalize closed, NN and fixed-DD modes on their respective ¢ intervals, including
the different momentum zero modes;

o derive transverse level counts and open/closed mass shells with the intercept and
any DD stretching term in the right place;

o distinguish the regulated zero-point energy from the cited quantum consistency
and no-ghost results.
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Figure I1.1.1: An open string traces a strip with two endpoint histories; a closed string
traces a cylinder whose 0 = 0 and 27 edges are identified. Both diagrams orient 7
upward. The drawings are coordinate surfaces, not target-space trajectories.

For example, an open string with free transverse endpoints can carry a shape
proportional to cos(20) cos(27). The endpoint slope vanishes, and the frequency is
two in the coordinates used here. Quantization turns that shape into an oscillator
of level two. Only after the metric constraints are solved can we call its transverse
excitation a physical state. The chapter derives that chain from area to constraints,
modes, oscillator levels and mass shells. The boundary language passes to D-branes
in Chapter III.1; the closed zero modes change on a circle in Chapter 3; worldsheet
fermions change the spectrum in Chapter 4.

I1.1.2 The auxiliary metric turns area into a usable
action

What action measures the area swept by a string while still allowing us to solve for
its waves? The tangent vectors 9, X*, with a,b € {r,0} and p=0,...,D — 1, induce

the metric hqp = 0, X*0,X,,. The Nambu-Goto action is the Lorentzian area of a
nondegenerate timelike patch,

hap = 0, X - Op X, Snag = —T/d2§ v —det h, & = (1,0). (I1.1.1)

The square root couples the embedding coordinates nonlinearly. Introduce an indepen-
dent Lorentzian worldsheet metric g, and instead consider

T
&:—g/f@ﬁ@Wm. (IL.1.2)

Figure I1.1.2 separates the induced metric, which comes from the target embedding,
from the auxiliary metric varied in this action.
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Figure I1.1.2: The embedding tangents span a timelike worldsheet patch and form hgy.
The independent g,; multiplies their contractions in the Polyakov action. Classical
elimination uses a nondegenerate patch and the positive conformal branch.

The metric identity d/—g = —%\/ — 0 gap0g®® makes the variation explicit. With
the variational normalization of the stress tensor we obtain

T 1 , 1 i
(SQSP = _5 /d2§\/ ) (hab - gabguihcd) 5gab’ Toy =T (hab - gabnghcd) .

2 2
(I1.1.3)
Thus g, imposes Ty, = 0. Its trace vanishes identically in two dimensions, while its
traceless components give genuine equations. On a nondegenerate Lorentzian patch,
the equation says that h and g are conformal. Choose the branch that preserves the
shared causal orientation,

Ty =0 = gop = ®hayp, e?? > 0. (IL.1.4)

On this branch \/—g = €**v/—h and g®h,, = 2e¢~2??. Their product cancels the
auxiliary factor,

T
Sp,_eoon = fi/d% e?*V/—h (2¢7%?) = Sna. (I1.1.5)

This is a classical local equivalence, not an equality of quantum path integrals. It does
not eliminate the metric at degenerate folds.

A numerical patch exposes the branch condition. Take h = (33 g), so det h = —19.
At €% = 2, the auxiliary metric is ¢ = (% 1), V=g = 2V19 and g*h,, = 1; the
density is therefore —T'v/19. The algebraic choice ¢ = —2h also makes the metric
equation zero, but its inverse contraction is —1 while /—g = 21/19, giving +7/19.
The positive branch is a real physical restriction, not an optional sign hidden in the
square root. The next section uses the auxiliary metric before eliminating it. Chapter 2
will ask what survives when that metric and the coordinate symmetry are quantized.

I1.1.3 Conformal gauge leaves the physical con-
straints

Locally on a Lorentzian worldsheet we can choose conformal coordinates gq, = €2%1q,
with 74, = diag(—1,1). The Weyl factor cancels from \/—gg® in two dimensions. The
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embedding then obeys a simple wave equation,
Sp = g/dea (X2 -X?), X=0.X, X =09,X. (I1.1.6)
Varying X and integrating by parts in the interior gives
SxSp = —T/d2§ (X — X")-6X +boundary term, X —X”=0.  (IL17)

The boundary term will decide which open-string endpoint conditions are allowed.
Gauge fixing before metric variation would lose the independent metric equations, so
we retain T, = 0 from (I1.1.3).

It is useful to see directly how the two descriptions of the wave equation fit together.
Set ¢* = 7+ o and define the coordinate derivatives 9y = (9, + 0,). Writing
X =Xg(r—0)+ Xr(7+ 0) gives

dXp e
_ X=—".
d(t — o)’ 04 d(t + o)

The wave equation only prevents one chiral function from depending on the other
characteristic. The stress equations additionally demand that each chiral tangent be
null in target space. A superposition of perfectly valid traveling waves need not meet
that demand.

In this gauge the two independent stress components are

(02 —0)X =40,0-X =0, 0_X= (I1.1.8)

T . .
T =T,0 = 5(X2 + X'?), T,o =TX X' (I1.1.9)

The same two equations are the null constraints
T, =T0,X)>=0, T _=T0O_X)?=0. (I11.1.10)

Figure I1.1.3 shows why the two signs correspond to independent traveling waves.
Residual changes £ — f(£1) and €~ — k(£7) preserve the local conformal form,
subject to the global periodicity or endpoint restrictions. These residual symmetries
are the reason for the constraints on states.

T 74+ 0 =const. T — o = const.
A

> 0

Figure I1.1.3: In (7,0) coordinates the two null families have 7 4+ o or 7 — o constant.
The wave equation carries both; the corresponding stress components must separately
vanish. Arrows mark increasing 7.



For a concrete off-constraint configuration in a mostly-plus three-component target,
set X = (2,1,0) and X’ = (0,2,1) at one point, and take T' = 2. Their contractions are
X2 =-3, X?=5and X X’ =2. Equation (I1.1.9) therefore gives T = Ty = 2 and
T,o = 4, while n?T,, = —2+2 = 0. Tracelessness did not impose either constraint. For
comparison, X# = k*F(1 — o) with k? = 0 solves the wave equation and both stress
constraints: ;X = 0 and (0_X)? = (kF’)? = 0. This local example is not a complete
closed-string solution unless F' also has the required periodicity. The distinction between
the Weyl trace identity and the two residual constraints is essential when Chapter 2
introduces quantum stress tensors.

I1.1.4 Loops and endpoints select different modes

The same wave equation gives different particles when its boundary data change. Its
general local solution is a sum of functions of 7 — ¢ and 7 4 ¢. For a nonwinding closed
coordinate, X (7,0 + 27) = X(7,0). A useful normalization is

/ 1 ) )
XH =gt +ao'phT + i/ ad Z — (aﬁe‘mﬁ_g) + age—m““)) ,
2 n
n#0 (I1.1.11)

ab =ay = 5 pH.
The untilded family travels with 7 — o, and the tilded family with 7 + 0. Each chiral
zero mode contributes half of the total o/pr drift. This assignment will fix the two
factors of four in the closed mass shell.

To derive the zero-mode split, write a linear chiral solution as Xr = Agr(7 — o)
and X = Ap(7 4+ o). The nonwinding periodicity requires their o slopes to cancel, so
Agr = A, when the same target momentum is carried by both. The total momentum
integral below fixes Ar + Ay = o’p, hence

/ /

o o
XRro = TP(T —0), Xro= 729(7' + o), Xpo+ Xpo=dpr. (I1.1.12)

This simple cancellation fails when a compact target coordinate admits winding. Chap-
ter 3 will restore the distinct chiral zero-mode slopes in that case.
For an open string, the X variation has boundary contribution

§Spy = *T/dT (X' 6X]7=T. (11.1.13)

It vanishes when an endpoint is free in a direction and X’ = 0 (Neumann, N), or when
that endpoint has fixed position and éX = 0 (Dirichlet, D). For NN data the cosine
eigenfunctions have zero endpoint slope. The zero mode and oscillators are

e
Xy = 2" 4+ 2a/phT + Z\/@Z %6_"” cos(no), al =v2a/p".  (IL1.14)
n#0



Figure I1.1.4 compares the n = 2 NN shape with the n = 3 fixed-endpoint shape on
the same interval. The latter direction may have unequal fixed values yg and y,. A
compatible expansion is

A n o —j
Xpp = Yo + —ya —V2a/ E n e """ sin(no), Ay = yr — Yo- (I1.1.15)
T n
n#0

The DD oscillator has a real overall coefficient. With af = a_,,, replacing n by —n in
the adjoint of each term gives the same sum. Inserting the NN factor ¢ instead would
make the n, —n sine pair anti-Hermitian. Fixed endpoints also remove the translational
DD momentum zero mode; the linear slope remains.

The elementary modes make the endpoint rule visible without taking it on faith.
For an NN wave wu,, = cos(no) cos(nt), the wave operator annihilates u,, and

u,, = —nsin(no) cos(nt), un (1,0) =ul,(1,71) =0 (n € Zso). (I1.1.16)

For n = 2, the two endpoints move together at 7 = 0 while the midpoint moves
oppositely. A DD fluctuation v, = sin(nc) cos(nt) instead obeys

Uy (7,0) = vy, (7, 7) = 0, (02 — 9%)v, = 0. (I1.1.17)

At n = 3 it has two interior nodes, while its endpoints stay fixed on the sloped line
Yo+ Ayo/m. A closed left mode at n = 2 and a right mode at n = 3 both return to their
initial value under o — o + 27. Their independent frequencies show why periodicity by
itself does not impose level matching; the closed-string zero-mode constraints will do
that.

amplitude X

NN cos 20 DD y; + sin 30
Ah / "
> 0 e -
‘? N

g

Figure I1.1.4: On the shared interval 0 < o < 7, a Neumann cos(20) mode has zero
endpoint slope, while a Dirichlet sin(30) mode has zero endpoint displacement. The
DD panel plots the total X = y. + fluctuation on one vertical axis; the dashed classical
profile and red profile meet at yg and y,. Vertical amplitudes are schematic.

Why are the two drifts different? The momentum density is P# = TX*. The
nonzero periodic closed modes and open NN cosine modes integrate to zero on their
respective intervals. Thus, for closed coordinates and open NN directions respectively,

2ma/pt g w(2a/pH)
:lef’ pgpen,NN = /0 dO' Pu = / = pH'

2mo
(I1.1.18)

2w
M — [ —
P, = do P* =
closed /0 2ma



There is no conserved DD translation zero mode: fixed endpoints break translation
in that direction and can exchange momentum with the string. This does not make
the instantaneous integral of DD momentum density zero. For Xpp = y. + sino cos T,
Jy do Pop = —sinT/(ma’); its endpoint displacement is still zero. Its rate of change
equals the net endpoint force T[X[,p]§ = — cos7/(ma/). The canonical brackets for the
periodic and NN sectors reflect their interval choices. The periodic delta function has
constant and nonzero coefficients 1/(27), whereas the NN cosine resolution has constant

1/7 and positive-mode coefficients 2/,

bon(0—0') = % D e (o, 0)) = %+ % > cos(no) cos(no’). (I1.1.19)
neE”Z n>1

This Fourier comparison tests the normalizations once the oscillator algebra is specified;

it is not a proof of that algebra. Chapter I1I.1 will interpret NN directions as motion

along a D-brane and DD directions as transverse positions. Chapter 3 will replace the

closed nonwinding zero mode when a target direction is compact.

I1.1.5 Oscillator algebra and stress modes

Quantization asks how the waves become a level count. Equal-time canonical brackets
for an NN coordinate are

[X*(1,0),P,(1,0")] = i6",0nn (0, 0'), P, =TX,. (I1.1.20)

Substituting the normalized expansion and comparing cosine coefficients gives [z#, p,| =
10H, and
[ ] = mn"" im0 (I1.1.21)

For a closed string the two families separately obey this relation and commute with
each other. The minus sign of n°° creates negative-norm states in the unconstrained
covariant Fock space. This is why the constraints cannot be replaced by the instruction
to keep all embedding oscillators as particles. For n > 0, o/ annihilates the momentum
vacuum |0; p), while o, creates a covariant excitation; the tilded closed family follows
the same convention. Normal ordering moves these annihilators to the right. The
vacuum is an algebraic starting point, not yet a physical state.

For example, a positive-frequency NN term has coordinate coefficient iv/2a’a, /n.
Its momentum-density coefficient is a,,/(7v/2a’). Pairing it with the —n term in the
commutator produces the coefficient

2i , i ,

— cos(no) cos(no’) + —= ionN (o, o). (11.1.22)

n>0

The displayed equality uses [ay,, a—,] = n and the zero-mode bracket. It checks the
coefficient of the oscillator expansion against the endpoint delta resolution; without the
V2a! factor the canonical normalization would fail.

Consider the open string. Its chiral derivative can be expressed using the same
oscillators, and the Fourier coefficients of the quadratic stress tensor define unshifted,

7



normally ordered modes. Indeed, the cosine and sine derivatives of (II.1.14) combine
into one exponential,

X — X’ /o/ 1 ,
QA —in(t—0) _ . —im(T—0)
0_X = g ane T _ = P E Qyen * Op€ .

ne”Z m,n€”Z
(I1.1.23)
The coefficient follows from T' = 1/(27’). With the stress-mode normalization 277 _ =
Yo Le”™(7=9) the quadratic sum becomes

1
=3 > o an (I1.1.24)

In particular, separate the n = 0 term from positive and negative oscillators, moving
annihilators to the right,

1
Lo = §ag + Neowv,  Neov =Y _ a_p-ap. (I1.1.25)
n>0

The closed string has independent L,, and Zm. For the covariant free-boson modes,
the sourced unshifted Virasoro relation is

D
[Liny, Ln) = (M —n)Lppgn + —(m

5 (m® = M) 0. (11.1.26)

The tilded closed copy obeys the same relation and commutes with the untilded copy.
Physical covariant states obey L, |phys) = 0 for n > 0 and (Lo — a)|phys) = 0; closed
states obey both sets of conditions, including (Lo — a)|phys) = 0. We identify physical
states differing by a physical null state. The positive-mode conditions avoid imposing
all Virasoro modes as strong operator equations in the presence of the central term.
The intercept is a physical-state condition, not a shift in the definition of the L,, above.
The same quadratic definition specifies how a stress mode changes an oscillator.
Commuting the two factors in L,,, with «,, gives two equal contributions, each supported
where its mode index sums to —n. After the factor 1/2 removes their duplication,
[Lo, o, ] =na”, (n>0). (I1.1.27)

[Lin, 0] = —nak n

m—+n>
Thus one creation operator of frequency two raises Lg by two, whereas two frequency-one
operators also raise it by two. This operator relation explains the level partitions below
rather than merely assigning their weights by name.

The zero modes obtained from the momentum integrals make the distinct kinetic
terms immediate,

1 o2 ’ 1 a2 1~2 0/1”2

2 Qp ,open = p ’ 2 0 closed — 9 O closed — 4 (11128)

This is the first place the open/closed factor of four enters. A cylinder vacuum-energy
shift belongs to a different choice of stress modes and cannot silently replace the
plane-mode definition above.



At open level one, let p* be nonzero target momentum and €, a polarization vector.
The state |¢; p) = €,a"1|0;p) has L1|e;p) = (ap-€)|0; p) by (11.1.27). Since g = v2a/p,
the positive-mode condition gives p-e = 0. At the critical intercept a = 1, the zero-mode
condition makes p? = 0. The state L_1|0;p) = o - «_1|0; p) is then physical and null.
Indeed LiL_1]0;p) = 2Lo|0;p) = 0 at p?> = 0; higher positive modes also annihilate
this level-one state. Thus e* ~ e* + cp* for a scalar gauge parameter c. This sourced
level-one quotient explains the massless vector; it is not an all-level no-ghost proof.

The free-scalar central term illustrates what normal ordering contributes. In (I1.1.26)
with n = —m and m > 0, [Ly,, L_,,] = 2mLo + D(m?® — m)/12. The c-number comes
from the double contraction of the two quadratic modes, a finite sum of D identical
coordinate contributions,

g Z_: k(m — k) = g [mm(m; D _mlm= lé(m —D]_ 122(m3 —m). (IL1.29)
k=1

Here the identities for Yk and >~ k? prove the finite arithmetic step; the operator
derivation and its ghost counterpart belong to Chapter 2. The covariant N, includes
target indices with indefinite metric. Only after solving the constraints will N count
D — 2 transverse families.

Within that physical free-oscillator premise, level counting is an elementary partition
problem. Each transverse color can occupy any positive frequency n any nonnegative
number 7, of times, adding nr, to the level. For ¢ colors,

q

(@ =T (D] =]]Ja-="" (I1.1.30)

N>0 n>1 \r>0 n>1

Figure II.1.5 displays the two ways to make level two and the three ways to make level
three before color choices. At level two, two frequency-one quanta have ¢(q + 1)/2
symmetric color assignments, and one frequency-two quantum has g,

da(q) = (q; 1) tg= @ (IT.1.31)

At level three the partitions 14+ 1+ 1, 2+ 1 and 3 give

ds(q) = <q ; 2) @+ (I1.1.32)

For ¢ = 3 these formulas yield do = 9 and d3 = 22. Truncation of the product at
frequency N is exact for dy because higher frequencies cannot enter. No no-ghost
theorem follows from this combinatorial statement.



level 2 level 3

or [t[x][x]or [x][2]or [3]
each box admits ¢ transverse colors

Figure I1.1.5: Occupation partitions of levels two and three. A box labeled n contributes
frequency n; each box also carries one of ¢ transverse colors. Repeated frequency-one
boxes are bosonic symmetric occupations.

I1.1.6 Transverse states, intercept and criticality

Which of the covariant oscillators are physical? On a patch with p™ # 0, choose light-
cone coordinates X+ = (X4 XP~1)/y/2 and fix X+ proportional to 7. The constraints
(04 X)? = 0 then determine each 1 X~ in terms of the transverse coordinates,

0L X0L X"

200 XT0LXT +0:.X'01. X 0, 0+ X X T

i=1,...,D—2.

(I1.1.33)
The two longitudinal coordinates do not provide independent oscillator families. For an
open string the resulting transverse number operator is

N=>a',a, g¢g=D-2 (I1.1.34)
n>0

For a closed string we call the tilded 7 4 o level Ni, and the untilded 7 — o level Ng.
Each transverse boson has a formal zero-point contribution 1 o n. It is a
divergent sum, so assign a regulated value through the analytic continuation ¢(—1) =
—1/12. The result for one chiral sector is
D -2 D -2 D -2
By 2= _Z¢(-1)=-——"= = —. II.1.
VE () =T, a= o (11.1.35)
The equality with the regulated value is not an ordinary summation of 1 +2+3+ .-+,
nor does this calculation establish the critical dimension. Figure I1.1.6 distinguishes the
intercept calculation from two quantum consistency questions.
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transverse zero-point sum || light-cone Lorentz test D—2. a—=1
a=(D—2)/24 D>4 e
D embedding bosons Polyakov Weyl test D =26
bc ghosts cx =D, cpe = —26 —

Figure I1.1.6: The upper branch combines the regulated transverse zero-point energy
with the sourced light-cone Lorentz-commutator test for D > 4. The lower branch
independently tests Weyl consistency using D embedding bosons and bec ghosts. Both
select D = 26; at that dimension the regulated sum gives a = 1. The arrows are not
operator proofs.

In the light-cone calculation, the sourced commutator [M®~, M’~] contains an
antisymmetric transverse oscillator bilinear multiplied, mode by mode, by

Cp = (1)2;2 - 1) n+ M. (11.1.36)

When D > 4, there are at least two distinct transverse indices, so the antisymmetric
operator sector is nontrivial. Its independent mode coefficients must vanish. Writing
A= (D-2)/24—1and B = a— (D —2)/24, the conditions Co = C5 = 0 give 4A+B =0
and 254 + B = 0. Subtracting yields 214 = 0 and then B = 0, hence
% —1=0, a— % =0, (D,a) = (26,1). (11.1.37)

The full quantum commutator is a cited result, not derived by this two-mode comparison.
At D = 3 there is only one transverse index, so the antisymmetric i, j operator vanishes
identically. That logical exception does not turn a three-dimensional light-cone Nambu-—
Goto construction into the standard anomaly-free Polyakov theory.

The comparison only has force when the antisymmetric operator it multiplies exists.
The number of index pairs is (D2_2), equal to zero at D = 3 and positive at D > 4.

The conformal-gauge route instead counts central charge for D free flat embedding
bosons and the reparametrization bc ghosts. For that specific matter and ghost content,
the sourced ghost calculation gives cp. = —26 per chiral sector, hence

Cx = D, Che = —267 Ctotal = D — 26. (11138)

Cancellation selects D = 26 for the standard flat Polyakov quantization. For a compari-
son, at D = 27 the regulated free-oscillator formula gives a = 25/24, while ¢tota = 1. An
unstretched formal open level-one mass formula would give o/ M? =1 —25/24 = —1/24;
it is not a consistent critical flat spectrum. The two routes test different quantum
requirements, and neither follows merely from the regulated sum. Chapter 2 derives
the CFT ingredients of the second route; Chapter 4 changes the matter content and
therefore the criticality calculation.
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I1.1.7 Mass shells and the first spacetime states

The zero-mode coefficients in Section II.1.5 now turn a transverse level into a spacetime
mass. Define M? = —p? for conserved flat target momentum. In the all-NN open sector,
after the constraints are solved, the physical zero-mode equation becomes

ap*+N—a=0, oM? =N —a. (I1.1.39)

For a nonwinding closed string there is one equation in each chiral sector,

1,2 /,,2

ap ap
Ny —a=
1 + N —a=0, 1

+Np—a=0. (11.1.40)

Subtracting them gives level matching, and solving either one gives
Ny = Ng, o M? = 4(Np, — a) = 4(Ng — a). (I11.1.41)

There is one intercept per chiral equation. Writing N + Ng — 2a in one of them would
double-count the shift. These are physical equations after constraint solving, not new
definitions of the covariant L.

At D = 26, a = 1. For an unstretched open string, N = 0 has M? = —1/a’, while
N =1 has M? = 0. In a space-filling NN sector and at nonzero null momentum, the
level-one oscillator carries the 24 transverse polarizations of a massless vector. On a
Dp-brane, the same excitations split into worldvolume vector components and transverse
scalar components. For a nonwinding closed string, (N7, Ng) = (0,0) has M? = —4/a/,
and (1,1) is massless. Figure I1.1.7 keeps the two mass scales separate.

open o/ M closed o/ M?
A A
unstretched NN nonwinding
22— N =3

I———N=2 4} ——(2,2)

o——~N=1 o}b—— (1,1

; (1.1)

—lf——N=0 —4}——(0,0)
Ao/ M?) = (Ay)®
4m2a/

Figure I1.1.7: Critical flat, unstretched open NN and nonwinding closed mass levels on
separate o/ M? axes. Only matched closed pairs appear. The dotted open displacement
illustrates a DD stretching contribution for parallel matching-brane boundary conditions;
it is not another oscillator level.
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At nonzero null momentum, the closed (1,1) states are products of left and right
transverse vectors. Their 242 = 576 components split under SO(24) into symmetric
traceless, antisymmetric and trace parts,

242 242
24 ® 24 = <251> @73@1:299@276@1. (I1.1.42)

They are the linearized graviton, antisymmetric tensor and dilaton sectors. This free-
state classification does not compute their interactions or establish stability of the
tachyonic vacuum.

Fixed DD endpoints add a separate classical energy. For parallel branes with
matching NN/DD assignments and no ND directions, set X, = yo + Ay o/m in one
spatial DD direction. The static contribution to the open worldsheet Hamiltonian is

1™ (Ay\? (Ay)?

Hs retch — d = . 11.1.43

retct 47Ta’/0 U( T ) 4m2a/ ( )
Dividing the zero-mode condition by o' yields the mass of the conserved brane momen-

tum,
N —a Ay 2
M? = : I1.1.44
o + <27To/ ) ( )

The independent classical check is E = T|Ay| = |Ay|/(27a’); its square matches the
added term. Thus an open-string ground state stretched far enough need not retain the
unstretched tachyonic mass. For N = 0 and a = 1, the threshold M? = 0 is

1 (Ay)?®

o 4m20/'?

=0 <« |Ayl=21V0. (I1.1.45)

This threshold uses the same flat parallel-brane assumptions as the mass formula. It is
not a statement about the dynamics of brane separation or the stability of the entire
bosonic background.

For a numerical example keep lengths fixed and set o’ =2, yo = —7, y = 37, N =3
and D = 26. The DD slope is Ay/m = 4 and Ay = 4x. The oscillator contribution is
(3 —1)/2 = 1, while the stretching contribution is (47/(47))? = 1, so M? = 2. If we
had set o’ = 1 prematurely, the denominator error would have been harder to see.

For a closed example at o/ = 2, the candidate (Np,, Ng) = (2, 1) fails level matching.
The matched (2,2) state has M? = 4(2 — 1)/2 = 2. Each 24-color chiral side has
d2(24) = 24 - 27/2 = 324 states, so the product has 324% = 104976 oscillator states
before further spacetime interpretation. Counting only one side or squaring a level-one
count would answer a different question. Toroidal momentum and winding in Chapter 3
alter these zero-mode and matching equations; Chapter III.1 uses the stretched formula
as a distance-to-mass dictionary.

I1.1.8 What this model supplies and where its proof
stops

The bosonic string gives a controlled route from worldsheet action to free-state masses,
but the tachyonic ground states show that flat bosonic perturbation theory is not a stable
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vacuum model. It also has no spacetime fermions. The lesson for later constructions
is more specific than an inventory of states. Boundary conditions determine available
zero modes, residual constraints remove unphysical polarizations, and the remaining
oscillator levels determine masses.

The cited no-ghost comparison between covariant and light-cone physical states
requires the critical flat theory, nonzero target momentum, a light-cone patch with
pt # 0, and the appropriate physical ghost-number or relative-cohomology sector. The
theorem itself is not proved here. In the level-one example above, p is target momentum,
€ is polarization and ¢ parametrizes its null-state equivalence. At p =0, p-e =0
and € ~ € + cp lose both a constraint and a gauge direction. That exceptional sector
cannot be counted using the nonzero-momentum polarization argument. The full BRST
construction and ghost OPE belong to Chapter 2.

The three-dimensional exception is likewise a boundary on an inference. The
antisymmetric light-cone Lorentz commutator cannot force a coefficient to vanish
when only one transverse index exists. Known three-dimensional light-cone Nambu-
Goto strings illustrate that point. The standard Weyl test for D embedding bosons
and bc ghosts still has ciota1 = D — 26; the two premises must not be conflated.
Compactification, Wilson lines, a background B field and superstring matter are outside
the flat noncompact model used for the equations above.

11.1.9 Exercises

For Exercises 1-5, submit an answer object with the fields specified in the companion
question file. Rational numbers may be exact fractions. The written explanations are
part of the exercise even when only the numerical fields receive automatic grading.
Exercises 1-5 reproduce parameters worked above; a correct submitted number alone
does not test transfer to a new configuration.

1. In a mostly-plus three-component target, let X = (2,1,0), X’ = (0,2,1) and
T = 2. Compute T+, Tyo, Ty and 7Ty, using the variational tensor in (I1.1.3).
Explain why vanishing trace does not impose the physical constraints.

2. For parallel matching-brane NN/DD data with no ND direction, take y(0) = —,
y(m) =3m, o =2, D =26 and N = 3. Find the slope in y.; = y(0) + so and the
full open M? of the conserved brane momentum. Keep endpoint separation fixed
in length units. As an ungraded transfer variation, repeat the mass calculation at
o/ = 1 with the same endpoints and level.

3. With three transverse colors, derive the numbers of open Fock states at levels two
and three by listing oscillator partitions and their color multiplicities. Submit ds
and ds3. As an ungraded variation, find dy for four transverse colors.

4. As formal flat free-field algebra, set D = 27, o’ =1 and N = 1. Compute a, cota
and the formal open NN M?2. Explain why these numbers are not a consistent
critical flat spectrum.
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5. At D =26 and o/ = 2, decide whether nonwinding closed levels (N, Ng) = (2,1)
are allowed. Then find the mass squared and the two-sector oscillator degeneracy
at (2,2).

6. Explain in writing how the light-cone Lorentz and conformal-gauge Weyl tests
select the critical flat bosonic model. Include the D > 4 restriction of the
antisymmetric Lorentz test, the D = 3 exception, the role of the regulated
intercept, and the place of BRST cohomology and the no-ghost theorem. Identify
the cited source sections supporting the quantum statements. This answer requires
human reading.

I1.1.10 Take-home message

Take-home message

The auxiliary worldsheet metric makes the embedding equations linear while preserving
the area action on its positive nondegenerate classical branch. Its constraints remove
longitudinal oscillators. Open and closed zero modes differ because their o intervals
differ; that difference produces o’ M?> = N —a and o’ M? = 4(Nt, — a) = 4(Ng — a). At
critical flat bosonic content, D = 26 and a = 1, the first massless open and closed sectors
carry vector and tensor states. Their tachyonic ground states and the separate quantum
consistency theorems limit what this free-spectrum calculation establishes.

Status and sources

Sections 1-2. The action uses a flat, mostly-plus target metric, the displayed string
tension, and the stated local coordinates and positive branch. The classical area action,
auxiliary metric equation and positive-branch reduction are [WS] statements from Tong
(2009, physical PDF pp. 25-26, egs. (1.22)—(1.25)) and Polchinski (1994, physical PDF
pp. 4849, egs. (2.2.1)—(2.2.3)). Classical elimination and the displayed non-diagonal
patch are [MATH] on the stated nondegenerate positive branch. Quantum equivalence is
not claimed.

Section 3. Gauge equations and stress constraints are scoped classical [WS] statements
following Tong (2009, physical PDF pp. 29-31, egs. (1.27), (1.31)—(1.34)). The stress-
component fixture and trace comparison are [MATH]. Our variational T, includes T’
Tong’s eq. (1.32) divides by that factor. Residual global maps depend on the surface.

Section 4. Closed periodic and open NN/DD mode profiles are [ws] under their
stated boundary conditions, following Tong (2009, physical PDF pp. 32-34 and 57-60,
egs. (1.35)—(1.41) and (3.1)—(3.5)). The unequal fixed-DD profile is on Tong (2009,
physical PDF p. 66, Sec. 3.3, displays before (3.7)). The interval normalization, real
DD sine Hermiticity, restricted closed/NN momentum integrals and Fourier coefficients
are [MATH] within those sourced modes. DD endpoint forces permit a nonzero instanta-
neous integrated momentum density without a conserved DD zero mode. The brane
interpretation used later is [GEO-E] for the standard parallel-brane setting.
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Section 5. The oscillator algebra, vacuum convention, unshifted Virasoro relation
and physical-mode conditions are sourced [WS] statements from Tong (2009, physical
PDF pp. 36-38, egs. (2.2)—(2.7), and p. 102, unnumbered Virasoro relation). The
level-one transversality and physical-null quotient follow Polchinski (1994, physical PDF
pp- 52-53, egs. (2.3.10)-(2.3.13)) at nonzero null momentum and a = 1; they are [WS] in
this scope. The finite central-term sum is [MATH] conditional on the sourced free-boson
operator contraction, whose central-charge coefficient is [ANOM]. Colored partitions are
[MATH] conditional on the physical transverse Fock premise. These finite steps do not
prove the full Virasoro representation or no-ghost theorem. The unshifted modes and
separate physical intercept use the normalizations defined above.

Section 6. Light-cone reduction and the regulated intercept are [WS] inputs from
Tong (2009, physical PDF pp. 42-47, egs. (2.17)—(2.26)). The full Lorentz commutator
is a sourced [ws] result from Tong (2009, physical PDF pp. 53-55, Sec. 2.4); the
D > 4 coefficient comparison is [MATH] conditional on that operator result. The D = 3
exception is described in Mezincescu and Townsend (2011, version 2, physical PDF
p- 2, Introduction). The conformal-gauge ghost coefficient ¢, = —26 and matter
coefficient cx = D are sourced [ANOM] inputs following Tong (2009, physical PDF
pp. 123-124, Secs. 5.2-5.3) and Polchinski (1994, physical PDF p. 58, eq. (2.4.17)). The
vanishing-Weyl-anomaly criterion for this field content is a sourced [ANOM] statement.
The full quantum closure and ghost OPE are not local derivations; D = 27 is formal
algebra only.

Sections 7—8. The free open/closed mass shells, nonzero-momentum vector/tensor
interpretation and matched-level conditions are scoped [WS] claims following Tong (2009,
physical PDF pp. 47-52 and 60-62) and Polchinski (1994, physical PDF pp. 52-54). The
unequal-DD mass shift and threshold specifically follow Tong (2009, physical PDF p. 66,
Sec. 3.3, displays before (3.7)) for parallel matching NN/DD endpoints. Mass-shell
substitution, the stretch integral and SO(24) counts are [MATH] in that sourced scope.
The BRST construction is a sourced [WS] input, and the nonzero-momentum no-ghost
comparison is a cited [MATH] theorem from Polchinski (1994, physical PDF pp. 61-65,
eqgs. (2.5.9)—(2.5.27)); the theorem is not proved here. The physical sector, nonzero p™
patch and exceptional zero-momentum limitation are stated above. No compactification
or superstring claim is admitted by these sections.
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Chapter 11.2

Worldsheet CFT toolkit: OPE,
state—operator map, current

algebras

I1.2.1 Why an insertion can describe a string state

A string vibration was a mode of the embedding X#(7,0) in Chapter 1. On a Euclidean
worldsheet, the same excitation can be prepared by inserting an operator at a point.
This change of viewpoint is useful because a small circle around the insertion measures
its energy and charges. Bringing two insertions together then tells us which states can
appear when they combine. The operator product expansion (OPE) is the local rule
for that combination, rather than a list of formal singularities.

We will follow one free coordinate far enough to see the whole route. Its regulated
two-point function fixes the OPE of momentum exponentials. The stress tensor reads
their scale weights, a logarithmic map carries them to cylinder states, and a current
contour reads their charge. A compact coordinate adds winding and a locality test.
Finally, conformal gauge adds ghost fields; their central charges show when the standard
critical BRST construction can be used. The explicit free-field calculations do not prove
the general state—operator correspondence or the no-ghost theorem.

After this chapter, the reader should be able to

« calculate a free-boson bulk OPE and the weight of a momentum vertex;

« translate a plane primary into cylinder energy, angular momentum and an oscillator
state in the conventions of Chapter 1;

e compute compact-boson charges, weights and full-bulk monodromy;

e separate matter, ghost and total central charges from the number of light-cone
transverse coordinates;

o state the conditions under which the cited BRST and no-ghost results apply.
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I1.2.2 A local insertion from a regulated free boson

What singular product does the string action assign to nearby insertions? Use Euclidean
coordinates o' = 7, 02 = o and z = o' + io? on a bulk patch. We start with spacelike
target coordinates X so their Gaussian integral is well defined. The continued time
coordinate will enter only after the local calculation. The tension normalization of
Chapter 1 gives .

4ra

The constant mode of X has no quadratic action. We remove it while inverting
the Laplacian, choose a translation-invariant infrared prescription, and integrate it
separately in momentum correlators. Thus a bare (X X) carries an additive infrared
constant, whereas neutral products of consistently normalized vertices have a definite
coordinate dependence.

Integration by parts puts the quadratic kernel at —A/(27a’). Since Aln |z — w|? =
47163 (z — w), its inverse has the local form

Sp = /d%aaxiaaxi, o > 0. (I1.2.1)

A

yiye;

G=06% (1122

/

!/
(X'(2,2) X (w,w)) 20 = _%6”' e —wf +CoY,  —5

Here C records the infrared choice and # 0 indicates that the constant mode has
been removed. Locally X = X,(z) + Xg(2), with X} (2) X7} (w) ~ —/6% In(z — w)/2.
Differentiating first at w and then at z fixes the sign that is easy to miss,

a6t
2(z —w)’

a6

8X,€(z)8X£(w) ~ —m7

DX (2) X (w) ~ — (I1.2.3)
The symbol ~ retains singular terms as z — w inside a correlator with spectator
insertions outside the small circle. Figure I1.2.1 shows that scale ordering. A bulk
holomorphic contraction is not yet an open-string boundary contraction. A boundary
changes the Green function through its boundary condition, which Chapter 111.2 will

supply.

spectator
[

€< |z —w| < Ro
z — w within annulus

.
spectator

Figure I1.2.1: A disk of radius € surrounds the insertion at w; z lies in the annulus
€ < |z — w| < Ry, and spectator operators remain outside the outer contour. The OPE
organizes the z — w limit after the same short-distance subtraction is used for each
insertion. The arrows mark counterclockwise positive contours on the z plane.
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Normal ordering subtracts the chosen self-contraction. Define the bulk momentum
vertex Vi, =: e?*X :. Wick’s theorem joins different insertions but leaves each exponential

internally normal ordered. For spacelike k, ¢ with zero time components, it gives

Vie(2, 2)Vg(w, ) ~ |2 = w|* " [V y o (w, )
+(z—w) ik - 0XVitq : (w, ) (I1.2.4)
+ (2= w) ik OXRVipq : (w, @) + -]

The factor follows directly from exp[—k - ¢(X (z) X (w))]; the displayed descendants come
from expanding X (z) about w. The exponent is therefore a calculated physical scale,
not a convention assigned to the OPE.

The zero mode integral enforces ) kq, = 0. In the same prescription, the nonzero-
mode Gaussian gives

N
<H Vio (Zas Ea)> x 5(2 kza> H |2q — 2| Faho. (I1.2.5)
a=1 a

a<b

The proportionality contains the common normalization and zero-mode measure. Shift-
ing G +— G 4 C changes the product of vertex normalizations by exp[—C' >, , ko - kp] =
exp[(C/2) 3", k2] under neutrality. A matched redefinition of each vertex absorbs it;
the coordinate powers do not change.

Here is a four-insertion example with all momenta spacelike. The charges
(k,—k,q,—q) sit at (0,z,1,00), respectively. The insertion at infinity means

. ’2
V_g(o0) = yli}H;o ly[* T V_q(y). (I1.2.6)

Pairs involving y combine to precisely that scaling because the total charge is zero. The
remaining variable pairs yield

(Vi (0) V() Vo (1) Vg (00)) o |z~ *F7 |1 — 2| ~"F, (11.2.7)

For example, with o/ =2, k = 1 and ¢ = 2 in one spacelike direction, the powers are
—2 and —4. The x — 0 behavior is exactly the k, —k OPE into the identity channel.
This is a Gaussian correlator, not a string scattering amplitude. An amplitude also
needs the appropriate ghost insertions and moduli integration. Chapter 6 will use local
products for twist fields, while Chapter 3 changes the allowed momenta.

The same example also shows how an OPE selects an intermediate charge. If instead
x — 1, the nearby charges are —k and g; their combined vertex is V,_j and their bulk
singular power is —a’k - ¢. The two limits refer to distinct pairings of the same four
insertions. No crossing equation was required to calculate either local limit, because
the Gaussian correlator already fixed all pairwise contractions. In an interacting CFT,
consistency between channels becomes a separate problem. This distinction will matter
for the twist fields of Chapter 6, whose products are not given by one free exponential
formula.
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I1.2.3 Stress tensor and primary weights

How can a small contour tell whether an insertion is a permissible worldsheet field?
The holomorphic stress tensor measures the response to local coordinate changes. For
the free coordinates it is

T(z) = fé (0X0X": (2). (I11.2.8)

An operator O is a holomorphic primary of weight h if its singular stress-tensor product
is

hO(w)  00(w)
2

T(2)O(w) ~ (I1.2.9)

(z —w) z—w’

The antiholomorphic product independently defines h. A weight is a local transformation
exponent; it becomes a cylinder energy in the next section. We first calculate it instead
of assigning it by analogy.

One contraction of 9X*(z) with the exponential gives

ik

OX (2)Vi(w, W) ~ 2w

Vi(w, @). (11.2.10)

In TV, the two ways to make one contraction combine into 0V} /(z — w). The double
contraction produces the second-order pole. Explicitly,

Q

a'k? . OVi(w,w) 'k?
74(Ziw)2vk(w,w)+727w , h .

I
>
I

T(2)Vi(w,w) ~

(11.2.11)

This also explains why normal ordering matters. If a self-contraction remained inside
Vi, the supposed operator would depend on its own regulator rather than transform
with a fixed weight.

The two terms in Eq. (I1.2.11) have different jobs. The double pole measures the
rescaling of an insertion, while the simple pole translates it along the local coordinate.
A small contour weighted by a vector field £(z) therefore gives

21

0 Vi (w) :]{ d—z,s(z)T(z)Vk(w) = (e(w)d + hde(w)) Vi (w). (I1.2.12)

For a translation, de = 0 and the insertion moves. For a local dilation, the second term
supplies its weight. The antiholomorphic contour acts in the same way with .

The derivative field supplies a second check. Contracting one of the two factors in
T with 0X? yields

X (w) = 0?X(w)

T(2)0X*(w) 5

(I1.2.13)

(z —w) z—w

Thus 0X* is primary with A = 1. Differentiating this OPE at w produces a third-order
pole 20X /(z — w)3 in T(2)0?X*(w). Although §?>X°* has scale weight two, the extra
pole shows that it is a descendant, not a primary. Scale weight alone cannot distinguish
those two statements.
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To see the central charge, contract two stress tensors. There are two double pairings
of the free fields, each contributing a fourth-order pole. The remaining single pairings
reconstruct the stress tensor and its derivative,

D/2 2T (w) n oT (w)

4 2 z—w’

T(2)T(w) ~ (I1.2.14)

(z —w) (z —w)

The standard coefficient ¢/2 of the fourth pole therefore gives ¢,,, = D for D free matter
coordinates. This is a chiral central charge, not a count of physical transverse oscillators.

Each double pairing of two copies of Eq. (I1.2.3) contributes a/2§%§% /[4(z — w)?]
before the two stress-tensor prefactors. The two pairings total D/[2(z — w)?]. A single
contraction leaves a normal-ordered pair of derivatives. Its zeroth Taylor term gives
2T'/(z — w)?; the next gives dT/(z — w). The fourth pole is thus a local count of free
scalar contractions, rather than a count obtained by imposing target-space constraints.

Target time requires a separate physical step. Continue the spacelike calculation
to the mostly-plus target metric 7,,, with a choice of contour for X 0 rather than a
convergent real Euclidean Gaussian. Every single contraction replaces 6% by n**. The
two contractions in the vertex weight therefore produce k% = n**k,k,,, while the fourth
pole of T'T" contains 7,,m"" = D; the time sign is squared. The continued formula reads

h=h=—n"k,k,,  cn=D. (I1.2.15)

As a concrete mass-shell use, an unexcited closed momentum vertex in the standard
flat critical bosonic construction needs (h,h) = (1,1). Equation (I1.2.15) then gives
4

e ¥ A P 11.2.16
= - (I1.2.16)

Kk =

This reproduces the closed ground-state mass found from the oscillator constraints in
Chapter 1. The weight condition is one ingredient of a physical vertex; it does not by
itself establish BRST closure or a positive-norm spectrum. Chapter 4 will apply related
tests to worldsheet fermions, and Chapter III.1 will apply them to open-string vertices
with boundary normalization.

I1.2.4 States on a circle and the Virasoro extension

Why does the weight in a small plane disk become energy? Quantize on concentric
circles centered at the insertion. The path integral inside a circle prepares a state on
that circle; a local operator at the origin prepares |O) = O(0)|0). This state—operator
correspondence is used here in the standard unitary Euclidean CFT setting. For
noncompact momenta, fixed-k vertices give delta-normalized generalized states rather
than normalizable vectors.

The logarithmic map turns radial distance into Euclidean time,

z=e", u=rTg +io, o~ 0+ 2m. (I1.2.17)
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An increase of 7y moves outward, while increasing ¢ moves counterclockwise. Fig-
ure I1.2.2 fixes these directions. The Laurent modes of the plane stress tensor are

L, = fg % 2" (2), L, = if;z”“:r(z). (I11.2.18)
Each contour is positively oriented in its own complex coordinate. A physical traversal
in the +o direction is counterclockwise in z but clockwise in z; it cannot serve as the
positive contour for both residues. The primary OPE immediately gives Lo|O) = h|O)
and L, ~0|O) = 0 when the insertion at zero is primary. The same statement holds in
the right sector.

To see why positive modes annihilate the primary state, surround the origin by a
small contour in Eq. (I1.2.18). The double pole in Eq. (I1.2.9) contributes a derivative
of 2"+ at zero, and the simple pole contributes its value there. Both vanish for n > 0;
for n = 0 the derivative is one and yields h. Negative modes instead create descendants,
such as L_1]|O0) corresponding to 00(0)|0). The state language organizes all local
derivatives of an insertion.

Sz ,
u =17+ 10
“+o
4

z=e" +o

’ —c/24
—> +7E

T — —00

1.1 &, — holomorphic L,

Figure 11.2.2: The map z = €™ sends circles around the origin to spatial slices of
a cylinder. Positive o is counterclockwise on the plane. The plane origin prepares an
incoming state at 7z — —oco. With the Chapter 1 wave convention, its tilded oscillator
is the holomorphic oscillator used by L,, here. The —c¢/24 label is the Schwarzian shift
of one chiral sector.

The fourth pole of the TT OPE makes these modes a central extension. Radial
ordering places the operator at larger |z| to the left. Subtracting the two radial orderings
in [Lyy,, Ly] shrinks the difference of the outer z contours to a small positive circle around
w. The singular TT OPE gives

dw c/2 2T (w) oT (w)
L L — o n4+l L om+1
[Ems L] ngmw Res 2 (z—w)4+(z—w)2+z—w

The second and first poles contribute 2(m + 1)w™7T(w) + w™OT (w). Integrating the
derivative term by parts on the closed w contour replaces it by —(m+n+2)w™ 1T (w).
Their coefficient is 2(m + 1) — (m + n + 2) = m — n. The fourth-pole residue is
(¢/12)(m + 1)m(m — 1)w™ 2, so the remaining contour gives

(Lo, L] = (M = 1) Lonn + ~—m(m? — 1)msn.0- (I1.2.19)

12m(m
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The central integrand is proportional to w™*"~! and has a residue only if m +n = 0.

These are integer modes of an untwisted stress tensor. The polynomial can be evaluated
formally elsewhere, but that evaluation is not a mode algebra for an arbitrary twisted
sector.

For example, m = 1, n = —1 leaves no central term because m(m? — 1) = 0.
The generators L_1, Lo, L1 close to the global conformal algebra. At m =2, n = —2
the central contribution is ¢/2, so the extension first appears beyond those global
transformations. Knowing only the global transformation law does not determine a
twisted sector’s cylinder ground energy.

The stress tensor is not a primary under z = e*. We import its finite transformation
law, Tyy = (dz/du)?T,, + (¢/12){z,u}, where the Schwarzian is {f,u} = f"/f —
(3/2)(f"/f")?. For f = e* all three derivatives equal e*, hence {e*,u} =1-3/2 = —1/2.
The same calculation in u gives the right-sector shift. Taking the spatial zero mode of
each cylinder stress tensor yields

2m c 27 ~

doTyy = Lo — —, Hp = — do Tﬁﬁ = EO — i (11.2.20)

H, = —
E7or ), 24 27 Jo

Euclidean time translates both sectors, whereas positive o rotates them oppositely.
Adding and subtracting these two charges gives

c—¢C

24

~ c+c ~
Hcy1:L0+LO_Wa Peyy = Lo — Lo —

(11.2.21)

Both quantities are dimensionless for a circumference 27. For ¢ = é =1 and a state of
(h,h) = (1/4,1/4), the energy is 1/4+1/4 —2/24 = 5/12, while the angular momentum
is zero. The identity has energy —2/24 = —1/12. A state with unequal weights has
nonzero angular momentum; even equal weights can give a shift when ¢ # ¢. The —c¢/24
term is a coordinate-transformation effect. It is distinct from the regulated light-cone
intercept a in Chapter 1’s physical Ly — a constraint.

There is a convention trap in carrying the oscillators from Chapter 1. There «,
multiplies a wave in 7 — ¢ and &, one in 7 + 0. After 7 = —iTg, our u = 7 + i0 is
holomorphic in the latter combination. Consequently the plane L,, in this chapter is
made from the Chapter 1 tilded oscillators,

1 ~ ~ 7 plane 1
Lzlanc ~ 9 Z P Qp—m * Qm 1L, ngl 9 Z P Qp—m * Qp CIL1 - (11.2.22)
meZ mEZ

These plane zero modes are unshifted. In a compact direction their zero-mode entries are

ap = /o' /2pr, and ag = v/’ /2 pg. The next section obtains pr,, pr from momentum
and winding. This map is needed whenever a cylinder character in Chapter 6 or a
channel exchange in Chapter II1.2 is translated back to a string oscillator state.
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I1.2.5 Currents, compact charge lattices and locality

When does a contour measure a conserved charge? For one compact spacelike boson
define the normalized holomorphic current

J(z) = i\/zaXL(Z)a J(2)J (w) ~ ﬁ (11.2.23)

The factor i converts the negative derivative contraction in Eq. (I1.2.3) into a positive
double pole. We call this U(1) level one in this chosen basis. Rescaling J changes the
number on the right, so a numerical level has meaning only with a current normalization.
For a circle X = X + 27 R, momentum is n/R and winding is the integer in

X (o4 2m) — X(0) = 2rwR. The left and right momenta in our o/ normalization are

n  wR n  wR

pL:E*F?, pR:E*?, n,w € Z. (11224)

The local vertex is V,,,, =: ePrXctirrXr . ¢ Here the exponential shifts the
zero-mode charge, and C,, ,, acts on the incoming charge sector before that shift. Its
action will be fixed below by the exchange calculation. Contracting with T and J gives

(h,h) = (O/fia a/iﬁ%) ; J(2)Vi,w(0) ~ @VW(O). (I1.2.25)

The contour Jy = §dzJ(z)/(2mi) therefore measures \/o//2pr. It is a left charge,
while target momentum n/R and winding w combine differently in the two sectors.
The difference of weights is particularly simple. The product (pr, — pr)(pL + Pr)

cancels R and o/,

O/

h—h= Z(pQL —p%) = nw. (11.2.26)
The sign of the angular momentum is the sign of nw in the +o convention of Eq. (IL.2.21).
Positive winding gives positive angular momentum when n > 0; for n = —1,w = 1 the

angular momentum is instead —1. For two charges a = (n,w) and b = (n/,w’), taking
one full bulk vertex around the other changes its phase by 27 times

!/

M(a,b) = %(pL,apL,b — PRaPRp) = nw' +wn' € Z. (I1.2.27)

The full exponential is single-valued around another lattice vertex. A holomorphic
factor alone can have a fractional power and need not be single-valued. Integer full
monodromy also does not settle the sign of a half-exchange of bosonic fields.

The derivation of Eq. (I1.2.27) can be seen without guessing an integral lattice.
Substitute Eq. (I1.2.24) into the left-minus-right pairing. The terms proportional to
nn'/R? cancel, as do those proportional to ww’R?/a’?. The surviving cross terms are

2
PL.aPLb — PRaPRb = E(nw’ +wn'). (11.2.28)

The radius disappears. Locality of the full bulk exponentials is therefore stable as R
varies, even though their weights change.
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At R =/, take A = (1,0) and B = (0,1). For A, Eq. (I1.2.24) gives (pr 4, pr.4) =
(1, 1)/\/5. For B it gives (pr.B,pr.B) = (1, —1)/v/. Each square in Eq. (I1.2.25) is
therefore 1/a/, and its factor o’ /4 gives 1/4. The signed pairing is o/[1/a’ —(—1/a’)]/2 =
1. Thus M(A, B) = 1. Adding the charges to obtain (1,1) adds the left momenta and
cancels the right momenta. Its weight-one holomorphic vertex is a local input for the
enhanced-current example in Chapter 3, whose global spectrum requires more than this
one OPE. Figure I11.2.3 marks these lattice points and the pairing.

w
A

A,B: (h,h) = (%, 1)
M(A,B) =1
2 (1,1): (h,h) = (1,0)

Figure I1.2.3: A small part of the (n,w) lattice at R = v/a/. The points A = (1,0) and
B = (0,1) have opposite right momenta and M(A, B) = 1; their bare half-exchange is
odd. The diagonal point (1,1) has (h, ) = (1,0). The axes count integers, rather than
geometric distances in target space.

The chiral contractions make the bare product of charge a and b proportional to
(z — w)>'Propry/2(z — )@ PraPrb/2 On a counterclockwise half-rotation, the second
factor rotates in the opposite direction. The bare exchange phase is exp[in M (a,b)]. It
equals —1 for A, B. One local way to cancel that odd exchange is the bilinear cocycle

o) = (- G

= (—1)nw (11.2.29)

To connect this coefficient to the zero modes, let E, be the charge shift inside the
exponential, E,|b) = |a + b), and set C,|b) = €(a,b)|b). Thus the zero-mode action
of Vo, = E.C, is V4|b) = €e(a,b)|a + b). The leading local product, with oscillator
contractions restored, is

Va2, D) Valw, @) ~ e(a,5)(z — w) Prape/?(z — @) Praprs2 [V, (w, @) + -]

For A, B, €(A, B)/e(B,A) = —1 cancels the bare half-exchange sign, giving +1 for
the full vertices. Bilinearity gives e(a,b)e(a + b, c) = €(b, c)e(a, b + ¢), the associativity
condition for this illustration. In particular, applying E,C,FE,Cj to |¢) and using this
identity gives €(a, b)Eq4Cqyp|c). This local construction is not a specification of every
sector of a compact CFT. Chapter 3 develops the global momentum—winding and
duality story.

If ¢ = (n”,w”), the exponent on the first product of cocycles is wn' 4+ (w + w’')n’,
while the exponent on the second is w'n” + w(n’ + n’). They are the same integer.
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This verifies associativity for all three lattice charges, rather than only for A, B. It does
not determine the complete vertex spectrum or modular invariance.

Nonabelian currents use a separate level symbol K and a declared positive invariant
form k% . Their OPE is

Kliab N Z'fachc(w)

J2) I (w) ~ G p— (11.2.30)
With J¢ = ¢ dzz"J%(z)/(271), the two residues give
m b g
[T, IE =i de  + Kmi®™6,, 0. (11.2.31)

The m comes from 9,2™ = mz™"! in the double pole. This local algebra will help
identify heterotic gauge currents in Chapter 5. It neither fixes a representation spectrum
nor allows us to carry a numerical level from a source using another invariant-form
normalization.

I1.2.6 Ghost systems and the BRST boundary

Why does a theory with D embedding fields need fields with negative central charge?
Conformal gauge removes coordinate redundancy only after its Faddeev—Popov deter-
minant is included. The corresponding b, ¢ pair is anticommuting. A first-order pair of
weights (hp, he) = (A, 1 — A) has a local be OPE b(z)c(w) ~ 1/(z — w). The commuting
B, pair has the same weight pattern but different statistics and ordered OPE signs. It
appears when local worldsheet supersymmetry is gauge fixed in the RNS construction
of Chapter 4. We keep its vacuum and picture structure outside this chapter.

The difference can be displayed before computing a central charge. In the ordered
products of the source convention,

(11.2.32)

z—w z—w’

The similar first-order kinetic terms do not justify erasing these order and statistics
signs. In each system the source stress tensor has the compact form

Tyy =: (Ow)v : =X : O(uv) :, (u,v) = (b,¢) or (8,7), (I1.2.33)

with the normal order and contractions appropriate to that pair. Differentiating the
two terms and applying Eq. (I1.2.32) produces the fourth-pole coefficient below.

For either first-order kinetic term, the stress tensor is built from the weighted
derivatives of the pair. In the TT product the two ordered double contractions have
coefficients A\? and (1 — \)?, and the cross terms total —4A(1 — ). Their sum is

A4 (1= N2 —4A(1 — X)) =627 — 6\ + 1. (11.2.34)

26



For commuting fields this is the coefficient of the fourth pole; for anticommuting fields
the Wick permutation reverses its sign. Since the fourth-pole coefficient is ¢/2, the local
formulas are
che(A) = —2(6A% —6A+1) =1—3(2A — 1)?,
cpy(A) = 2(6A% —6A + 1) = 3(2A — 1) — 1.

At A = 1/2 these give +1 and —1 respectively, a quick check that the two statistics
must not be interchanged. These are local stress-tensor OPE results, not claims about
global vacua or superghost pictures.

The reparametrization ghosts have (hy, he) = (2,—1), so ¢ = —26. The RNS
superghosts have (hg, hy) = (3/2,—1/2), so cgy = 11. For D free bosons the matter
charge is D; for the standard flat RNS matter system, D bosons and D real worldsheet
fermions give 3D /2. Thus the local central-charge sums are

(11.2.35)

% =D 26, NS = % —26+11 = % —15. (I1.2.36)
The separate arithmetic makes the physical distinction explicit. For the bosonic system,
D —26 =0 gives D = 26. In the RNS matter sector, each boson contributes one unit of
chiral charge and each real fermion one half, so D + D/2 = 3D /2. Both ghost systems
then give 3D/2 — 15 = 0, hence D = 10. These equations concern covariant worldsheet
field content. They do not arise by subtracting two longitudinal coordinates from the
matter central charge. At D = 26, the bosonic entries are (¢, Cpe, Crot) = (26, —26,0).
The number of light-cone transverse coordinates is D — 2 = 24. At D = 10, the
RNS entries are (¢, Coes Cay, Cot) = (15, —26,11,0), while there are eight transverse
coordinates. Figure I1.2.4 keeps the central charges and oscillator counts in separate
TOWS.

flat bosonic, D = 26

Cm — 26 Che = —26 Ctot — 0

flat RNS, D = 10

cm =15 Cphe = —26 cpy =11 Ctot =0

light-cone transverse coordinates bosonic 24 RNS 8

Figure 11.2.4: Chiral central-charge sums for the flat critical bosonic and RNS systems.
The final row counts transverse target coordinates after light-cone constraints. In
particular, 24 is not the bosonic total central charge and 8 is not the RNS total central
charge.

The vanishing of the total anomaly is a condition for the standard critical conformal-
gauge BRST charge Qg to square to zero. In the bosonic construction at the stated
critical field content, let b(z) = > b,27" "2 be the weight-two antighost and by its zero
mode. Write Lg tot = Lo,m + Lo,gn for the plane matter-plus-bc zero mode, including
the ghost normal-ordering constant. This differs from the unshifted matter Ly used
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in Eq. (I1.2.22). With ghost number normalized so a matter primary multiplied by an
unintegrated ¢ has degree one, gh(c) = 1, gh(b) = —1, and @ p raises degree by one.
The critical BRST relations are

Ctot = 0 in the standard critical construction — QzB =0,
{@B,bo} = Lo, tot-

The first implication is scoped to that construction. It is not a general theorem that
an arbitrary system with ¢yt = 0 has a healthy physical Hilbert space. The second
relation explains a subtle point about the relative complex. For an arbitrary 1 € ker by,
before imposing Qg = 0, it says boQpY = Lo tot?. Hence Qg1 stays in ker by when
Lo ot = 0. Nilpotence and the anticommutator also give [Qp, Lo tot] = 0, so @B
preserves ker by Nker Ly tor. For the standard open-string ghost-number-one sector, the
relative physical space is consequently

(11.2.37)

ker Qs N ker by M ker Lo,tot |,y (I1.2.38)

H =
rel(@B) Qr (ker bo Nker Lo ot }ghzo)

The numerator consists of degree-one closed states in this relative complex. The denom-
inator identifies those differing by Q5 of a degree-zero state in the same domain. Exact
representatives are thus taken within the same relative complex. Writing only ker Qg
would retain gauge-exact states; writing only ker by would not define a subcomplex.

Positive norm is a further statement. In the cited bosonic setting with one free time
coordinate and a unitary spatial CFT of ¢ = 25, with the appropriate relative physical
sector and nonexceptional nonzero momentum, the no-ghost comparison identifies the
physical cohomology with the positive light-cone spectrum. The exceptional £ = 0
cohomology is not covered by that comparison. We use the result as a theorem from
the source, not as a consequence of Eq. (I1.2.36). Chapter 4 supplies the RNS sectors
and GSO projection. Chapter 7 uses the unoriented closed-channel source dictionary,
while Chapter II1.2 introduces the ghost and superghost completion of boundary states,
including the ordered pictures needed for its cylinder calculation.

I1.2.7 Limits of local CFT data

The same short-distance contraction supplied several kinds of data. The T’V double pole
determined scale weight, the 1T fourth pole determined central charge, and the JV
simple pole determined charge. On the cylinder, weight became energy only after the
state—operator map and Schwarzian term were supplied. On a circle, allowed charges
formed an integral lattice, but local monodromy and the illustrative cocycle did not
specify a complete compact CFT.

This distinction matters downstream. Orbifold sectors in Chapter 6 need their
own twisted ground states; boundary states in Chapter II1.2 need boundary gluing
and normalization. A local OPE is a necessary input to those constructions, not
their replacement. Likewise, the local condition ¢yt = 0 supports the critical BRST
construction, while the comparison with a positive physical spectrum invokes the cited
no-ghost theorem under its hypotheses.
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11.2.8 Exercises

For the first five exercises, give the requested exact rational fields as JSON strings
through the chapter’s reader companion. Show the intermediate Wick contractions or
substitutions in written working; the bounded grader checks the submitted numbers, not
that explanation. Use the public IDs and schemas in benchmark/tasks. json; submit
through benchmark/PROTOCOL.md. Submit the listed fields directly, without an answer
envelope; the last task requires written review.

1.

Set o/ =2, k= (1,2) and ¢ = (—1,1) in two orthonormal spacelike directions,
with zero target-time components. Compute the full |z — w| power in V4V, and
the holomorphic weights of Vi, V;, Vi44. Submit bulk_ope_power, h_k, h_q and
h_sum.

. For a neutral one-scalar correlator with o’ = 2, charges (1, —1,2, —2) at (0, z, 1, c0),

compute the powers of |z| and |1 — x| after the standard infinity scaling. Submit
abs_x_power and abs_one_minus_x_power.

A primary on a 27 cylinder has (h, h) = (1/4,1/4) and ¢ = & = 1. Compute its
dimensionless energy and momentum and the identity-vacuum energy. Submit
energy, momentum and vacuum_energy.

. Take o’ = R = 1 and charges A = (1,0), B = (0,1). Find (h, h) for both and their

full-bulk mutual-monodromy exponent. Submit h_a, htilde_a, h_b, htilde_b
and mutual_monodromy. Explain in writing why this integer does not alone settle
the bare half-exchange.

. For a be pair at A = 2 and a commuting v pair at A = 3/2, compute their separate

central charges. Then compute total charges for flat bosonic D = 26 and RNS D =
10, and the respective transverse-coordinate counts. Submit c_bc, c_beta_gamma,
c_bosonic_total, c_rns_total, bosonic_transverse and rns_transverse.

Explain in writing why cor = 0 and Q% = 0 do not alone prove positive norm.
State the relative ghost-number-one complex and the free-time, unitary-spatial-
CFT and nonexceptional nonzero-momentum scope of the cited no-ghost compar-
ison. Explain why exceptional £ = 0 is outside the statement used here.

I1.2.9 Take-home message

Take-home message

A regulated free-boson contraction determines the singular products that give a vertex its
weight. Radial quantization turns that weight into cylinder energy, and current contours
turn simple poles into charges. Compact momentum and winding make locality an integer-
lattice condition, with a cocycle needed for the illustrated bosonic exchange. Ghost central
charges test the critical BRST construction; the positive physical spectrum rests on a
separate theorem with stated hypotheses.

29



Status and sources

Sections 2.2—2.3. The calculations use the stated Euclidean continuation, mostly-plus
target metric, string scale, and bulk normal ordering. The Gaussian OPE uses Tong
(2009, physical PDF pp. 74-75, 84-86, Secs. 4.1.3 and 4.3.1). Vertices, stress tensor
and primary weights use Tong (2009, physical PDF pp. 87-89, Sec. 4.3.3). The Wick
coefficients and four-point example are [MATH] under the Gaussian and infrared premises.
Target time is analytically continued.

Section 2.4. The Schwarzian, Virasoro and state—operator map follow Tong (2009,
physical PDF pp. 91-92, 99-102 and 106-110, Secs. 4.4-4.6). The oscillator and chirality
translation is given above. The central residue and cylinder example are [MATH]; fixed
noncompact momentum is delta normalized.

Section 2.5. Physical py,pr use Tong (2009, physical PDF pp. 206-208, Sec. 8.2).
The lattice locality and affine OPE use Ginsparg (1988, physical PDF pp. 54-57 and
69-70, Secs. 8.1 and 9.1), translated to this o’ and current basis. Spin, monodromy and
the cocycle identity are [MATH] locally. No full compact CFT or affine representation
classification is claimed.

Section 2.6. The distinct first-order systems and ordered OPEs use Polchinski (1994,
PDF pp. 2529, Sec. 1.6); the bc and RNS charge fixtures also use Tong (2009, physical
PDF pp. 121-125, Secs. 5.2-5.3) and Polchinski (1994, PDF p. 66, Sec. 2.6). The
polynomial and arithmetic are [MATH] for those fields. BRST nilpotence, the relative
complex and the nonexceptional no-ghost comparison are cited from Polchinski (1994,
PDF pp. 60-65, Secs. 2.5-2.6). They are not proved by the central-charge calculation;
exceptional zero-momentum cohomology and global superghost pictures are excluded.
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Chapter 11.3

Toroidal compactification,
T-duality, and Narain moduli

I1.3.1 A string can wrap a circle

A particle moving around a circle has quantized momentum. A closed string has a
second possibility: as its parameter o goes once around the string, its image can go
around the target circle several times. The string can carry momentum n and winding
w at once. Their energies respond oppositely to the radius. This simple observation is
the starting point for T-duality.

The distinction becomes useful when a compact direction is small. A particle with
nonzero momentum becomes heavy as the radius shrinks. A wound string instead
becomes light. The full string spectrum can therefore reorganize under an inverse radius,
provided its chiral oscillators and integer charges are transformed together. On a flat
torus the same idea acts on a lattice of momentum and winding charges. With an
isometry it also acts locally on metric, antisymmetric tensor and dilaton fields. Each
step needs a different argument.

We use the free closed-string conventions of Chapter 1 and the chiral operator
normalization of Chapter 2. The target metric is mostly plus, o’ > 0, and the worldsheet
coordinate obeys 0 < o < 27w. A physical circle coordinate has circumference 27 R.
Later we use a dimensionless angle of period 27; keeping these two coordinates distinct
is essential for the background-field rules. Figure II.3.1 fixes the positive winding
orientation.
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X increasing

AX =27wR
R PX:TL/R

w = +1 shown

Figure I1.3.1: The physical target coordinate X ~ X + 27 R increases in the arrow’s
direction. Increasing worldsheet o traces the image of the closed string. The drawing
shows w = +1; n labels momentum along the same positive target direction and can
have either sign. The target circle is not the worldsheet circle.

By the end of the chapter the reader can derive the two compact chiral momenta and
their level-matching sign, match states under radius inversion, calculate a non-diagonal
torus norm and its integer transformations, apply a local Buscher rule in physical units,
and identify when the required circle isometry is absent. The brane boundary-condition
dictionary of Chapter II1.8 and later circle reductions use precisely these distinctions.

I1.3.2 Closed strings on a circle

Why do momentum and winding enter different chiral sectors? Take a compact coordi-
nate X ~ X +27R, and let n, w € Z. Momentum is quantized because wavefunctions on
the target circle must be single-valued. Winding counts the change of a lifted coordinate
on the target line when o completes a period. With positive winding as in Figure I1.3.1,
the two integrals are

1 27 n 2

do X = = do X' = 2mrwR. (I1.3.1)

Py =
X 2o 0 R ’ 0

The kinetic action has coefficient 1/(4ma’), so the first integral is its canonical momentum.
Oscillators integrate to zero in both expressions. Write the zero mode as Xy = x+v7r+co.
The integrals determine its two slopes without a guess about chirality,

/

!/
an aRnT + wRo. (IL.3.2)

‘R’
The wave equation splits the field into functions of 7 + ¢ and 7 — . Define py, to
multiply the former and pg the latter,

v = c=wR, Xo=x+

/ /

Xo=a+ %pL(T +0)+ Spa(r — o). (IL.3.3)

Comparing the 7 and o coefficients gives two simultaneous equations, pr, + pr = 2n/R
and p;, — pr = 2wR/a’. Therefore

n  wR n  wR dnw
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The L and R labels here describe propagation directions, not the presence or absence of
a tilde in another notation. In Chapter 1 the 7+ o oscillators are tilded. Thus N, = N
and Nr = N in that chapter’s mode expansion. Chapter 2’s Euclidean map z = e™# 1%
makes the same L sector holomorphic. This translation prevents a common sign error
in level matching.

Let M? be the mass squared in the noncompact directions of the critical bosonic

string. The two physical-state conditions, each with intercept one, read

4 4
M? =pi + J(NL —1)=phr+—(Ng—1). (I1.3.5)

o
Subtracting the two sides and using (11.3.4) yields
Nr — N, = nw. (I1.3.6)
Adding the two mass-shell expressions instead yields

2 2 2
M? = % wa—f + %(NL + N —2). (I1.3.7)
The two positive zero-mode terms have direct meanings. The first is the Kaluza—Klein
momentum squared. The second is the mass squared of a wound string of length
27r|w|R and tension 1/(2mwa’), before the oscillator and intercept contributions. The
level equation is an additional constraint, so one must never choose levels independently
of (n,w).
For a numerical state set o/ =2, R=3,n=w =1, Ng =1 and N;, = 0. Then

1 3 11 1
PL=3737 % PRT3
The left shell gives 121/36 — 2 = 49/36; the right shell gives 49/36 + 0 = 49/36. The
equality of the two routes checks both the sign and the intercept. At fixed n a shrinking
circle raises the first term in (I1.3.7), while at fixed w it lowers the second. This is the
physical reason to seek an exchange of the two charges in the next section. Exercise 1
asks for the same four independently submitted quantities.

= Ng— Ny =nw=1. (11.3.8)

oo
|
I

11.3.3 Radius inversion and enhanced currents

Can a circle of radius R and a circle of a different radius describe the same string states?
Exchange integer momentum and winding while setting

n' = w, w' = n. (I1.3.9)

= —pg. (11.3.10)
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The map preserves nw and therefore preserves (I1.3.6). It also preserves the two
mass-shell equations when the oscillator levels are carried along unchanged. On the
worldsheet it leaves one compact chiral field in place and reflects the other. The radius
inversion is involutive, since applying it twice returns R, n,w. Figure I1.3.2 depicts the
same two charge families at reciprocal radii; the drawn circumferences alone do not
establish their worldsheet equivalence.

Figure I1.3.2: Two physical target circles at R and R’ = o’//R. The momentum family
(n,0) maps to the winding family (0,n). The arrows give the positive charge convention
on each circle; the right-moving compact field is reflected as in (I1.3.10). The illustration
compares charge families, not the sizes of their drawn loops.

The pure-momentum example makes the exchange visible. At o' = 2, R = 3,
(n,w) = (1,0) and Ny, = Ng = 1, both chiral momenta equal 1/3 and M? = 1/9.
The dual radius is 2/3 and the dual charge is (0,1). Its momenta are p;, = 1/3 and
pr = —1/3, while its wound contribution is (R'/a/)? = 1/9. In the mixed example
of the previous section, the same transformation takes (1,1) to itself and changes
(11/6,—17/6) to (11/6,7/6). Both shells still give 49/36. Exercise 2 isolates the pure-
charge calculation.

At R = v/ the circle is fixed by inversion. This radius has more massless states in
the critical bosonic theory. For (n,w) = (1,1),

2
pL:\/av pr =0,

The compact left vertex : ePLXL : has weight h = o/p? /4 = 1 in Chapter 2’s normal-
ization, while the right oscillator supplies the other unit of weight. The sign-reversed
left charge gives the conjugate current. Charges with n = —w instead give right chiral
currents. Together with i9X}, and i0Xg, these are the chiral SU(2);, x SU(2)g cur-
rents of this bosonic compact CFT. Their spacetime vector states are additional to the
generic-radius vectors.

The free-boson contraction from Chapter 2 shows why the new weight-one exponen-
tials close with the derivative current. In one chiral coordinate, take X, (z)X(0) ~
—a’In z/2 and use the same normal ordering as for the momentum vertices. Then

(N, Ng) = (0,1), M? =0. (I11.3.11)

L 2iXp ()Nl . —2iX,0)/Va . L 2iz 2
AL e L P (1 + —\/aaXL(O) +0(z%) ). (I1.3.12)

The leading power is z~2 because the two opposite charges have product —4/a’ in
the Gaussian contraction. The simple pole contains the derivative current. The same

34



contraction gives its charge action on either exponential:

%6)(,;(2') L eE2XLO)/Var :I:% L eE2XL(O)/Val (I1.3.13)
o

The derivative current’s own normalization is the same contraction,

) )
Vo T

The right chiral sector repeats the calculation with Xr. These local OPEs explain the
current enhancement at the self-dual radius; the extra spacetime vectors still require
the critical bosonic physical-state conditions used in (II.3.11).

This enhancement belongs to the critical bosonic example with its intercept and
tachyon. It is not a statement about the Type II spectrum; worldsheet fermions and
projections enter in Chapter 4. Even for the bosonic theory, the explicit spectral map
proves equality of these free state formulas, not the global identification of interacting
backgrounds. The full compact-boson worldsheet argument also accounts for oscillator
operators, winding sectors, periodic dual coordinates and holonomies. The bosonic
vacuum genus sum is formal because of tachyon divergence. These conditions matter
when the local transformation is used on curved backgrounds.

8XL(z) 8XL(0) ~ (11314)

222

I1.3.4 Toroidal charge lattices and Narain moduli

On a torus, how can a metric and an antisymmetric background change while integer
string charges remain meaningful? Use angles §° ~ 6 + 27, i = 1,...,d. In the
angular coordinate frame G;; and B;; have units of length squared. Set g = G/a/ and
b = B/d’, both dimensionless, with g symmetric positive and b antisymmetric. The
integer winding column w is the o slope of 8, while the momentum column n is the
integrated canonical momentum.

The antisymmetric term changes that canonical momentum. For constant back-
grounds the zero-mode relation is

n = gy + bw, fo =9~ (n — bw), 0 = w. (I1.3.15)

Thus n — bw, rather than n alone, is the kinetic covector. Choose the unique symmetric
positive square root g'/2 to express momenta in an orthonormal frame. Splitting the
zero mode into 7 + o gives

1

PL,R = \/a

The plus sign belongs to the 7 4+ o sector. Squaring the two vectors makes their sum
independent of the cross term and their difference independent of g and b,

[g_l/z(n —bw) £ gl/zw} . (I1.3.16)

2 2 —buw)\ToYn —b T !
pL;rpR _(n-bw)g (Z/ w) +wgw %(p%_pg)zzn%. (I1.3.17)
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Indeed w”bw = 0. The difference therefore retains the integer level-matching pairing
even as the positive norm varies continuously. For ¢ = (n,w)T, write this relation with
the split bilinear form

_ (0 I T o T
77_<Id O)’ g ng =2n"w € 27. (I1.3.18)

The form is even. Its determinant has magnitude one, so it is unimodular as an integral
form on Z2¢. These are direct properties of this specified lattice, not a derivation of the
general classification of toroidal CFTs.

The positive quadratic form can be made explicit in charge order (n,w),

2 2 —1 —1
/PL PR T (9 —g~b

Its off-diagonal signs follow by expanding (n — bw)? ¢g~!(n — bw). This matrix will also

fix the signs of a factorized duality on a non-diagonal torus. Merely matching a source’s

field symbols is unsafe unless its charge order and dual-coordinate orientation agree.
Take the positive, non-diagonal example

;L (41 ({0 1 e (1
o =2, g—<1 3>, b—(; K n={,) w=1{,) (I1.3.20)

The leading principal minors 4 and 11 show g > 0. Here bw = (1,—1/2)T, so n — bw =

(1,3/2)T. Since g=' = L (? '), the two terms in the norm are
9 74+ph 229
(n—bw) g™ (n —bw) = 1T w’ gw = 20, ‘T% =55 nTw = 4.
(I1.3.21)

The nonzero b matters numerically: replacing n — bw by n would change the first term.
This is the state used in Exercise 3.
An integral antisymmetric matrix K acts by

V=b+K, n' =n+ Kuw, w' = w. (I1.3.22)

The kinetic covector is unchanged, n’ — b'w’ = n — bw, and n'"w’ = nTw + W KTw =
nTw. The triangular charge matrix has determinant one and obeys MEnMg = 7.
With Ko =1 in (I1.3.20), Kw = (2,—1)T, so n’ = (4,0)T and b}, = 3/2. Both values
in (I1.3.21) stay fixed. For nonintegral K, the same real algebra can hold, but n + Kw
fails to be integral for some allowed w. It therefore fails as a map of the whole integer

charge lattice. Figure I1.3.3 marks this distinction.
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n=(2,1) n'=(40)

w = (1,2) fixed

ni

Figure 11.3.3: The drawing projects the four-dimensional integer (n,w) charge lattice
onto (ny,w?); the full shift also changes ny. The full lattice carries the even pairing
¢"ng = 2n - w. An antisymmetric integral B shift shears the momentum labels by Kw
while leaving w fixed. The displayed T state changes n = (2,1) to (4,0) for K12 =1. A
real shear with a nonintegral entry would miss lattice points for some winding charges.

There is another kind of integral identification that changes the angular basis rather
than the antisymmetric period. Let U € GL(d, Z) have determinant 1 and set 8’ = U6.
An integer inverse is essential: it maps the full 27-periodic angle lattice bijectively to
itself. The winding and momentum columns transform oppositely because momentum
is a covector,

w=Uw, n'=U"Tn ¢=UTqu™t, V=UToU""' (11.3.23)
Consequently

n' —vw =U""(n—bw),
(n' =W (¢") 10 = Vw') = (n—bw) g~ (n — bw), (I1.3.24)

()T = nTw.

The winding norm is likewise unchanged. This is a coordinate relabelling of the same
flat torus; its integrality is a stronger condition than invertibility over the real numbers.

For a concrete shear of the running 72 example, choose U = (1) The transformed
data are

;o 4 -3 /_1 ’r_ 2 ’_ 3
9—(3 5>7 2= 5 n—(l, w' = () (I1.3.25)

Now b'w’ = (1,-3/2)" and n' — b'w’ = (1,1/2). The inverse metric is - (3 }), so the
kinetic term is 9/11. The winding term is still 20, and (n/)Tw’ =2-3 —1-2 = 4. This
reproduces the norm 229/22 by a transformation distinct from the B shift.

For the first-circle exchange in charge order (n,w), swap n; and w! with positive
signs, leaving spectator charges in place. Requiring (11.3.19) to be invariant for every
real charge determines the transformed fields. With g = (3 ¥), b12 =t and > 0, the
result is
g1="y G12=—", G =2— 27t27 b/12:*y

x x

(11.3.26)
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The full momentum block, including the spectator momentum, is needed to recover ¢’.
In a non-diagonal metric the coefficient of (n/)? belongs to (¢')~! and is generally not
1/91;-

The coefficient comparison can be followed without a formal group action. Set
A = 2z —y? > 0 and write the zero-mode numerator before dividing by . Direct
inversion of g gives

o PLHPR _ 2 = tw?)? — 2y(ny — tw?)(ng + tw') + 2(ns + tw')?
5 A (I1.3.27)
+ z(wh)? + 2ywtw? + z(w?)?.

Exchange n; and w', leaving ns, w? fixed. The terms quadratic in the new momentum
column n’ = (n},n5)T give the entire inverse metric block,

N1l (A2t , 11 —t
W =5 (370 ) =1 (L ae) we

Here the z(n})? winding term in (I1.3.27) supplies the A in the first entry of (¢’)~*.
Inverting this full 2 x 2 block gives g}, = 1/z, whereas (¢');]' = z(A +t)/A. To
identify the antisymmetric field, write b}, = s. The coefficient of nbw’! in the exchanged
polynomial is —2y/A; in (n' — bw)T(¢")" (n' — Vw') it is 25(g')5y = 2s2/A. Thus
s = —y/x. The remaining quadratic coefficients then reproduce (II.3.26) for every
charge. Since the exchanged full quadratic form is positive, its momentum block and
the recovered g’ remain positive.

For the numerical T2 above,

/ i —5 / 1 / 1 , 2
g=\"11 ) b=-7 n = y W= . (I1.3.29)
s 16 1 2

The positive exchange acts on the first entries of both charge columns. Substitution
into (I1.3.17) again gives 229/22 and n’Tw’ = 4. Applying the transformation a second
time restores the original fields and charges. The unreflected GPR chart instead has
positive mixed components ¢}, = t/x, bjy = y/x. Its first dual output angle is opposite
to the angle used here. Its first transformed momentum and winding are —w® and
—n;. Feeding our positive exchanged charges into those unreflected fields gives 163/22
for this example, which exposes the chart mismatch. Reflecting the first output angle
changes both mixed components and both first charges, recovering (I1.3.29). The local
background-field version of this reflection appears in the next section.

For clarity, the transformed kinetic covector and inverse metric are

n' —bw' = G’g) ()= % <425 i) : (11.3.30)

Their quadratic product is 421/44, while (w')T g'w’ = 45/4. The sum is 229/11 before
the factor 1/a/ = 1/2. This independent evaluation matters because a mixed sign error
can leave the radius inversion intact while breaking the non-diagonal example.

For positive Gaussian torus theories the continuous backgrounds form a local
O(d,d;R)/(0O(d) x O(d)) parameter space. Integral B shifts, integer angular basis
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changes and factorized exchanges provide discrete identifications in the full toroidal
CFT classification. The positive-Gaussian lattice/coset classification is a sourced
mathematical statement; the discrete full-worldsheet identification is separately sourced.
Our finite examples establish only the displayed maps. Equality of the zero-mode
norm is necessary for a CFT identification but cannot by itself identify all operators,
amplitudes and global sectors. Chapter IV.4 develops the broader integral-lattice tools;
no heterotic gauge-lattice classification is attempted here.

The parameter count explains why both g and b appear in this space. A symmetric
d x d matrix has d(d+1)/2 independent entries, and an antisymmetric one has d(d—1)/2.

d(d+1)  d(d—1)
> T 2

=d> (11.3.31)

For d = 2 these are three metric entries and one antisymmetric entry. Positivity restricts
the metric to an open region rather than removing a local parameter. The Gaussian
torus classification identifies a local family with this dimension; obtaining its global
quotient requires the discrete CFT identifications, beyond this count.

I1.3.5 Background fields and local Buscher rules

What becomes of a circle that is fibered over another coordinate? First fix units. Let
0 ~ 0 + 27 be dimensionless and set the physical circumference coordinate X = R#f, so
X ~ X +2nR. The angular-frame component is Ggg = R? with units of length squared.
A dual angle 0 also has period 27; its physical coordinate is X=FR 9 where R’ = ao//R
in the flat circle limit. Thus the angular dual metric is o’/ R?, while a formula written
for length coordinates cannot be copied into it without the corresponding powers of /.

Ordinary local gauging requires a circle Killing vector k = dy. It must preserve the
metric, the three-form H = dB, and the dilaton; locally £ B may be a gauge-exact
form. In a suitable local gauge these fields are independent of . The gauged worldsheet
action replaces derivatives of 8 by a gauge field and adds a periodic multiplier imposing
its flatness. Integrating the multiplier or the gauge field gives different local descriptions.
Their identification on a worldsheet with cycles also requires the multiplier period
and gauge holonomies. The field components below are the local output, while the
functional measure supplies a separate dilaton shift.

A flat worldsheet gauge field illustrates the global point without a curved target.
On a worldsheet cylinder with periodic o, set a = a,do with constant a,. Its curvature
is zero, yet

da =0, 7{ a =2ma,. (I1.3.32)

A single-valued small gauge transformation cannot remove an arbitrary holonomy.
Integrating a nonperiodic multiplier would only impose the local flatness equation and
would miss the correct sum over compact sectors. The worldsheet argument includes
the multiplier period and the gauge-field holonomies; the component substitutions that
follow do not reproduce that global step. This is why agreement of local metrics and
spectra is not, by itself, an equality of complete worldsheet theories.
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In the present Lorentzian convention the antisymmetric action gives canonical
momentum n = gf + bf’ for constant torus data. With 7 = —irp, its Euclidean
antisymmetric term has negative ¢ relative to the real integrand. The GPR chart
z = (1 +i0)/V/2 and (g + b)d90 gives the opposite i sign. Conjugating that complex
chart transposes g + b, and the multiplier orientation must change with the output
dual coordinate. The convention used here chooses positive charge exchange ng = w?
and @W? = ng. It is the reflected output coordinate poox = —O0apr. Consequently the
unreflected GPR positive mixed-field signs pair with negative first exchanged charges,
as the numerical T2 check showed. This is a coordinate and charge translation, not a
physical disagreement between the rules.

For a circle index 6 and a base index a, the book-chart local relations in angular
length-squared units include

12

b
Gog

~ O/Gga
Goa = — By =-— . 11.3.33
¢ Gog ¢ Goo ( )

660 =

The first formula reproduces R’ = o’/R. The second and third are the reflected versions

that implement positive first-charge exchange. For By, = 0, the remaining base metric

is the Schur complement

GoaGon
Goo

These equations are local field relations, with gauge choices and patching still to be
specified if the fibration is global.
Take one base coordinate x, h > 0, and a circle fibration with f-independent R, A, h,

éab = Gab -

(11.3.34)

ds* = R*(d0 + Adx)*+hdz?,  B=0, (Goo, Gow, Grz) = (R?, R*A, R*A? + 1),

(11.3.35)
The base component contains a square of the connection. Substituting these three
entries into (11.3.33) and (I1.3.34) cancels it,

0/2 (R2A) 2

Gog = L Gor =0, Gupp=R*A>+h— =D By, = —a’A. (11.3.36)

The geometric connection has become an antisymmetric potential. In this one-coordinate
base, A(z) dx has zero exterior derivative for any smooth A(x), since de Adx = 0. Thus
the local dual H = dB also vanishes in this two-coordinate example. On a base with
at least two coordinates and a connection one-form A = A;(z)dx?, the same local rule
gives B = —a/df A A and hence

H=dB =d'df A dA. (11.3.37)

Only a nonzero connection curvature dA gives this local three-form contribution. A
constant A gives a locally constant B and H = 0; possible flat holonomy is global
information, not local flux. Figure I1.3.4 shows the exchange of mixed components with
the orientation fixed.
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R%(df + Adz)? R2d6? + hda?

00 =00

Goo = R?A By =—a'A

Figure I1.3.4: Locally the physical circle X = Rf is fibered over x with connection
Adz. In the reflected book output chart the dual angle has period 27, the mixed
metric vanishes and ng = —ad’A. For constant A the drawing does not represent H

flux. Increasing 6 in the input and increasing 0 in the output point upward; x increases
rightward in both.

The dilaton changes because the gauge-field integral has a measure. Writing the
physical dilaton coupling as +®R(?) /(47) and GPR’s curvature coupling as —pR?) /(8)
gives ¢ = —2®. Its logarithm uses the dimensionless angular component ggg = R?/c’.
The resulting physical shift is

2 ~ /
o= <I>771nR —o-m- gs _ Vo'
o Va! gs R

Hamiltonian covariance alone does not derive this functional-measure statement. The
logarithm cannot contain R without a reference length. Its argument is the dimensionless
ratio fixed by the angular metric.

For o/ =2, R =3, A=1/2 and h = 5, the original angular metric has entries
(9,9/2,29/4) and determinant 9(29/4) — (9/2)% = 45. The dual entries and determinant
are

(11.3.38)

(Goo, Gos Gy Bow) = (4,0,5,—1) C deGoN 8 V2 (I1.3.39)
9 9 gs 3
Both metrics are positive. The constant dual B has zero local three-form strength.
Exercise 4 asks for each component, the determinant and the coupling ratio. The
D-brane map of Chapter II1.8 uses this circle operation on boundary conditions; it
requires more than these closed-string field components.

Two neighboring inputs test the orientation and the role of the connection. If A =0
with the same R,h,o’, the original metric is diagonal, and the dual has the same
diagonal entries (4/9,5) as above but By, = 0. Changing only the sign to A = —1/2
changes the original mixed metric component to —9/2 while leaving G, = 29/4. The
dual metric stays diagonal with entries (4/9,5), and

A=0: By, =0, A=+1: By, =1, A=—1: By, =+1. (113.40)

The sign follows the reflected output coordinate, whereas the base Schur complement
depends on A? and is insensitive to that reversal. These three backgrounds fix the local
sign relation; they do not establish global equivalence for a nontrivial circle bundle.
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I1.3.6  Localized sources and the limit of geometry

When is the local circle rule unavailable? A circle coordinate can be periodic without
generating a symmetry of the background. The gauging step requires LG =0, L H =0
and k#0,® = 0 for k = 0y, with the stated local B gauge condition. A localized source
can retain explicit 6 dependence, even if the transverse topology includes a circle. Then
k is not a Killing vector of that field configuration.

An illustrative pair of functions makes this premise test concrete. Let r > 0, R > 0,
ho >0, Q > 0, and take |¢| small enough that both profiles remain positive,

Hy(r) = ho + %7 Hy(r,0) = Hy(r) + ce "/ B cosh. (I1.3.41)

The first function has no angular dependence. The second satisfies
OpH, =0,  OpHy= —ee "/ Fsing. (11.3.42)

For nonzero ¢, the latter derivative is nonzero at generic angles. If such a function
controls a metric or flux component, the corresponding Lie derivative also fails to vanish.
Averaging over the circle gives

1 2

5= | He(r,0)d0 = Hy(r), (11.3.43)
2w Jo

which deletes the angular harmonic rather than dualizing it. This is why a smeared
zero-mode approximation can admit an ordinary Buscher description while the localized
background does not admit the same gauging step. The functions in (I1.3.41) are only
a transparent symmetry example. They are not an exact localized NS5 solution and do
not exclude every other notion of duality.

To see which tensor premise fails, use either positive function merely as the coefficient
of dr? in a local illustrative metric. For k = 0y, the radial component of its Lie derivative
is

Grr = Hy(1,0) = (LxQ)pr = 0pGrp = —ee "/ Fsing. (I1.3.44)

The same construction with G, = H,(r) has a vanishing radial Lie derivative. No
coordinate periodicity can set the nonzero expression in (11.3.44) to zero. Figure I1.3.5
draws both profiles at the same fixed r. In the right panel the angular average is still
H,, but the values at §# = 0 and § = 7 differ by 2ee~"/%; the missing information is
precisely the angular harmonic removed by smearing.
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H

isometric

H,(r)

Figure I1.3.5: At the same fixed r, the left angular profile is constant and admits the
displayed k = 9y symmetry. The right profile differs by ee~"/% cosf, so a shift of §
changes it for € # 0. Both horizontal axes run through one period 0 < 6 < 27. The
curves illustrate a symmetry premise, not exact NS5 solutions.

The distinction persists even when an angular average matches a coefficient in an
effective geometry. An average is a map from functions of (r,8) to functions of r; it
has a nontrivial kernel containing the cos§ harmonic. A Buscher transformation of the
averaged background therefore cannot reconstruct the original angle-dependent coeffi-
cient. One may use the averaged isometric background as a controlled approximation,
but its dual describes the approximating input.

For an actual NS5 or KK configuration, global patching, quantized flux, circle fixed
points and the string worldsheet are additional questions. The local rules above do not
determine those data. This boundary matters in later fivebrane constructions: using an
isometric zero mode can give a controlled geometric dictionary, while restoring localized
angular data requires a separate analysis. Chapter 8 introduces the supergravity
approximation; Chapter 10 applies it to the NS5 exterior and its limits. Chapter I11.8
develops the brane boundary dictionary under T-duality. Exercise 5 asks for a written
explanation of the failed premise rather than a numerical answer.

11.3.7 Exercises

The first four questions have exact numerical submissions in the chapter’s reader
companion. Use numerical JSON values for fractions and the declared field names.
These submissions check the numbers; the requested explanations are written work and
are not numerically graded. The fifth question calls for a written physical argument.

1. At =2, R=3,n=w=1and Ng = 1,N; = 0, derive p;,pr from the
momentum and winding integrals. Calculate M? from both chiral shells and
submit the level defect Ng — Np — nw. Explain which sign would fail if the left
sector were identified with the wrong chiral coordinate.

2. At o’ =2, R=3, (n,w) =(1,0) and Ng = N = 1, perform the positive charge
exchange. Submit the dual radius, both integer dual charges, both dual chiral
momenta and the dual mass squared. Explain why the right chiral momentum
changes sign.

3. For o/ = 2 and the T? background g = (11), b1 = 1/2, n = (2,1), w = (1,2),
calculate (p? + p%)/2 and n - w. Then apply the integer shift bio — b1 + 1.
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Submit the shifted n, new by and both invariants. Show the intermediate kinetic
covector.

4. Let 6,z each have period 27, o’ = 2, and ds* = 9(dfl + 3dz)* 4 5dz* with B = 0.
In the book dual chart with positive ng <> w , submit the angular components
G@g, Gew, Gm7 B@w, the ratio gs/gs, and detG Explain why constant B is not
nonzero H flux.

5. Consider an NS5 background whose transverse fields depend explicitly on an
angular coordinate #. State which condition needed for ordinary circle gauging
fails. Explain what the angular average retains and loses, and why a local smeared
calculation does not establish an exact localized dual. Give a written answer; this
question has no numerical grading contract.

I1.3.8 Take-home message

Take-home message

A closed string carries integer momentum and winding. Their chiral combination fixes the
level equation Ng — Np = nw, and exchanging the charges at R’ = o’/R preserves the
free spectrum while reflecting the right-moving compact field. On a flat torus the kinetic
momentum is n — bw; integral transformations preserve its lattice and positive norm. A
local isometric circle fibration trades its mixed metric for a B potential and shifts the
dilaton through the worldsheet measure. The full toroidal CFT identification and the
local Buscher procedure have global and source-dependent hypotheses. Periodicity of a
coordinate alone does not provide the isometry required to gauge it.

Status and sources

Section 1. The distinction between the physical target circle and the closed worldsheet
circle, and the opposite radius dependence of momentum and winding, are introductory
[WS] statements following Tong (2009, physical PDF pp. 207-208, printed pp. 200201,
Sec. 8.2). The target metric is mostly plus, and the tension is as defined in the chapter.
Section 2. The compact chirality and positive-winding conventions are the physical
circle and charge conventions stated above. Momentum and winding integrals, the
two shell equations and their level sign are [WS] statements in the critical bosonic free
theory, with Tong (2009, physical PDF pp. 207208, printed pp. 200-201, Sec. 8.2,
egs. (8.4)—(8.6)) and Polchinski (1994, physical PDF pp. 82-84, printed pp. 82-84,
Sec. 3.2). The o = 2 substitution is [MATH] under those conditions. The mode-label
translation follows the chapter conventions of I1.1 and II.2; it does not identify chiral
sectors by typography alone.

Section 3. The radius map and self-dual bosonic currents are [WS] at the free critical-
bosonic scope, following Tong (2009, physical PDF pp. 210-214, printed pp. 203—207,
Secs. 8.2.3-8.3), Johnson (2000, physical PDF pp. 52-53, printed pp. 52-53, Sec. 3.3) and
Polchinski (1994, physical PDF p. 84, printed p. 84, Sec. 3.2, egs. (3.2.11)—(3.2.12), and
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physical PDF pp. 85-87, printed pp. 85-87, Sec. 3.3). The finite state comparisons and
local free-boson OPE are [MATH]; the full operator and global-holonomy identification
is sourced [WS], not obtained from those comparisons. The genus statement is formal in
the bosonic theory because its tachyon makes the vacuum expression divergent Giveon
et al. (1994, physical PDF p. 18, printed p. 18, discussion before Sec. 2.4). No Type 1T
enhancement is inferred.

Section 4. The positive Gaussian torus, dimensionless angular g, b, canonical momen-
tum and lattice/coset statements follow Giveon et al. (1994, physical PDF pp. 18-24,
printed pp. 18-24, Sec. 2.4, egs. (2.4.1)—(2.4.29)) and the charge-order translation. The
displayed norm, even unimodular form, integral shift, integer-basis shear and two-torus
arithmetic are [MATH] in that scope. The general local lattice/coset classification is
sourced [MATH] under the positive Gaussian hypotheses. The discrete identification of
full toroidal worldsheet CF'Ts is separately sourced [WS]. Neither statement is established
by the finite checks.

Section 5. Local Abelian gauging requires the Killing, H/B gauge, dilaton, period
and holonomy conditions described by Giveon et al. (1994, physical PDF pp. 87—
90, printed pp. 87-90, Sec. 4.1, egs. (4.1.1)—(4.1.15)) and Tong (2009, physical PDF
pp. 212-214, printed pp. 205-207, Sec. 8.3). The reflected mixed-component chart
and physical/angular conversion are the [MATH] translation of Giveon et al. (1994,
physical PDF pp. 88-89, printed pp. 88-89, eqs. (4.1.9)—(4.1.10)) and Johnson (2000,
physical PDF p. 54, printed p. 54, egs. (139)-(140)). The measure-induced dilaton shift
is sourced [WS]; Hamiltonian algebra does not prove it. The flat-cylinder holonomy,
numerical fibration, A = 0 and sign-reversal cases, and local dB = o/df A dA relation
are [MATH] under the stated hypotheses. The original Buscher journal articles were not
read; no claim is attributed to their pages.

Section 6. The local isometry premise follows Giveon et al. (1994, physical PDF
pp. 87-88, printed pp. 87-88, Sec. 4.1, eqs. (4.1.3)—(4.1.6)). Differentiation and angular
averaging of the illustrative functions are [MATH]. They are not an exact localized NS5
background or a general obstruction theorem.

Section 7. Exercises 1-4 ask for [MATH] consequences of the scoped [WS] inputs in
Sections 2-5; Exercise 5 asks for written interpretation of the sourced isometry premise
in Section 6. Numerical grading does not certify a physical premise.

Section 8. The take-home message summarizes the scoped [WS] and [MATH] statements
above. The original Narain journal article was not read; the general torus statement is
attributed only to the author review cited in Section 4.
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Chapter 11.4

RNS superstrings, GSO
projection, type I1IA /TIB
spectra

I1.4.1 A fermion on the string

The bosonic string of Chapter 1 has transverse oscillations but no spacetime fermions.
Its open-string ground state is also tachyonic. Adding a fermion to the two-dimensional
worldsheet changes both features: its boundary condition determines whether a target-
space spinor can appear, and its vacuum energy shifts the first physical level. We will
follow one open string from boundary signs to its first vector and spinor, then tensor
two chiral copies to obtain the massless type-II fields. The resulting Ramond-Ramond
fields supply the potentials to which the branes of Chapter ITI.1 couple.

The setting is the flat critical RNS string in ten-dimensional mostly-plus Minkowski
space. We use the open strip 0 < ¢ < 7, with time 7, and the same o’ and oscillator
mass normalization as Chapter 1. A light-cone count uses eight transverse bosons and
eight transverse real fermions. This physical-state reduction is an input of the critical
RNS theory; counting these oscillators does not establish the full no-ghost theorem.
The Ramond spinor argument below always has a nonzero null momentum.

By the end of the chapter the reader can derive NS and R mode sets and vacuum
energies, implement the specified first-level GSO selection, translate a covariant Dirac
condition into a transverse chirality, count the massless IIA and IIB sectors, and map
RR form degree to electric source dimension. Chapter 5 will combine chiral sectors
differently; Chapter 8 and Chapter I11.1 use the bulk fields and brane couplings obtained
here.
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I1.4.2 Boundary signs make two fermion sectors

How can a field living on a strip know whether its ground state is a spinor? Introduce
the real worldsheet fermions %’ and 9" . Their free equations propagate in opposite
worldsheet directions, while the boundary term in the first-order action requires the
two to agree up to a sign at an endpoint. Choose the sign at ¢ = 0 to be plus; its
simultaneous reversal at both ends is a field redefinition. The remaining relative sign
n = %1 is physical:

i (7,0) = ¥* (7,0), P (r,m) = nt (1, 7). (I1.4.1)

The flat RNS matter action contains a first-order fermion kinetic term. Suppressing an
overall normalization that does not affect the mode lattice, its structure is

SF 0.8 /dT do (l’ll)f . &rw, + ’Lw+ . ({97'(/}+), aj: = 87— + 86. (1142)

The equations d;1— = 0 and d_v4 = 0 give " (1,0) = f*(1 — o) and Y/ (1,0) =
g (t+0). At o =0, fH(t) = g*(t); at o =7, g*(t + m) = nf*(t — m). Substituting the
first relation into the second, with u =t — 7, gives g*(u + 27) = ng*(u). Thus the two
endpoint conditions determine the monodromy of one chiral wave, rather than imposing
periodicity on either strip field separately.

To display the reflection, let s run from 0 to 27 at fixed 7, and set u = 7+ s. Define
the doubled wave by W#(7+s) = ¢! (7, s) for 0 < s < 7 and V" (7 +5) = n” (1,27 — )
for 1 < s < 2. The two branches agree at s = 7w by the second endpoint condition. At
s = 2 the first endpoint condition gives U (u + 27) = n¥H(u), or

UH(u+ 27m) = n U (u), n=+1R), n=-1(NS). (I1.4.3)

The Ramond sector is periodic on the doubled open strip; the Neveu—Schwarz sector is
antiperiodic there. Closed strings instead have independent left and right spin-structure
choices. Figure I1.4.1 shows the reflected segment and its endpoint identifications.

T¢+ e Ve =10 U(s+ 2m) =n¥(s)

open strip reflect ¥ on doubled interval

o 1 1 b s
| 0 T 0 ™ 27
n=+1:R n=-—1:NS

Figure I1.4.1: The open strip has time 7 upward and o to the right. The signs at 0 and
7 identify the two chiral fermions. Reflection across the endpoints gives one doubled
coordinate s € [0,27]; 7 = +1 closes the fermion periodically (R), whereas n = —1
reverses it (NS). This is a worldsheet boundary statement, not a claim about every
closed-string sector.
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A Fourier wave in the chiral argument u = 7 + s transported around the doubled
interval acquires e~2™" = 5. Thus periodic and antiperiodic boundary data give
different mode lattices:

Uh(u) =Y ¢le™,  reZ(R), reZ+} (NS). (I1.4.4)

With the standard free-field normalization the modes obey

{0y = 0" 0rrs0, {0600 =7 (R). (11.4.5)

The NS set begins at |r| = 1/2, so its vacuum has no fermionic zero-mode degeneracy.
The R set includes r = 0. Identifying 5 = T'*/ V2 turns its zero-mode algebra into
{T#,T"} = 2n*¥, the ten-dimensional Clifford algebra. A target spinor is therefore
already present before one excites a positive-energy oscillator. For a concrete comparison,
the first NS creation modes are W_l /25 each raising the transverse level by 1/2, whereas

the first nonzero R creation modes ¢ | raise it by 1. The R zero modes change the
ground-state spin index without changing its level.

For r > 0, the vacuum condition is %|0) = 0. A negative mode creates a quantum;
applying the same component twice vanishes because {4 ., 9" } =0 for r # 0. The
R zero modes instead form a nondegenerate Clifford algebra. In ten dimensions its
covariant complex Dirac module and chiral halves have

dim S = 2'9/2 = 32, dim S, = 16. (I1.4.6)

These numbers precede the massless physical equation. Neither sixteen-dimensional
chirality space should be identified with the final eight polarizations until the null Dirac
reduction is performed.

This step connects the chiral free-field language of Chapter 2 to target spin. Period-
icity by itself gives a Clifford module; the physical Dirac condition and GSO choice will
reduce it. In particular, reading “periodic” as a guarantee that all 32 covariant spinor
components propagate would miss both reductions.

I1.4.3 Vacuum energies and first massless levels

Which level can be massless after adding eight fermions? The answer must use the zero-
point contribution of the same transverse modes whose excitations we count. Let Ey be
that regularized oscillator energy and define the intercept a = —Ej in the unstretched
open-string equation

oM?*=N —a=N + E. (11.4.7)

This definition fixes the sign. A negative NS vacuum energy means a positive intercept,
even if a source uses a different shorthand for its normal-ordering constant. We use zeta
regularization of the oscillator sums, not a claim that their unregulated sums converge.

For one transverse boson the ground energy is one half of the positive integer
frequency sum. For one real NS fermion, anticommutation reverses the zero-point sign
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and its frequencies are positive half-integers. The Hurwitz values {(—1) = —1/12 and
C(—1,1/2) = 1/24 give

1 1 1 1
E :f§ = - — E == § - . 11.4.8
B 5 n o1 F,NS B r 48 ( )
n=1 r=1/2,3/2,...

I

The hat marks regulated equality. In the R sector the positive fermionic frequencies are
integers; the zero modes contribute no frequency. Hence

1 1 1
Epgr=—= = 4+ — E =—-——, FE =0. 11.4.9
FR 5 nz::l n= + 51’ B+F.NS 6 Ep+rr ( )
The cancellation in the R pair is mode by mode after the compatible regularization; it
is not obtained by inserting the bosonic-string intercept from Chapter 1.

The half-integer sum can be recovered from the Hurwitz relation ((s,1/2) = (2° —

1)¢(s). At s = —1 it yields

¢(~1,1/2) = G - 1) <—112> = i, Epns = —%C(—l, 1/2). (11.4.10)

This is analytic continuation of the oscillator sum. Rearranging an ordinary divergent
series would not establish it. The NS and R results differ because their positive mode
lattices differ, while their fermionic zero-point sign is the same.

There are D — 2 physical pairs in this light-cone count. Multiplication by eight in
the critical D = 10 theory gives

8 1
Eyns = g Ty ONs= +§,

Thus the bare NS ground state has o/ M? = —1/2 and the first W;UQ state has N = 1/2
and M? = 0. The R ground state has N = 0 and is also massless. It is still subject to
its Dirac condition. Figure I1.4.2 keeps levels and masses distinct so that discarding a
state cannot be mistaken for shifting its mass.

E()’R = 0, aRrR = 0. (11.4.11)

N NS N R
N=1% M?*=0
N =0, «’M? T/_% |A)p: N=0, M>=0
A —
32 20 96 959 g
p#0, p2=0

Figure 11.4.2: First open-string levels at ten-dimensional criticality. The NS bare
vacuum has N = 0 and o/ M? = —1/2; the one-fermion state has N = 1/2 and M? = 0.
The R ground state has N = M? = 0. Crossing out the NS vacuum depicts the stated
GSO parity choice, not a change of its intercept. For nonzero null p, p is a nonzero
rank-16 operator and pu = 0 leaves a 16-state kernel. The R GSO arrow then selects
one chirality from that kernel.
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As a check that the number —1/2 has a physical origin, repeat the calculation with
four transverse pairs. The same sums give

Eons(4) =4 <1 — 1) = 1 ans(4) = i, Eor(4) =0. (11.4.12)
At that pair count, the first half-integer excitation would have o/ M? = 1/2—1/4 = 1/4,
not zero. This arithmetic is a diagnostic of the ten-dimensional balance; it does not
define a consistent critical four-pair RNS theory. Exercise 1 repeats the actual critical
calculation with submitted values. The massless NS vector and R spinor can now be
compared only after specifying which states survive the projection.

The critical dimension has an independent worldsheet diagnostic. A free boson
contributes chiral central charge one, and a real Majorana fermion contributes one half.
The reparametrization and superconformal ghosts contribute —26 and +11. Thus

D 3
Crot = D + 5~ 26+ 11 = §(D —10). (11.4.13)
At D = 10 this anomaly vanishes. This connects the eight-pair light-cone calculation to
Chapter 2’s conformal central-charge count. It does not prove all physical-state and

modular properties. The four-pair arithmetic example also changes this anomaly and
so is not a second critical model.

I1.4.4 GSO selection and the physical Ramond spinor

How do we retain the first NS vector without retaining its tachyonic vacuum? Assign

the NS bare vacuum (—1)¥ = —1 and let every fermionic creation oscillator flip that
sign. Projecting onto (—1)F = +1 gives
(=D [0)ws = —[0)ws,  (=1)F%", j5[0)ns = ¢ 5|0)ws- (IL.4.14)

Two fermionic creation operators restore the odd sign. The first retained NS level
therefore has eight transverse vector polarizations, 8,. The higher spectrum needs its
own physical constraints; the first-level parity test is only a local part of the GSO
construction.

The R ground state begins with a 32-component covariant Dirac module. Its physical
zero-mode condition is a massless Dirac equation. The index placement matters: with
mostly-plus metric choose the native contravariant nonzero null ray

p* =(E,—FE,0,...,0), E#0,
Pu = (_E?_ana"'ao)v (11415)
p=p,J"=—-ET°+T").
Multiplication by I'Y converts the kernel equation into an eigenvalue equation. Since
(I'%)?2 = —1 and (I'')? = +1,
1+1o1!

plu)y =0 <= (1 -T°THu) =0, Ponys = B)

(11.4.16)
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The involution I'’T'! has equally large positive and negative eigenspaces, so this nonzero-
momentum kernel is 16-dimensional. At p = 0 the Dirac operator vanishes and its
kernel is 32-dimensional; the above rank argument must not be reused there. This is a
state-count at generic massless momentum, not a statement about a zero-momentum
gauge or collective mode.

One can verify the rank without choosing explicit gamma matrices. The Clifford
algebra gives (I'°T'!)? = 1, and conjugation by I'’ changes the sign of I'°T'!| so its trace
vanishes. Therefore

Plys = Ponys:  tr Popys = %m = 16. (I1.4.17)
This confirms the physical kernel dimension for £ # 0. At E = 0 the operator A
vanishes, and the displayed projector is no longer equivalent to the Dirac equation.

To relate the sixteen states to ten-dimensional chirality, order the transverse planes
as (2,3),(4,5),(6,7),(8,9) and define their spin weights by

4
28; = —iDZT%HL (1 =1,2,3,4), 28; = +1, w = T]2S). (I1.4.18)
=1

Using the ten-dimensional ordered Clifford product, rather than just the names 85 and
8¢, yields
Iy =TT . T =T°THYw, Tu|, =W (11.4.19)

phys

There are (é) + (3) + (i) = 8 weight assignments with an even number of minus signs,
W = +1, and (‘11) + (é) = 8 with W = —1. In this local naming they are 8, and 8.. On
our selected ray the even-minus 8, has positive ten-dimensional chirality. A Ramond
GSO chirality choice retains one of these eight-dimensional physical spaces. The usual
positive choice therefore pairs with the eight NS vector states at this massless level.

For example, (+,+,+,4), (-, —, +,+) and (—, —, —, —) all have W = +1, whereas
(—,+,+,+) has W = —1. Flipping one chosen sign pairs every even-minus assignment
with an odd-minus assignment. In the native frame the physical sequence of dimensions
is

Pu=0, E#0 Tii=+1
/7

32 16 =8, @8, ~1 =14, 8. (I1.4.20)

The first arrow imposes the massless physical-state equation; the second chooses one
chirality. This order exposes the connection between transverse weights and ten-
dimensional chirality.

The opposite null ray provides a useful sign control. For p* = (F, E,0,...) one has
py = (—E,E,0,...) and p= E(-I'"+T"), which selects [’T'" = —1. A source using
this ray may instead write T'yI';y = +1: indeed Iy = —I'° and I'; =T'*. ThenT'y; = -W
on that ray. The label 8 alone cannot determine ten-dimensional chirality until the
ray, index placement and ordered planes are fixed. It also cannot determine the sign of
an RR Hodge constraint.

The two rays give a compact sign control:

pH ‘ I'°T! on ker p ‘ I'1; on ker p
(E,—E,0,...) +1 W (E #0). (I1.4.21)
(E,E,0,...) -1 4
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An apparent mismatch between spinor tables can therefore arise just from transferring
an upper-index gamma product across opposite rays. The momentum must first be
lowered with the metric.

Exercise 2 tests the projection using actual state counts. Removing the tachyon
while keeping both R chiralities would leave sixteen R polarizations against eight NS
polarizations at the first massless level; it would not give the stated vector—spinor
matching. Conversely, obtaining 8 + 8 does not prove the all-level spacetime supercharge
construction, modular invariance or a no-ghost theorem. Those are physical inputs of
the critical RNS/GSO theory, not consequences of these finite calculations. The spinor
selected on each side now determines which closed type-II spectrum we obtain.

I1.4.5 Tensoring the two sides into type IIA and 11IB

What changes when two copies of the massless open-sector building blocks form a
closed string? A closed state has independent left and right movers, subject to their
own physical conditions and level matching. At the first massless level the allowed
choices are NS-NS, R—R, NS-R and R—-NS. We write 8, for an NS vector and one
eight-dimensional chiral spinor for each R side. Their tensor-product dimensions are
8 X 8 = 64 in every sector. The two Ramond ten-dimensional chiralities are opposite
for ITA and equal for TIB; the common positive-Majorana—Weyl choice in IIB is our
orientation convention, not a consequence of an unlabeled SO(8) character.

At the massless level each chiral side contributes zero to its own physical oscillator
mass. In the notation of the open building blocks, this statement is level matching of
the two zero contributions:

Ni—ar = Ng—ag =0, (N—a)jns=1-1=0, (N—a)r=0-0=0. (I1.4.22)

The equation compares levels only; the closed-string mass normalization is not the open
formula o/ M? = N — a. It shows concretely why a mixed NS-R state can be level
matched despite different ground energies.

The NS-NS product is shared. The tensor of two vectors splits into a trace, an
antisymmetric tensor and a symmetric traceless tensor:

8y ®8, =1D 28D 35,, 14 (g) + [829 — 1} = 64. (11.4.23)
These are the dilaton, two-form By and graviton polarizations. The number 35 is a
transverse, on-shell count, not the number of components of an unconstrained ten-
dimensional symmetric tensor. For example, 8 - 9/2 = 36 counts symmetric transverse
matrices and subtracting the one trace leaves 35. This is the exact reason the three
familiar bulk fields fit in one 64-state sector.
The Ramond tensor product depends on chirality. The sourced spinor-to-form
correspondence gives the transverse decompositions

IMA: 8,®8.,=8,d56, IIB: 8, ®8 =1®28®35,. (11.4.24)

For IIA, the independent C; and C3 potentials have (?) = 8 and (g) = 56 physical

polarizations. For IIB, C gives one, C gives (2) = 28, and the constrained C}y sector

52



gives half of (i) = 70, namely 35. The half-count arises from self-duality of the
associated five-form field strength. A ten-dimensional four-form potential itself is not
being equated to its Hodge dual. Figure 11.4.3 displays the four-sector count without
silently adding an independent copy of a dual potential.

The representation dimensions and the spacetime field identification play distinct
roles. Opposite transverse spinor chiralities give the 8 + 56 decomposition; equal
chiralities give 1 + 28 4 35 after the middle-form constraint. These products fix the on-
shell sizes. The sourced RR bispinor dictionary identifies the pieces with ten-dimensional
strengths and potentials. The finite SO(8) tensor product alone does not establish the
nonlinear field equations of those potentials.

Upper row: bosons 64 + 64 = 128

NS—-NS R—R
8y, ® 8, =14 28+ 35, ITA: 8, ® 8. = 8 + 56
¢, By, g: 64 IIB: 8, ® 8s =1+ 28 + 354
64 in either case
NS-R R-NS
8y ® 85/ =8+ 56 = 64 8s/c ® 8y =8+ 56 = 64

Lower row: fermions 64 + 64 = 128

Figure 11.4.3: Massless closed-string sectors. Each box has 64 on-shell polarizations.
The NS-NS and mixed-sector totals are common; the RR box distinguishes opposite
ITA and equal IIB ten-dimensional R chiralities. The 35, in IIB records the five-form
field-strength constraint, not a self-duality equation for Cj.

The mixed sectors contain a transverse vector-spinor ; with ¢ = 2,...,9. Write
Sy, S¢ for the two transverse spinor spaces. Gamma contraction is the map T : S, ®8, —
S. given by T'(1)) = I''y);, and likewise with s and ¢ exchanged. It flips chirality since
each transverse I anticommutes with the transverse chirality operator. For any x
of the target chirality, ¥; = I';x/8 is a right inverse, because the transverse Clifford

relation gives
Tix 1 o
T . =- "'rix = x. 11.4.25
({7%)) =X rm=s s

Hence the trace has rank eight and its gamma-traceless kernel has dimension 64 —8 = 56:

8, ®8, =8, ®56,, 8, ®8, =8, B 56k (11.4.26)

The trace image supplies the spin-1/2 polarizations; the gamma-traceless 565 or 56,
supplies gravitino polarizations. With the left R factor named 8, as above, IIB uses 8;
on the right too: NS-R and R-NS each give 8. ® 56,. ITA uses 8. on the right: NS-R
gives 8; @ 56, while R-NS gives 8. @ 56;. Thus their dimensions agree although the
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two IIA gravitinos have opposite chiralities and the IIB pair have the same chirality.
This remains an on-shell transverse count; it does not replace the covariant gauge and
field equations. Summing sectors gives

Nibos = Nnsns + Nrr = 64 + 64 = 128,

(11.4.27)
Nferm - NNSR + NRNS =64 + 64 = 128.

For a numerical combinatorial check in IIB, the bosonic side is (1+28+35)+(1+28+35) =
128 and the fermionic side is (8 4+ 56) + (8 + 56) = 128. IIA replaces only the second
parenthesis by 8 4+ 56, leaving the same total. Exercise 3 asks for the component counts,
including the constrained 35.

These are linearized on-shell massless spectra of the flat critical theories. They
explain which fields Chapter 8 and Chapter III.1 can use; they do not derive nonlinear
supergravity interactions from the first oscillator level. In particular, one must not
apply the open-string mass equation of the previous section separately to each closed
chiral sector: closed-string normalization and level matching are independent inputs.
The RR form degrees next turn the spectrum into a brane coupling dictionary.

I1.4.6 RR potentials and electric brane dimensions

Which bulk field can an electrically charged Dp-brane source? The Ramond spin
fields form a bispinor. The physical RR identification decomposes that bispinor into
differential-form field strengths: even ranks in ITA and odd ranks in IIB. This identifi-
cation is a sourced physical premise, rather than a theorem obtained solely from the
SO(8) dimensions. Write Cj for a g-form potential and, at the free linearized level,
Fy41 = dC,. Taking one derivative reverses the parity of the potential rank relative to
the strength rank:
‘ deg F' ‘degC:degF—l
ITA | 2,4,6,8 1,3,5,7 (11.4.28)
1B | 1,3,5,7,9 0,2,4,6,8

The full lists are democratic descriptions. The independent local massless degrees can
be represented by C7,C3 in ITA and by Cy,Cs together with a Cy whose five-form
strength obeys its constraint in IIB. Magnetic dual partners in the remaining entries
describe the same on-shell quanta.

The rank relation can be read in both directions. An ITA strength of rank four
comes from C3 and couples electrically to a D2. Its dual strength has rank six and
can be represented by Cs, which couples electrically to a D4. The two potentials are
presentations of the same free field:

Fy1 =dCy, w«Fgp1 ~ Fy_g = dCs_g, q+—8—gq. (11.4.29)

The symbol ~ leaves action-dependent normalization and signs unstated; the oscillator
count does not prove a duality equation. The equality of complementary ranks explains
the braces in Figure 11.4.4.
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An electric source fills a (p + 1)-dimensional worldvolume W,4;. The minimal
rank-matching coupling has the form

Selectric D up/ Cpt1, q=p-+1, p=q-—1. (11.4.30)
Wp41

The integral requires the potential degree to equal the worldvolume dimension. It does
not determine 1, its minimal quantum, or the existence of a consistent brane boundary
state by dimensional degree matching alone. For ¢ = 0, p = —1 names the Euclidean
D(—1) instanton coupling to the scalar Cp; it is not a negative-dimensional Lorentzian
worldvolume. The mapping and its dual identifications are laid out in Figure 11.4.4.

IIA: even F, even p IIB: odd F, odd p
iy — Fy, — DO Co — F — D(-1)
03—>F4—>D2> Cy — F3 — D1
Cs — Fg — D4 Cy, — Fy — D3
C; — Fg — D6 Co — F; — D5

Cg—)Fg—)D7

dual ranks ¢ <+ 8 — ¢ «Fy=Fsat g=14

Figure I1.4.4: The massless RR rank sequence. Each line reads Cy — F,41 — D(¢—1),
where the last entry is the electric source dimension. Braces connect Hodge-dual
descriptions g and 8 — ¢; they do not indicate extra propagating polarizations. The IIB
Cjy line is constrained by xF5 = F5. The displayed rank sequence excludes the separate
massive-ITA D8 and top-form D9 extensions.

Take IIB as a worked example. Cy, Co, Cy lead to Fy, F3, F5 and to D(—1), D1, D3
electric couplings. Their independent transverse counts are 1,28, 35, summing to 64.
The democratic Cg and Cs supply magnetic dual descriptions of the Cs and Cj data,
often phrased as D5 and D7 electric couplings to those dual potentials. In ITA, C1, Cs
produce Fy, Fy and D0, D2, with 8 4+ 56 = 64 states; C5, Cy describe their D4, D6 dual
couplings. Exercise 4 asks the reader to reconstruct the full ITA rank list rather than
memorize the names.

The degree counts can be checked without adding particles. A free ¢-form potential

in ten dimensions has (2) transverse polarizations at its propagating massless level. In
a dual pair, (2) = (8§q), so counting both would double the same data.
The identity follows by choosing occupied or complementary unoccupied directions

among eight transverse directions. In ITA it gives

(-0 (-0-s swn e
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The C; description repeats the Cy eight and C5 repeats the C5 fifty-six. Counting all
four democratic entries independently would incorrectly give 128 RR bosonic states
before even adding the NS—NS sector. The middle IIB case has ¢ = 4: (i) =70, and
the self-dual five-form halves it to 35. On oriented transverse R®, the Hodge star pairs
each four-index subset with its complementary subset. Its plus and minus eigenspaces
therefore have equal dimension:

AYRY) =AY} @AY, 70 =35+ 35. (11.4.32)

The two halves are transverse polarization spaces. The selected half is fixed by the
ten-dimensional strength constraint together with the spacetime orientation, not by
a free choice to delete half the components of Cy. Write H3 = dB> and the bare RR
strengths F3 = dCs and F5 = dCy4. These are the strengths used in the free linearized
count. In the interacting IIB convention it is the modified strength Fj, rather than the
bare F5, that obeys xFy = F5, with

- 1 1
Fs=F5— 5Ca ANHy+ 5By A F. (11.4.33)

The free-field counting uses its linearization. The sign of the interacting Hodge equation
is part of the spacetime convention; it is not inferred from calling a transverse spinor 8.

This rank map is the prerequisite for a later dynamical question: why the relevant
boundary conditions and worldvolume fields produce D-branes. That construction
belongs to Chapter III.1. The massless rank sequence here also does not infer the
Romans mass and D8 of massive ITA, or a D9/top-form extension in IIB. Their existence
requires additional premises beyond propagating massless RR states. Similarly, the
sourced RR coupling establishes the type of charge, while charge normalization and
quantization require more than the rank map.

11.4.7 Exercises

The reader companion grades the exact submitted fields for Exercises 1-4 through the
chapter’s public JSON interface. Show intermediate steps in written work; those steps
and the interpretation in Exercise 5 need reading beyond the numerical result.

1. In the ten-dimensional flat RNS light-cone theory, evaluate the regulated boson,
NS fermion and R fermion vacuum contributions for eight pairs. Submit D, Ensg,
ER, ans and the first surviving NS level. Explain why the unstretched open-string
mass equation demands a = —FEj.

2. With an odd NS bare vacuum and positive projected parity, determine whether
zero, one and two fermion creation operators survive. Give the first NS vector
count and the Ramond physical counts before and after one chirality choice at
nonzero null momentum. Derive the physical projector for the native contravariant
ray before interpreting the counts.

3. Tensor the IIB massless left and right spaces. Submit the NS-NS scalar, two-form
and traceless-symmetric counts; the RR Cjy, Cs and constrained Cy counts; the
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two mixed-sector totals; and the final boson and fermion totals. Explain in
writing why the middle RR contribution is 35 and identify the field to which the
self-duality equation applies.

4. Starting from even RR field-strength parity in massless ITA, submit the inde-
pendent potential ranks, the full democratic potential ranks, their field-strength
ranks and the electric Dp values in matching order. Explain why listing a dual
potential does not add another propagating state. Do not add the massive-ITA
D8 extension to this massless list.

5. A student removes the bare NS tachyon and announces that the full type-II theory
is supersymmetric and modular invariant. State precisely what the first-level
calculation establishes. Identify the additional physical-state, all-level GSO and
spacetime charge premises needed for the stronger claim. Give a written argument;
this question has no numerical score.

11.4.8 Take-home message

Take-home message

Open-string endpoint signs give integer Ramond modes or half-integer Neveu—Schwarz
modes. Eight transverse boson—fermion pairs produce Egns = —1/2 and Eo r = 0, so the
specified GSO choice retains the NS massless vector and one physical Ramond eight-spinor.
At nonzero null momentum, the covariant Dirac equation must be reduced before relating
SO(8) weights to ten-dimensional chirality. Tensoring two chiral copies gives the shared
NS-NS sector and distinct ITA/TIB RR forms, with 128 bosonic and 128 fermionic on-shell
states. A g-form RR potential couples electrically to a D(g — 1) source; democratic dual
potentials do not double those states. The IIB self-duality condition constrains ZFE,, not

Cy.

Status and sources

Section 1. The critical RNS physical-state and light-cone eight-pair frame is sourced
[WS] from Johnson (2000, physical PDF pp. 85-87, Sec. 5.1) and Polchinski (1994,
physical PDF p. 66, eqs. (2.6.2)—(2.6.6)). The target metric is mostly plus and the
Clifford convention is the one stated above; the chiral plane/cylinder naming uses the
I1.2 convention.

Section 2. Endpoint signs, doubling, mode sets and zero-mode Clifford algebra are
[ws] at the free RNS scope, anchored to Johnson (2000, physical PDF pp. 85-86,
eqs. (224)—(227)). The Fourier consequence of the sign is [MATH]. The diagram depicts
the open doubled strip only.

Section 3. The transverse zero-point sums and physical mass formula are [WS] inputs
from Johnson (2000, physical PDF p. 87, egs. (231)—(233)). Our explicitly defined
a = —Ey gives ans = +1/2 in the subtractive equation; the source’s nearby prose uses
the opposite shorthand sign. The zeta values, pair sums and four-pair check are [MATH]
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under that regularization. Criticality and the light-cone reduction remain sourced rather
than proved by these sums.

Section 4. The NS vacuum parity, first retained vector, Ramond Dirac condition
and eight-state chirality selection are sourced [WS] from Johnson (2000, physical PDF
pp. 88-90, egs. (234)—(243)). The explicit native-ray covariant contraction, projector
and ordered weight count are [MATH] under the stated Clifford convention and the local
conventions. Johnson physical p. 89 uses the opposite contravariant ray and lower-index
gamma product in eq. (241); its spinor names cannot be transferred without that
translation. The all-level GSO, no-ghost, modular-consistency and spacetime-charge
statements are source-level physical premises, not consequences of the finite count. The
original Gliozzi-Scherk—Olive article was not read or used as a page anchor.

Section 5. The NS-NS, RR and mixed-sector representation identifications are sourced
(ws] from Johnson (2000, physical PDF pp. 90-93, egs. (243)—(250) and Insert 9).
Binomial dimensions and the 128 + 128 sum are [MATH] given those identifications.
The C4 count uses self-duality of its five-form strength, with the displayed Clifford
convention; the transverse label alone does not set the signed Hodge equation.
Section 6. RR strength parity and the bispinor reading are sourced [WS] from Johnson
(2000, physical PDF pp. 92-93, egs. (248)—(250)). Potential parity and electric brane
coupling are separately sourced by Polchinski (1995, physical PDF pp. 2—4, egs. (1)—(7),
and p. 6, egs. (12)—(15)). The ¢ — ¢+ 1 — ¢ — 1 rank map and binomial comparisons
are [MATH]. The original RR source leaves potential normalization arbitrary at physical
p- 6 and discusses a historical normalization comparison at physical p. 7; neither
the coefficient nor its charge quantum follows from this chapter. Massive/top-form
extensions and nonlinear RR dynamics are outside this massless count. The interacting
F5 sign uses the stated chirality and orientation conventions.

Section 7. Exercises 1-4 request [MATH] consequences of the sourced flat-spectrum and
RR-identification premises. The submitted fields test finite results; the written steps
and Exercise 5 ask for physical interpretation, without certifying the source premises.
Section 8. The take-home message summarizes the section-scoped [WS] inputs and
[MATH] reductions above.
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Chapter 11.5

Heterotic strings and gauge
enhancement

I1.5.1 Two different halves of one string

A closed string has two waves that travel in opposite directions. In the bosonic string
of Chapter 1 they carry the same sort of oscillator. In the superstring of Chapter 4
each wave can carry a worldsheet fermion. The heterotic string makes another choice:
one wave has the bosonic string’s internal degrees of freedom, while the other has those
of a superstring. Its first surprising feature is that the asymmetry is compatible with a
single ten-dimensional spacetime. Its practical payoff is a gauge sector whose roots are
momenta of the bosonic wave.

We call the wave depending on 7+ o left and the one depending on 7 — o right. The
left side contains ten spacetime coordinates X* and sixteen internal chiral bosons Y/;
the right side contains ten X* and their ten real RNS partners ¥*. The two sets of X*#
are the two chiral parts of the same spacetime field. There are ten target coordinates,
not twenty. Figure I1.5.1 fixes the directions and the ingredients.

The chapter follows five questions. Why do the two chiral conformal theories each
meet their own criticality condition? Which internal momenta produce gauge currents?
When do momentum and winding produce new massless vectors? How does a circle
holonomy remove some of those vectors? Finally, which part of this charge story can be
carried into a comparison with K37 By the end, the reader should be able to perform
the chiral charge count, distinguish evenness from self-duality, solve a heterotic circle
mass shell, enumerate roots surviving a specified holonomy, and translate a 7% charge
convention between two sources.

I1.5.2 Asymmetric worldsheet sectors

The immediate puzzle is whether two different critical strings can be joined without a
worldsheet conformal anomaly. Criticality is imposed separately on the chiral stress
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tensors. A free real boson contributes ¢ = 1 to its chiral matter theory and a free real
fermion contributes ¢ = 1/2. The bosonic reparametrization ghosts bc contribute —26
on each side. The right RNS superconformal ghosts 57y contribute +11; there is no
corresponding superghost on the left. Therefore

1
AT — 10 416 = 26, CRATT =10 + 10 <2> =15. (I1.5.1)
Adding the ghost components separately gives
A= 26, 4= -26+11 = 15, (I15.2)
and hence
cotel =96 — 26 =0, 9™ =15-26411=0. (IL.5.3)

The ghost numbers can also be recovered from their conformal weights, instead of
memorizing the final totals. A fermionic first-order pair of weights (A\,1 — \) has
c = —2(6\% — 6\ + 1); its bosonic counterpart has the opposite sign. Reparametrization
gives A = 2, whereas the RNS superghost has A = 3/2. Substitution yields

Cbe=—2(24—12+1)=—-26, cgy=2(6-7—-9+1) =11 (IL5.4)

The right superghost cancels part of the be contribution; it is not an extra right matter
fermion. This distinction will reappear in the right mass-shell intercept, which is a
physical-state condition rather than a central-charge contribution. This is the reason
that the chiral mismatch works at the level of local central charges. The sixteen Y/
supply exactly the left charge missing from ten bosons; the ten right fermions supply the
right charge. The picture in Figure I1.5.1 displays two separate sums, not a cancellation
between left and right anomalies.

T left bosonic wave right RNS wave
oc=0 IOX’U' + 16YI IOX,LL -+ 10”!1)'“ o=2r
Cm = 26 Ccm =15
Cpe = —26 Cpe +Cgy = —15
o

one closed-string worldsheet

Figure I1.5.1: The same closed-string cylinder carries a left wave along constant 7 + o
and a right wave along constant 7 — 0. The edges 0 = 0 and ¢ = 27 are identified. The
left 16Y and the right 10¢# supply different matter charges. Each sector cancels its
own ghosts. The arrows label propagation conventions, not two different target spaces.

The arithmetic is sensitive to every ingredient. If one removed one internal boson
while retaining the same ghosts, the left side would have

cpatter(15Y — 10 + 15 = 25, cetal(15) = 25 — 26 = —1, cetal — 0. (IL5.5)
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The failure cannot be repaired by adding the right total: the two chiral stress tensors
impose independent constraints. Conversely, ¢, = cg = 0 alone does not select the
internal momentum lattice, the spin-structure sum, or a modular-invariant interacting
theory. Those conditions are physical inputs to the heterotic construction, rather than
consequences of the four sums above.

There is another useful way to see why the number sixteen belongs to the left sector.
If the target dimension is held at ten and the left-moving internal count is k, then

1
(k) =10+k —-26 =k —16, =10+ 50 —26+11=0. (I1.5.6)

The local condition has the unique solution & = 16 in this free-field setup. This
statement does not choose between the two allowed rank-sixteen momentum lattices.
Central charge sees a number of fields; the lattice choice supplies further information
about the vertex operators and their pairings. That is the question of the next section.

The oscillator intercept is a second place where the two halves must be kept distinct.
We write the left bosonic intercept as ay, = 1. In the right RNS description, ag = 1/2
in the NS sector and ag = 0 in the R sector. The right massless NS vector starts with a
fermion oscillator of level Ng = 1/2; a right R ground state has Ng = 0. These are the
physical levels after the appropriate GSO choices of Chapter 4. The original light-cone
Green—Schwarz description of the right side uses a zero-intercept level Ngg. For a state
compared at the same mass shell, its level translates as

1
Nes=Nr—5 (NS),  Nes=Nm (R). (IL5.7)

Thus the Green—Schwarz right ground with Ngg = 0 corresponds to the RNS massless
NS level Ng = 1/2, or to the R ground Ng = 0, according to its spacetime representation.
It is not the NS bare vacuum at Ny = 0. In the source convention o/ = 1/2; here o/
remains a length squared, so later momenta have inverse-length units. This translation
will matter when we put a left lattice root beside a right vector oscillator.

I1.5.3 Even self-dual gauge lattices

The sixteen internal bosons can carry quantized left momentum. Which momenta are
allowed, and why do some become gauge fields? Write their dimensionless positive
Euclidean momentum as P € Ajg. For a lattice A, three properties must be distinguished.
It is integral if P - Q € Z for every P,Q € A. It is even if P? € 2Z for every P € A. Its
dual is

AN ={veA®R: v-PecZforall PeA}. (I1.5.8)

It is unimodular, or self-dual, when A = A*. For an integral lattice with a basis Gram
matrix G;; = b; - b;, this is equivalent to | det G| = 1. Evenness implies integrality by
polarization, since

2P -Q = (P+Q)* — P? - Q> (I11.5.9)

The converse fails: the standard Z'6 has integral pairings and determinant one, but
each unit basis vector has odd squared norm.
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The source construction selects a positive even unimodular rank-sixteen gauge lattice.
Its two possibilities, Fgs @ Fg and Df'ﬁ, are a classification result cited here, not obtained
by the finite examples below. A compact internal free-boson exponential of momentum
P has left conformal weight

o P? < 224 o
hing = Tphy =5 P={/3 P (IL.5.10)

The chosen dimensionless normalization makes P? = 2 a weight-one operator. Along
with the right massless vector oscillator and the physical-state constraints, that is the
internal ingredient of a non-Cartan gauge vector. The sixteen internal derivatives supply
the Cartan currents. A root list describes a Lie algebra; it does not yet say which
representations or global quotient are present.

The normalization in equation (II.5.10) has a direct dimensional check. Pppys has
units of inverse length, so o/ Pghys is dimensionless and can appear in a conformal weight.

If the internal momentum is written as Pphys = 1/2/&/P, then one unit of squared
lattice norm contributes one half unit of left weight. For P? = 2, a left state with no
extra oscillator has

hing =1, Np =0, Bing + N, —ap, =1+0—-1=0. (I1.5.11)

This matches the left physical condition. The right massless vector condition is Ng —
ar =1/2—1/2 = 0. Their joint vanishing explains why the norm-two lattice momentum
can label a spacetime vector, given the sourced heterotic physical-state construction.
Merely drawing an arrow of squared length two without checking its weight would not
make that link.

Before accepting a rank-sixteen lattice, it helps to calculate a small root lattice by
hand. In an orthonormal R?* basis e;, take

ap=e; —ey, Qg =ey—e3, Q3=e3—ey, q4=ce3+ey. (I1.5.12)

Their Gram matrix and determinant are

2 -1 0 0
-1 2 -1 -1
0o -1 2 0o\’
0 -1 0 2

Gp, = det Gp, = 4. (I1.5.13)

Every integer combination is integral and has even norm: diagonal terms contribute
multiples of two and off-diagonal terms appear twice. But determinant four means the
lattice generated by these roots is not unimodular. For instance

ol =2, (1 +2)? = (e1 —e3)* =2, oy -og = —1. (I1.5.14)

There are (g) pairs (¢,7) and four independent signs for +e; + e;, hence 6 - 4 = 24
norm-two roots. Figure I1.5.2 shows one plane slice and labels why its root pattern
alone cannot tell us whether a full lattice equals its dual.

One can exhibit the missing dual points explicitly. The vector v = e pairs integrally
with every x € D4 because all coordinates of x are integers, yet v ¢ Dy because its
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coordinate sum is odd. Therefore Dy C Dj. The determinant gives the size of the finite
quotient: |Dj/Dy| = 4. This concrete witness is stronger than a visual impression of
an evenly spaced root diagram. It also shows why the conditions have separate jobs.
Evenness tests norm parity inside a proposed lattice; unimodularity asks whether every
vector that pairs integrally with it is already included.

€2

o per+ e Di roots *e; * e;
K . 4(3) = 24 vectors
: \ e1 P? =2 on every root
) }

\

. > /61—62 detCTVD4 =4

R T even and integral % unimodular

Figure I1.5.2: A two-coordinate slice through the D4 root set. Arrows e; — ey and
e1 + e2 end at norm-two vectors; the full Dy set contains twenty-four such vectors. The
displayed slice and even norms do not imply self-duality: its full simple-root Gram
determinant is four.

The glue in the two rank-sixteen examples repairs precisely this sort of missing
dual-lattice information. Let

D,={zeZ": Y  x; €2Z}. (I1.5.15)

The coordinate-sum parity map Z" — Zs has kernel D,,. Thus D, has index two
in Z™: its fundamental cell has volume two, and its Gram determinant, the square
of that volume, is four. The integral vectors £e; & e; have norm two. For n = 8, a
spinor coset represented by sg = (1/2,...,1/2) joins Dg to form Eg = Dg U (Dg + sg).
The representative has s3 = 8/4 = 2 and ss - = (Y., 2;)/2 € Z for x € Dg. For
n = 8,16, s, ¢ D, but 2s, = (1,...,1) € D,. Adding two vectors from the new
coset, therefore returns to D,,: the two-coset union closes under addition. For z € D,,,
(x + 8,)% =22 + 22 - 5, + 52 is even because z2 and s2 are even and z - s, is integral.
The larger lattice has half the D,, cell volume. Since the Gram determinant is the
squared cell volume, the new determinant is

det Gg, = thT(jDS =1. (I1.5.16)
The coset has 27 = 128 sign vectors of norm two, with the parity condition on minus
signs. Together with 2 -8 -7 = 112 integer roots, this gives 240 roots. Two independent
copies give Eg ¢ Eg and 480 roots.
To see the sign count rather than simply quote it, a shortest half-integral vector has
eight coordinates of magnitude 1/2. There are 2% sign choices, and the Dg + sg parity
condition keeps half:

2
1 28 _
P?=3 <2> =2, N =5 =128, NE =2 =112+ 128 = 240.  (IL5.17)
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In contrast, sixteen half-unit coordinates have minimum norm four. The same gluing
operation can therefore repair unimodularity in both ranks while changing the norm-two
list only in rank eight. This is why the DfG root count can agree with the Dig root
count even though the two lattices are different.

For n = 16, the analogous extension is

Dfﬁ :D16LJ(.D16-|-816)7 S16 — (%,...,%)7 8%6 :4 (11518)

Again the index-two extension turns determinant four into one, and s14 - D1g is integral.
A half-integral vector in this coset has norm at least four, so it supplies no new norm-two
roots. The roots are exactly +e; £ e;, now numbering

Ngi:2 = 4(16) =480, 480+ 16 = 496 (I11.5.19)
16 2

including the Cartan directions in the second count. The extension is the Dy lattice,
not the unextended Di4 root lattice. These gluing calculations illustrate parity, norm
and volume; they do not prove that there are only two rank-sixteen even unimodular
lattices, nor do they construct the full modular-invariant string by themselves.

The Dig roots have Lie algebra so0(32). The global heterotic gauge group is a
separate question about the allowed weight and charge lattice, including the spinor
coset. The sourced global form is commonly written Spin(32)/Zs, with the relevant
choice of the central subgroup. It cannot be replaced by SO(32) merely because both
have the same Lie algebra. That distinction becomes visible again when we ask which
Wilson-line shifts are genuine periods.

I1.5.4 Gauge enhancement

At a generic circle radius the compact coordinate gives an abelian vector. Can a state
with both momentum and winding turn into an additional massless gauge boson?
Work in the no-Wilson sector and set internal gauge momentum P = 0. For integer
momentum n and winding w, radius R > 0, and o’ of dimension length squared, the
book convention from Chapter 3 is

n  wR n  wR
_ = _ == 11.5.2
L = + T PR ; ( 5 0)

The left bosonic level Ny, and right RNS level Nr obey separate mass equations,

4 4
M? =p? + J(NL —1), M3 = p% + J(NR —ag). (I1.5.21)

For a right NS vector oscillator we use Ng = ag = 1/2. The mass on the two sides
must agree. Subtracting the equations before setting either mass to zero and using
p? — p% = dnw/a’ gives
/
%(Mﬁ — M2)=nw+ N, — Ngp—1+ap=0. (I1.5.22)
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This is level matching in the chosen circle slice. It controls equality of the two shells,
not their common value.

Take the left ground oscillator level Nj, = 0 and the right NS vector level Ng = 1/2.
The residual becomes nw — 1 = 0. To make the right shell massless, pr = 0; to make
the left shell massless, p? = 4/a’. Thus

n
1 — 2 — 11.5.23
nw =1, R o Pr ( )

4
a.
With integer charges the elementary solutions are (n,w) =
R? = o/. At that point

(1,1) and (~1,—1) at

M? =0. (11.5.24)

pR:07 PL:ZE

The two opposite charges supply the raising and lowering roots that join the circle
Cartan current into an su(2) algebra in this slice. More general charge lattices can have
additional special loci. A root and its algebra alone do not identify the global group.
The condition pr = 0 can be solved without guessing the radius. For n,w of the
same nonzero sign it gives
n  whi ,n _2n

— = — R’=aqa , = .
R o w prL R

(11.5.25)

The left massless condition then becomes 4n?/R? = 4/a/, or nw = 1 after substituting
the radius. Integer charges therefore force the two elementary sign-related solutions.
This two-step derivation makes clear that pr = 0 alone would give a candidate radius
for many rational ratios n/wj; the left shell removes them for the oscillator levels under
discussion. Changing oscillator levels changes the question and may produce other loci.
We have solved only the specified vector slice.

The dimensions matter. At o/ = 3 in length-squared units, the self-dual radius is
R = /3 in length units. For (n,w) = (1, 1),

2 4 4 4
= 3=0= M3, (11.5.26)

= =0 2= M?P==-—
pPL \/§’ PR y  Pr 3’ L= 73

Move to R? = 12 while keeping the same charges and levels. Then

1 V12 5 1 V12 3

— + — , = = — , 11.5.27
so that
25 4 3 3 o
2= - == 2 == —(M? — M3)=0. 11.5.2
L 12 3 47 R 47 4 ( L R) 0 ( 5 8)

The state remains level matched but is no longer massless. This is the distinction drawn
in Figure I1.5.3: a zero of pr and the left intercept condition meet at one radius, while
equality of the two massive shells persists along the charge path.
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For the same fixed state, the entire radius dependence can be written as a nonnegative
square. With n =w =1 and Ng = 1/2,

1 R\’
2 _ a2 2 2 _

M _MR_<R_0/) , Mi — My =0. (I1.5.29)
The first expression vanishes only at R? = o/ for R > 0; the second vanishes at every
radius. At R? = 4o’ the common mass is 9/(4a’), which becomes 3/4 when o/ = 3.
The function explains the picture without hiding the left-shell check: its equality with
the right expression follows from the level-matching residual, not from an independent
positive-square ansatz.

pr =0, pj =4/
2 __ 2 _
‘]\/[L_‘NIR_O 01/237R2:12

M2 =M% =3/4

A4 v R/\/&
1 2

fixedn=w=1,P =0, N, =0, Ng = 1/2

Figure I1.5.3: For the fixed charges n =w =1, P =0, and levels (N, Ng) = (0,1/2),
the radius R? = o/ gives pr = 0 and p? = 4/a/. At the displayed off-radius point
R? = 4¢/ both mass shells remain equal but their common M? is positive. The axis is
R/v//; changing radius does not change the charges or oscillator levels.

The heterotic left intercept is essential. If one wrongly substituted ay, = 1/2 into
the self-dual example, the left result would be

4 4, 2

Mz,aL:yz =3 + g(o —35)= 3

which fails the massless level match with the right. In ten dimensions there is another
instructive limit: with n = w = 0 and a gauge momentum P? = 2, equation (I1.5.10)
makes a left weight-one state at N, = 0. The right NS vector oscillator supplies
the other massless side. This is the gauge-root vector underlying the counts in the
previous section; it is distinct from the circle root with P = 0. Chapter 3 supplied
the momentum-winding kinematics, while this chapter’s asymmetric intercepts decide
which of those states become vectors.

(11.5.30)

I11.5.5 Wilson lines

A gauge root may be massless before compactification but disappear from the zero-
winding massless spectrum after a Cartan holonomy is turned on. Let A be a dimen-
sionless Cartan holonomy around a circle of circumference 2rR. A state with lattice
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charge P acquires phase exp(2miP - A) after one traversal. In a local gauge where the
connection is constant, the covariant circle derivative shifts the Fourier momentum.
With integer Fourier label n we obtain

Dy=0y,——%—,  Dye y/R:E(n7P~A)e /R (I1.5.31)

The sign of A depends on the covariant-derivative convention, but the zero condition is
invariant under A — —A. For a zero-winding gauge root the compact momentum can
vanish precisely when

n=P-AcZ, exp(2miP - A) = 1. (I1.5.32)

The integer n may change with the root. Insisting that the same n = 0 work for every
root would miss roots with integral nonzero holonomy. The equation tests the survival
of pre-existing gauge roots in the w = 0 sector. Winding and Wilson charge mix in the
full compactified spectrum, so this equation cannot enumerate every massless state at a
special radius.

The zero-mode criterion may equivalently be read as periodicity after parallel
transport. In a gauge with periodic charged fields, the covariant derivative in equa-
tion (I1.5.31) acts on e¥/f with shifted momentum ¢ = (n — P - A)/R. Gauging away
the local connection instead gives a twisted boundary condition with the same spectrum.
A covariantly constant mode requires ¢ = 0. When P - A = 1, the ordinary Fourier
label is n = 1; this state is covariantly constant although its local expression has an
e/ R factor. Calling it broken because n # 0 would confuse ordinary with covariant
momentum.

We can do a complete finite count of these roots in Dfﬁ. Its norm-two roots are
P =+e; £e;, i < 7, giving 480 before the holonomy. Set

A= (110, (11.5.33)

For the pair (1,2) the four sign choices have dot products 1, 0,0, —1, all integral. A pair
entirely among indices 3 through 16 also gives four integral zero products. A cross pair
with exactly one index in {1,2} gives £1/2 and is broken. The count is

2 14
Nsurvive = 4<2) + 4( 2 ) = 4 + 364 - 368, Nbroken - 480 - 368 - ].].2 (11534)

For a visible pair of tests, (e; +e3)- A = 1 survives with n = 1, whereas (e; +e3)- A =1/2
does not. Figure I1.5.4 shows the circle phase and the three pair types used in the
count.

The cross-pair arithmetic is also explicit. There are 2-14 = 28 choices of a pair with
one index in each block, and each pair carries four sign choices. Every such root has a
half-integral pairing with A, giving 28 - 4 = 112 broken roots. The surviving pair counts
sum to 1+ (124) = 92 pairs, again with four signs each. Checking both 368 + 112 = 480
and the partition into pair types is a useful guard against treating the two signs as only
two roots per pair.
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root pair for A = (4,1,0M)

Sl (1,2): 4 survive

{3,...,16}: 364 survive

P returns with cross pairs: 112 broken
e27r7iP~A

Figure I1.5.4: Left: a zero-winding root P transported around the circle acquires e2™*74,

Right: for A = (1/2,1/2,0%), the four roots on pair (1,2) and the 364 roots on pairs
in 3,...,16 survive, while 112 cross-pair roots do not. The table concerns root zero
modes, not winding-mixed states or the global gauge group.

The origin A = 0 gives all 480 roots. A different half shift, A’ = (1/2,01%), retains
only pairs among indices 2 through 16:

15

Nsurvive(A ) = 4( 9

> = 420, Niroken(A") = 60. (I1.5.35)
This is a useful counterexample to treating any half-unit shift as an invisible period.
A genuine Wilson-line period must pair integrally with the charges of all allowed
representations of the declared global group. A root-survival count alone sees the
adjoint algebra and cannot determine that charge lattice or the quotient of Spin(32).
Nor can it exclude extra vectors from nonzero winding. The full compactification
conditions belong to the broader toroidal charge problem introduced in Chapter 3; the
restricted calculation here tells us exactly which original gauge roots remain on this
circle slice.

Even in the restricted example, the surviving roots have a visible algebraic pattern.
The four roots using only indices 1,2 form the D5 root set, while the 364 roots using
indices 3,...,16 form Dy4. The sixteen Cartan currents remain Cartan currents, so the
zero-winding adjoint root algebra has the local pattern so(4) & s0(28) at this holonomy.
This is a statement about Lie algebra roots in the chosen sector. It does not by itself
state the compact group, all charged matter, or whether additional winding states
enhance the algebra at the same background. The one-half shift A’ gives a different
finite pattern, with D5 roots and the remaining Cartan direction.

I1.5.6 Compactification interface

The circle calculation suggests a more general question. Which part of its charge
geometry remains useful when four heterotic directions are compactified and compared
with a K3 construction? For a d-torus the book’s signature convention assigns 16 + d
positive directions to the bosonic left charge projection and d negative directions to the
supersymmetric right projection. At d = 4 the count is

Tposs (16 +4)p4 +4p— = (20,4). (11.5.36)

68



This indefinite toroidal charge lattice is not the positive Euclidean Ajg used for ten-
dimensional internal gauge momenta. Its moduli and all of its charge vectors require
the full toroidal construction, which is beyond the circle slice calculated here.

Aspinwall’s K3 discussion writes the same signature as I'2°. The notation reverses
both the sector names and the sign convention used here: its left side is supersymmetric,
its right side bosonic, and the latter has negative norm. Thus an enhancement root
described there by

PL,source = 0, p%g7 source — -2 (11537)

becomes, in dimensionless book charge units,

PRbook =0, DI pook = +2. (11.5.38)

The change of sign is part of the quadratic-form convention, not an exchange of a physical
spacelike state for a timelike one. The change of letter is a sector-name translation.
Equations (I1.5.37) and (I1.5.38) describe one root criterion in two notations, and the
latter has the familiar left weight one of equation (I1.5.10).

At a generic T* point, the abelian rank can be read as

16, + 4+ 4 =24, (11.5.39)

internal Cartan  metric vectors  two-form vectors

For example, choose a book-frame charge vector with right projection zero and left
norm two. It is orthogonal to the right four-plane and lies on an enhancement condition,
so it can contribute a non-Cartan root if the physical state and moduli conditions are
satisfied. Away from that special locus the same integral charge generally has a nonzero
right projection, just as the circle state acquired positive mass away from R? = o'. This
comparison relates a root hyperplane and a generic rank count. It does not determine a
K3 singularity, a map of background fields, or an equivalence of full spectra.

The 16 + 4 + 4 decomposition has a direct field interpretation. The sixteen Cartan
gauge fields descend from the ten-dimensional gauge sector. Reducing the metric
with one index along each of four circle directions produces four Kaluza—Klein vectors.
Reducing the antisymmetric two-form with one internal index gives another four. The
total is rank twenty-four at a generic point, before special roots become massless. This
count is a statement about generic abelian gauge fields; it does not assert that their
individual couplings or charge normalizations are identical.

The norm condition is also more precise than saying that a lattice has roots some-
where. A vector v in the fixed integral lattice has projections vy, and vy that depend
on the chosen background plane. Its lattice norm is fixed, while its projections move:

(0, V) book = V3 — U, (V,V)book = 2, VR =0 = 0% =2. (I1.5.40)
The root condition therefore selects both an integral charge of the right norm and
a locus where its right projection vanishes. A norm-two charge at a generic plane
need not produce a massless vector. The zero right projection alone does not select
a root: at zero Wilson line, v = 2(e; — e2) in the internal Dq¢ lattice has vg = 0 but
v% = (v,9)book = 8. The circle calculation provided a one-parameter version of exactly
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this distinction. Here the cited toroidal and K3 discussion supplies the larger charge
setting; our calculation is only this projection translation.

The future K3 discussion in Part IIT can use the signature and the root-plane
condition as explicit questions: which integral charge lattice is identified, how is its
positive or negative plane mapped, and which singular geometry produces the same extra
states? A duality claim also needs the moduli and B field, physical-state mapping, global
and discrete charge information, and a controlled regime in which both descriptions can
be compared. None follows from matching the number 24 or the norm-two condition.
The analogous F-theory and model-building uses later in the monograph demand their
own geometric and physical arguments.

11.5.7 Exercises

Exercises 1-4 use the public exact-answer fields associated with this chapter. Submit
the indicated numbers and Boolean choices, and show the intermediate argument in
written work. Exercise 5 is a written interpretation task. In particular, a submitted
finite count checks its arithmetic under the stated hypotheses; it does not certify a
source theorem or a full compactified spectrum.

1. Take ten spacetime bosons on each side, ten right real fermions and sixteen left
internal bosons. Find both matter central charges, both ghost charges and both
totals. Repeat the left total with fifteen internal bosons. State why the right
cancellation cannot compensate for a nonzero left total.

2. Use the four D4 simple roots in equation (I1.5.12). Count all roots +e; + e;,
compute o and (o + az)?, and find the simple-root Gram determinant. Is the
generated lattice unimodular? Explain why your answer cannot classify the two
rank-sixteen lattices.

3.%ta =3 R2=3 P=0,n=w=1, N, =0, Ng =ar = 1/2, and ar, = 1.
Calculate p?, p%, M3, Mf—i and nw. If ay, were incorrectly changed to 1/2, what
would the left mass squared become? Explain why level matching and masslessness
are separate tests.

4. For zero-winding Dj; roots P = +e; & ¢;, take A = (1/2,1/2,0'*). Find total,
surviving and broken root numbers. Decide whether e; + e2 and e; + ez survive,
using an integer Fourier mode when possible. Repeat the survivor count for
A" = (1/2,0°). Explain why A’ is not an invisible period of this zero-winding
root test.

5. Translate Aspinwall’s 2 and his negative norm-two enhancement condition

into the book’s left /right and sign convention. Give the generic abelian rank in
the T comparison. Then list the additional physical information required to turn
a root or rank match into a heterotic/K3 duality argument. This is a written task
without an automatic numerical score.
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I1.5.8 Take-home message

Take-home message

The heterotic string joins a left critical bosonic sector to a right critical superstring sector
in one ten-dimensional target. Sixteen left chiral bosons complete the left central charge
and carry an even unimodular gauge lattice. Its norm-two vectors provide weight-one
currents, but roots alone do not fix the global gauge group. With the heterotic intercepts,
a circle state of charges n = w = %1 becomes an extra massless root at R> = o/. A
Cartan holonomy removes precisely those zero-winding gauge roots with nonintegral P - A
(holonomy phase unequal to one). On T, signature and root conditions supply a precise
interface to K3; a duality needs further physical identifications.

Status and sources

Sections 1-2. The asymmetric ten-dimensional free heterotic construction is [WS]
from Gross et al. (1985, physical PDF pp. 4-5, printed pp. 256-257, Sec. 2.1, p. 5
states Ty = 1/(2ma’) = 1/7). The separate matter and ghost sums are [MATH] using
the critical worldsheet values established in Chapters 2 and 4. The original right
light-cone GS level and left intercept are [wWs] from Gross et al. (1985, physical PDF
p. 7, printed p. 259, egs. (2.17)—(2.19)). The stated NS/R level translation uses the
book’s RNS intercepts. Central-charge arithmetic does not establish the spin-structure
sum, no-ghost theorem, modular invariance or interacting consistency.

Section 3. The heterotic consistency requirements of evenness, integrality and self-
duality are [Ws] at the source construction scope in Gross et al. (1985, physical PDF
pp. 11-13, printed pp. 263-265, eqs. (2.36)—(2.40)). The classification into two positive-
definite even unimodular lattices of rank sixteen is a separate [MATH] input, cited from
physical PDF p. 12, printed p. 264, rather than proved here. The Dy Gram determinant,
root enumeration, Fg and Df% glue calculations and weight conversion are [MATH] under
the declared free-boson normalization. They illustrate the cited classification but do
not prove it. The Dfrﬁ root count and massless discussion are anchored at physical PDF
pp. 13-14, printed pp. 265-266, including eqs. (2.40)—(2.42). The global Spin(32)/Z»
distinction is [wS] at GHMR physical p. 13, printed p. 265, and Witten (1998, physical
PDF p. 2, printed p. 1); the Lie-algebra roots alone do not determine the quotient.
Section 4. The heterotic mass-level construction is [WS] from Gross et al. (1985,
physical PDF pp. 7, 14, printed pp. 259, 266, eqs. (2.17)—(2.19), (2.42)). The circle
momentum convention uses the book’s Chapter 3 result. Residual, masslessness and
off-radius arithmetic are [MATH] in the stated no-Wilson, P = 0, right NS slice. The
GSO and physical-state premises are sourced rather than established by the finite shell
test.

Section 5. The circle Wilson-line background and charge shifts are [Ws] from Aspinwall
(1996, physical PDF p. 36, printed p. 35, eqgs. (79)—(84)). Equations (I1.5.31)—(11.5.32)
are the local Fourier-mode derivation under that sourced background premise, not
formulas quoted from Aspinwall. The Df'ﬁ roots used in the count are [wS] from GHMR
physical p. 13, printed p. 265. The 368 and 420 counts are [MATH] for zero-winding
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gauge roots only. Gauge-period and global-group caution is [wS] from Witten (1998,
physical PDF p. 2, printed p. 1). No full winding-mixed spectrum or allowed period
lattice is deduced.

Section 6. The toroidal charge signature and rank premises are [WS] from Aspinwall
(1996, physical PDF p. 35, printed p. 34, egs. (77)—(78), and physical pp. 43-44, printed
pp. 42-43, eq. (95)). The sector-name, sign and finite-rank translations are [MATH]
under the book convention. The cited discussion of heterotic/IIA on K3 is not a duality
proof here. The original Narain article was not read and supports no claim in this
chapter. The full one-loop modular argument cited by GHMR lies outside the pages
used here.

Section 7. Exercises 1-4 ask for [MATH] consequences of the declared physical premises.
Exercise 5 is a written comparison and requires assessment of its physical argument.
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Chapter 11.6

Orbifolds: twisted sectors,
modular invariance, fixed-point

spectra

I1.6.1 A string can close only on the quotient

A point on a quotient target has several images in its covering space. A closed string
can therefore return to an image of its starting point after one circuit of its spatial
coordinate. Such a string is closed on the quotient even though its lifted path is not
closed on the cover. The new boundary conditions are the first physical difference
between an orbifold string and a theory obtained by retaining only invariant parent
states. When a D-brane is placed at the fixed locus, an open string has endpoint labels
on image branes. Projecting those labels is a second construction, acting on a different
Hilbert space. Figure I1.6.1 keeps the two strings separate.

We will answer five questions. Which closed sectors does a finite quotient require?
How does a twist change spatial oscillators? What does changing the cycles of a
worldsheet torus demand? Which open fields survive the endpoint projection? Finally,
how can a discrete phase alter the torus sum and the open endpoint algebra? The
answers are finite calculations inside a consistent parent string theory. They do not by
themselves construct every possible orbifold CFT or determine every massless state.
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closed twisted string open endpoint string

oc:0—= 271 V; Vi
° ° /\J
x gz
21 = 25 = 0, 23 free ®;; € Hom(V},V;)

Figure 11.6.1: Left: a lifted closed string runs from x to gz during one spatial circuit
o ~ o+ 27. Its transverse displacement vanishes on the fixed line z; = zo = 0, along
which z3 is free. Right: an open string joins image-brane endpoint spaces V; and V;; its
matrix is in Hom(Vj, V;). The pictures represent different Hilbert spaces, even when
both are supported near the same fixed locus.

I1.6.2 Gauging a finite target symmetry

Why does a finite quotient need new closed states? Let I' be a finite symmetry of the
complete parent worldsheet theory. Its action must include fermions and any internal
or gauge degrees of freedom, not just the visible target coordinates. For each g € T
there is a space H, of states quantized with spatial boundary condition

X(r,0+2m)=g-X(7,0). (IL.6.1)

The identity sector H,. contains ordinary closed strings. Retaining . alone would miss
strings obeying (I1.6.1) for g # e. For the ordinary orbifold without discrete torsion,
the quotient closed state space has one sector per conjugacy class,

Hoy = P HT,  Cr(g) ={heT:hg=gh}. (11.6.2)
9]

Conjugation changes the chosen lift of the same quotient string: uH, = H,g,-1. Only
elements of the centralizer act within a fixed g sector. The projection in that sector is

1
P, = > h Pl=P, (I1.6.3)
Cr@l, oria

The last equality follows because each element k occurs exactly |Cr(g)| times in the
double sum Zh,h’ hh'. The class sum already accounts for conjugate lifts; adding a
separate unweighted projected copy for every element would overcount them.

For this ordinary projection, an equivalent trace sum makes the normalization
transparent. Denote by Z[g, h] the trace in spatial sector g with temporal insertion h,
defined explicitly in Section I1.6.4. Instead of choosing one class representative, sum
over each spatial element and allowed temporal insertion with one group average:

1 1
I > Z[g,h]:%:w > Zlg.hl. (11.6.4)

githhF heCr(g)
gh=ng
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For a class of size |I'|/|Cr(g)|, every conjugate representative contributes the same trace
after relabeling states. Multiplying that class size by 1/|T'| gives 1/|Cr(g)|. The finite
sum has one projected sector per class. Its algebra alone does not specify how the
individual traces transform when the torus cycles change.

The simplest fixed-set calculation makes the geometry visible. Let w = e2™/3 and
let g act on C3 with weights (1, —1,0),
g(z1, 20, 23) = (w21, w 29, 23), 1-1=0 (mod 3). (I1.6.5)

The nontrivial action on (z1, z2) lies in SU(2); z3 is a spectator. A fixed point of g¢
must solve

(w—1)21=0, (W'=1)2=0, z3=z3, M9 ={(0,0,z3) : z3 € C}. (II.6.6)

Since w? and w~2 are also nontrivial, g? has the same fixed complex line. This line can
support localized twisted motion transverse to it, while a string may propagate along
it. In this noncompact example a fixed-line equation is not a count of normalizable
massless particles. The compact T°/Z3 example used below has a different action and
27 isolated fixed points. Neither number can be transferred to the other geometry.

The coordinate test works for any power of a diagonal cyclic action. If a generator
has weights (a1,...,a,) modulo n, then its pth power fixes coordinate z, without
forcing it to vanish exactly when

(WP —1)zq =0, zq free iff pa, =0 (mod n). (I1.6.7)

For p =1 or 2 and weights (1,—1,0), only the third coordinate is free. For p = 0, all
three are free and the identity fixes the parent. This is geometric input to a fixed-set
index, not a Hilbert-space projection. The centralizer must still act on the states
associated with that geometry.

For a nonabelian control, consider Ss3. Its three conjugacy classes are the identity,
the three transpositions, and the two three-cycles. Their centralizers have sizes 6, 2,
and 3, respectively. The class-size relation can be checked without character theory:

gl 1Cs; ()l =6, (Ilgll; IC(9)]) = (1,6),(3,2),(2,3)- (I1.6.8)

Thus the identity sector receives an S3 projection, a representative transposition sector
receives a two-element projection, and a representative three-cycle sector receives a
three-element projection. Writing ¢ = (12) and ¢ = (123) makes these operations
explicit:

Pe:é >, Pt:%(e+t), Pczé(e—l—c—l—cZ). (I1.6.9)

u€Ss

The identity in P; and P, acts on their respective twisted spaces. Replacing these two
averages by P, would be invalid: an element outside the centralizer sends the selected
twisted space to a conjugate one. In the abelian Z3 example every element centralizes
every other, so each twisted sector instead uses a three-element average. The same
numbers count commuting ordered pairs:

#{(g,h) € S2:gh=hgl=1-6+3-2+2-3=18. (11.6.10)
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A transposition commutes only with itself and the identity; a three-cycle commutes
with both three-cycles and the identity. Thus one reconstructs 18 without listing all 36
ordered pairs. Calling these “18 sectors” would be wrong. Eighteen counts torus labels
before averaging, whereas (I1.6.2) has one projected Hilbert space per class, hence three
in this example. The temporal insertion h in a torus trace must commute with its
spatial twist g, so this finite count will recur in the torus calculation. It also shows why
an unrestricted h sum inside each twisted sector is incorrect. Chapter 2 supplies the
state and operator language behind the sectors; Part III develops the group action and
geometry further.

I1.6.3 Twisted oscillators

What does the boundary condition do to a coordinate before any GSO or mass-shell
analysis? Take a complex coordinate Z with a twist €™, where 0 < 0 < 1. If g? acts
on a cyclic weight a in Z,, the fractional part of pa/n is 6. At fixed worldsheet time
expand Z into spatial Fourier waves ¢?*?. The boundary condition demands

eiklotam) — 2mibgike —  2mih=0) — 1 — Lk cZ+9. (I1.6.11)
Conjugating the boundary equation gives a different set for Z,
Z(o+2m) = e 7 Z(0), k; €Z—6. (11.6.12)

These k are exponents of spatial waves. Assigning left- and right-moving creation
operators needs the full time-dependent field expansion and the chosen worldsheet
fermion formulation. The two sets above are not, by themselves, a physical-state
spectrum.

A real target plane contains two real coordinate functions, packaged as Z = X' +4iX?
and Z = X' —iX?. The group rotates the plane through 276, so conjugation reverses
the rotation. A single integer label m therefore appears as m + 6 in one complex
combination and m — @ in the other. Assigning both combinations m + 6 would give the
wrong boundary behavior when reconstructing X' and X2. At 6 = 0 the two shifted
sets coincide, as ordinary periodic coordinates require.

The fate of the coordinate zero mode follows immediately. A spatially constant term
has k = 0. For 0 < 6 < 1, neither shifted integer set contains zero. In the untwisted
case 6 = 0, both do:

k=0€Z+60 < 0=0, Zconstant 18 absent when 0 < 6 < 1. (11.6.13)

This is why a twisted string cannot translate freely in the rotated plane. Translation
along a spectator fixed direction, such as z3 in (I1.6.6), remains available. The distinction
between transverse and tangent motion is a useful way to read Figure I1.6.1.

The zero-mode test also has a geometric form. A constant Zy would obey Z; =
e?™ 7. For a nontrivial phase only Zy = 0 works. This is the fixed-coordinate equation
applied to the string’s center in that plane. Oscillator modes still fluctuate around that
center, so an absent coordinate zero mode does not mean an empty twisted Hilbert
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space. It means the transverse center cannot be moved away from the fixed set while
retaining that boundary condition.

For an explicit numerical calculation, take n = 5, weight a = 2, and p = 1. Then
6 = 2/5. The positive shifted labels are obtained by listing integers, rather than by
guessing a fractional frequency:

=

kzzm-l-% (m=0,1,...) = 2

kzy=m-2%2 (m=12,..) =

) 3

(11.6.14)

(SIS STEN]

P
P

5
13
5

) )

Figure I1.6.2 places the two positive sets on the same k axis. The distinct first dots are
the observable arithmetic consequence of complex conjugation; neither row has a dot at
Zero.

6 = 2/5: positive spatial labels
crosses at k£ = 0 mark absent constant modes

A

< - -
< - -

Z

\
Bl

0 25 35 1 7/5 8/5 2

Figure I1.6.2: First positive spatial Fourier exponents for a 2/5 twist. Blue marks
7+ 2/5 for Z and red marks the positive part of Z — 2/5 for Z. Crosses mark the
absent constant terms. The dots label spatial waves, not physical oscillator states after
GSO and mass-shell conditions.

For p = 0, both sets become integers and their first two strictly positive labels are
1,2, in addition to the constant mode. If the chosen group element is g2 instead, the
fractional part is 4/5; its positive Z labels begin 4/5,9/5 and its conjugate labels begin
1/5,6/5. Thus the shift tracks the actual element, not merely the abstract cyclic group.

0(92) = %7 k}_(g2) :{%v%a-"}v k}(g2) :{%72’} (11615)

The superscript + selects positive exponents; it is not a new chirality or a creation-
operator convention.

The sign of a spatial exponent matters even when only positive labels are requested.
For the 2/5 twist, —2/5 belongs to Z —2/5 and is a valid conjugate exponent, while the
first positive one is 3/5. The first positive label follows by choosing the least integer m
with m — @ > 0. Interchanging Z and Z changes this answer from 2/5 to 3/5. Exercise 1
uses that distinction.

The original T /Z3 heterotic construction gives a useful example of how much more is
needed for masslessness. Its specified light-cone Green—Schwarz twist has oscillator shifts
+1/3. Its particular spin action, Fg gauge embedding, and physical-state projection
yield nine untwisted and 27 fixed-point twisted positive-chirality 27 multiplets of Ej,
hence

Nyptwisted _ g Niyisted — o7 Nigtal = 36. (11.6.16)
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The lift in this example is concrete. The geometric order-three rotation lies in SU(3)
and the source selects an Eg x SU(3) subgroup of the first Eg. The group generator
acts through the center of this gauge SU(3), together with the specified action on
spacetime fermions that has order three. This choice leaves Eg x SU(3) x Eg unbroken
in the stated model. In the untwisted quantization, its projection retains three copies
of (27,3) under Eg x SU(3). Ignoring the latter flavor label only after this step gives
3 -3 =9 positive-chirality Eg multiplets.

3(27,3,1) — 3-dim(3) =9 copies of 27p,. (11.6.17)

This is a representation count within the specified lift, not a character decomposition of
every heterotic orbifold.

In a nontrivial twisted sector, the compact coordinate oscillators carry shifts +1/3 or
—1/3, while the two uncompactified transverse coordinates remain integrally moded. The
source uses a light-cone Green—Schwarz description. Only its two unshifted spacetime
fermions have zero modes, giving the needed right-moving helicity doublet. On the
gauge side, the paper realizes an O(16) x O(16) subgroup with 32 fermions. Its chosen
twist reduces the first factor through O(10) x SU(3); the ten unshifted fermions provide
a spinor that the complete gauge-sector construction fills into an Eg 27. This source-
specific state construction supplies one positive-chirality 27 at each of the 27 isolated
fixed points. The inverse-twist sector contains the corresponding antiparticles. These
facts explain the terms in (I1.6.16); they are not conclusions of the simple spatial
Fourier calculation or a generic rule for SU(3) orbifolds. Here the 27 is a model-specific
physical spectrum result, not the general rule “one massless multiplet per fixed point.”
The Fourier calculation in (I1.6.11) knows neither a fermion zero-mode projection nor
a gauge embedding. Chapter 4 supplies GSO language, while Chapter 5 shows why
internal gauge data matter in a heterotic model. The next question is how these spatial
twists are organized when the worldsheet itself is a torus.

I1.6.4 Torus sectors and modular closure

A torus has two independent cycles, so a twisted partition function needs two ordered
holonomies. Write its covering plane as C/(Z + 7Z), with the spatial A cycle of period 1
and the temporal B cycle of period 7, Im7 > 0. Let g act on A and h on B. Traversing
the boundary of a fundamental parallelogram in two orders gives gh and hg; consistency
requires

(g9,h) €T, gh=hg. (11.6.18)

In operator language, h is an insertion in the g-twisted trace. For a consistent lift and
a chosen insertion phase, we denote it by

Z(g, h)(r) = Try, (h qLo—C/24qu—5/24) L g=erm (I1.6.19)
Summing over h € Cr(g) in this trace gives the centralizer projector of (I1.6.3). Summing

over spatial twists supplies the other sectors. This gives a second view of the class
decomposition and explains why the pair count in (I1.6.10) is relevant to the torus.
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For S5, the 18 commuting pairs contribute to the three class projectors in distinct
proportions. The identity spatial twist has six temporal insertions. Each of the three
transposition twists has two, and each of the two three-cycle twists has three. Dividing
the all-element sum by six gives exactly the class-weighted sum in (I1.6.4). A temporal
element that fails to commute with a selected spatial transposition would take its
Hilbert space to a different conjugate sector, so it cannot be inserted in the trace over
that single sector. This gives an operator explanation of the commuting-pair restriction,
independent of the torus picture.

To see which pairs must accompany one another, change the oriented cycle basis by
an integer row matrix of determinant one,

(;1;) = (fl 72) (g), kn —Im = 1. (I1.6.20)

Because g and h commute, transport along kA + [B has holonomy ¢*h!, and similarly
for B’. The two new geometric periods are k + [T and m + n7. Normalizing the first to
one gives N
’oyt kil mipn ;M T NnT
(', 1) = (g"h',g™h"), 7= (I1.6.21)

The period ratio is part of the transformation; a formula for pairs alone is not enough to
identify a modular operation. Figure I1.6.3 shows the row conventions and the ordinary
trace T

The determinant condition in (II.6.20) keeps the new cycles as an oriented integral
basis. It is the reason the new parallelogram is another fundamental torus domain
rather than a multiple cover. If one supplied only a pair map such as (g, h) — (gh, h),
the map could be associated with the upper shear U but would not determine which
normalized complex period is being called 7. Computing periods before writing a trace
identity prevents this ambiguity.

original cycles ordinary trace T
B:71, h B =A+B
1+7, gh
— —
A:1l, g Al=A:1,¢

U instead has A’ = A+ B, B' = B, (¢',h') = (gh, h),
and 7' =71/(1+ 1)

Figure 11.6.3: The A cycle is spatial with period 1 and twist ¢g; B is temporal with
period 7 and insertion h. The ordinary trace T keeps A and replaces B by A 4+ B, so
7+— 7+ 1and (g,h) — (g,gh). The distinct upper shear U replaces A by A+ B, giving
(gh,h) and 7/(1 + 7). Arrowheads define the positive cycle orientations.
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The generators and a commonly confused shear are obtained by direct substitution:

(A", B) | (¢'.1) T’

S (=B, A) (h=1,9) -1/
T|(A,A+B) | (g,9h) T+1
U|(A+B,B)| (gh,h) | 7/(1+7T)

(11.6.22)

The T in a trace is the lower shear shown here. Calling the upper shear T' transposes
which cycle carries the twist. The inverse of S or a passive pullback changes the written
formula again, so every cycle statement needs its declared convention.

There is also an operator condition behind the T entry. Directly replacing 7 by
7+ 1 in (I1.6.19) inserts the full phase

exp [27ri <L0 —Ly— 02_46)]

in the g-twisted trace. Thus a state of spin s = Ly — L carries e2mils—(c=2)/24] ot
automatically e?™%. The spin-only form applies if the relevant total trace has a trivial
vacuum phase, for example when its total ¢ — ¢ vanishes modulo 24. If the trace is a
matter contribution with a nontrivial vacuum phase, the remaining sectors and their
lift must supply its compensating phase; no such compensation follows from the matter
trace alone. With a complete, anomaly-free lift and level matching for which the full
insertion acts as the declared spatial action g on H4, and with compatible temporal
insertion phases, one obtains the conditional trace relation

Zlg, Pl(7 + 1) = Zg, hg](7)- (I1.6.23)

Finite closure of the pairs does not establish this operator condition, the required
spin-structure sum, or absence of an orbifold anomaly.

The cyclic Zs case gives a complete finite example. Write g = w® and h = w®, with
a,b € 3. Then the pair actions are

S(a,b) = (=b,a), T(a,b) = (a,a+b) (mod 3). (11.6.24)

Starting at (0, 1), the successive S and T images reach (2,0), (0,2), (1,0) and then all
pairs with both entries nonzero. An explicit enumeration avoids hiding the orbit size:

O(O,l) - {(07 1)7 (Oa 2)7 (L O)a (27 O)a (17 1)7 (L 2)7 (27 1)v (27 2)}7 ‘O(O,l)| =38.
(11.6.25)
The zero pair (0,0) is fixed and forms its own orbit. A sum that included (0,1)
but omitted (2,0) would fail even the finite S closure test. A sum over these nine
pairs passes that test; its actual partition functions still need the CFT consistency
conditions just described. Figure I1.6.4 makes both statements visible without assigning
a partition-function value to a vertex.

It is possible to verify the orbit without trusting a drawing. S takes (0,1) to (2,0),
then to (0,2) and (1,0); applying T to (1,0) gives (1,1) and (1,2). The S image of
(1,2) is (1,1) modulo three, while the S image of (1,1) is (2,1). Applying T to (2,1)
gives (2,0) and then (2,2) in successive steps, completing the eight nonzero pairs. Each
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image is nonzero because an invertible integer cycle change remains invertible modulo
three. The zero pair consequently cannot join this orbit.

e
o 06 &

Figure I1.6.4: The eight nonzero ordered Zj pairs form one orbit under the indicated .S
and ordinary trace T actions; (0,0) is a singleton. The vertices are sector labels, not
values of Z[g, h]. The leftmost S arrow takes (0, 1) to (2,0).

Let M be the smooth compact parent of a suitable supersymmetric sigma model.
With a well-defined Euler index, a consistent group lift, and fixed-set Euler characteristics
for every commuting pair, the orbifold index is given by the fixed-set sum

1
Xorb = 5] > ox(aehy,  Moh = M9 M" (I1.6.26)
g,hel’

I
gh=hg

This is an index statement supplied by the supersymmetric orbifold construction, not a
formula derived from the finite orbit table. In the specified compact T°/Z3 example,
the identity-pair term has Euler characteristic zero, while each of the eight nonzero
pairs has the 27 common fixed points of that action. Substitution gives

~ 0+8(27)
3
The factor 27 can itself be understood in that compact model’s hexagonal two-torus
geometry. For one complex torus C/A with A = Z 4 wZ, a point fixed by multiplication
by w obeys wz = z + X for some A € A. Shifting the representative z by a lattice vector
changes A by an element of (1 —w)A. Fixed points are counted by

Yorb = 72. (11.6.27)

MNA-wh, 1 -wle = (11 ;) o |det[l —w]| = 3. (I1.6.28)

There are three fixed classes per complex torus and hence 33 = 27 on the product
of three such factors. This belongs to the specified compact geometry, rather than
every order-three action. For a nonidentity pair (g%, ") here, at least one power is
nontrivial and their common fixed set is those same 27 points. That accounts for the
eight equal terms in (I1.6.27). Connecting this index to the 36 heterotic families of
(I1.6.16) requires that particular spin and gauge lift; the geometric sum by itself does not
provide it. Likewise, an Euler count for a suitable compact model does not assert that
every noncompact fixed set has a normalizable massless mode or that every quotient
has a crepant resolution. The next section adds D-branes and therefore a different
projection.
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I1.6.5 Open invariant states

An open string ending on image branes carries Chan—Paton labels at its two ends. Write
their total endpoint space as V = CX = D, Vi, where V; >~ CVNi and K = > Ni. The
labels transform in a unitary representation v: I' — U(K). The open gauge field 4,
transforms only through its labels, while a transverse scalar ®,, also transforms under
the geometric action R on its coordinate. In a basis that diagonalizes the cyclic target
action on these scalar species, R, (g) is the scalar eigenvalue for ®,,. Their invariant-field
equations are

A =79)A0(9) 7 ®a=Ral9)1(9)Par(9) 7" (I1.6.29)

These are projections on the open-string vector space. They do not identify ®, with a
closed g-twisted state in H,. The latter has a twisted spatial boundary condition; the
former has two endpoints and a matrix of endpoint labels.

For example, the closed sector of the local SU(2) quotient in Section I1.6.2 has
a string whose lifted coordinate closes only after the action of g. A brane placed
on the fixed line instead permits an open string starting on one image-brane space
and ending on another. Its endpoints need not be identified around a closed spatial
worldsheet circle. The orbifold acts on both systems, but on the open string it acts by
simultaneous rotation of an oscillator and conjugation of endpoint labels. This is why
the two projections have different formulas.

Use w = €>™/3 and take the C3/Z3 action with weights (1,1, 1),

(21, 22,23) — (W21, wza,wW23), 1+1+1=0 (mod 3). (11.6.30)

The action is in SU(3). Decompose the Chan-Paton space into v eigenspaces V; ~ Ci,
1=0,1,2, with

V=VyeW o, 7(g) = diag(1ny, wln,,w?1n,). (I1.6.31)

Let row 7 label the target space V; and column j the source space V; of a matrix block.
Thus A;;, ®;; € Hom(V},V;), with dimensions N; x N;. Conjugation by v multiplies

this block by w?=7:
(v(9)M~(9)7")

The gauge field has geometric weight zero, so its block survives iff ¢« = j modulo three.
Each of the three transverse scalars has weight one, so its block survives iff

= w' I M. (11.6.32)

ij

Aj#0 = j=i, O%#0 = 1+i—j=0 (mod3), orj=i+1. (IL6.33)

Here a nonzero symbol denotes an allowed block, not a claim that its vacuum expectation
value is nonzero. The directed book edges are 0 — 1, 1 — 2, and 2 — 0, with three scalar
species on each edge. One can check a block directly. For ®g1, R(g9)v0(g)y1(g)~ ! =
w-1-w™l =1, so every one of its Ng/N; matrix entries survives. For ®p, the same
factor is w-1-w™2 = w™! # 1, so that block is removed. This pair of calculations fixes
the arrow orientation without appealing to a memorized quiver picture. Repeating it
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at i = 1,2 gives the other two directed edges. The projection can be read as a sparse
block matrix. In row and column order (0, 1,2), each scalar species has

Aw 0 0 0 &y 0
A= 0 Ay 0], d.=[0 0 &]. (11.6.34)
0 0 Ay d3, 0 0

A nonzero entry in row 2 and column 0 is a map V; — Vo; the book calls its field X5
and draws the arrow 2 — 0. The drawn direction follows the representation carried by
the matrix, not the direction of the linear map. In the book convention ¢ — j denotes
X;; € Hom(V};, V;), transforming as (N;, N;). The mathematical quiver map convention
instead draws an arrow for V; — Vj; translating from that convention reverses the
drawn arrow for the same matrix. Figure I1.6.5 labels the book arrows and dimensions.

Ny =2 N =1

Ny =3
Xij : V; = V; on book arrow i — j

Figure I1.6.5: Invariant open scalar blocks for weights (1,1, 1). Three species sit on each
book arrow i — ¢ + 1; the associated matrix maps V;41 into V;. Circles show chosen
ranks (2,1, 3), rather than ranks forced by a regular-brane representation.

Choose (Ng, N1,N3) = (2,1,3). The invariant gauge blocks have complexified
matrix-entry counts

dimec @ End(V;) = N§ + Nf + Ny =4+1+9 =14, (I1.6.35)

The three scalar species have rectangular block sizes NoN; = 2, N1No = 3, and
NsNy = 6 per species. Therefore

3 2
dimc @) €D Hom(Vi11,V;) = 3(2+ 3 + 6) = 33. (I1.6.36)

a=11i=0

The gauge-field count uses the complexification of its matrix blocks; Hermiticity gives
the real gauge-field condition afterward. The projected worldvolume gauge product at
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this stage is U(2) x U(1) x U(3). A regular representation with N copies would instead
have (N, N, N); the chosen ranks are an arbitrary local mixture for illustrating the
vector-space projection. Neither 14 nor 33 proves cancellation of 4D gauge anomalies or
compact-model tadpoles. Those questions need interactions and the full brane setup.

For arbitrary nonnegative ranks the vector-space result has a closed form. If three
complex coordinates have cyclic weights a1, as, as, scalar species a has an allowed block
exactly when j = i + a, modulo three. Thus the complex dimensions before constraints
are

2 3 2
da=>» N},  de=)» Y NiNiia,. (I1.6.37)
=0 ]

For weights (1,1, 1) this becomes 3, N; N, 1, which reproduces 33 at (2,1,3). If a
rank vanishes, its rectangular blocks vanish because of the rank product; the expression
still gives the projected vector space without dividing by a zero rank. It does not decide
which interactions survive or which ranks admit a consistent compact realization.

The rank distinction matters physically. A single regular Zs representation contains
one copy of each one-dimensional irrep, so the multiplicities are (1,1,1). Taking N
such copies produces N at every node. The vector (2,1,3) cannot be written that way;
it records extra fractional-brane multiplicities at selected nodes. Equation (I1.6.29)
remains a valid local matrix projection for this representation, but statements about a
complete 4D daughter require additional model data. The same finite block algebra is
useful in Volume VT precisely because it can be combined there with interactions and
consistency conditions.

Replacing all three weights by —1 makes the scalar condition j = ¢ — 1 and reverses
every book arrow, although for this rank vector the aggregate matrix-entry count
remains 33. Aggregate counting thus misses the representation orientation. Chapter I11.1
develops open endpoints, Chapter I11.2 develops boundary-state normalization, and
Volume VT uses these blocks in full probe constructions.

11.6.6 Discrete torsion

Torus sectors can carry phases invisible in the geometric fixed set. Take I' = Zy X Zo
with g = (a,b) and h = (¢, d), all entries modulo two. Endpoint matrices may multiply
projectively,

Y(g)v(h) = alg, h)y(g+h),  alg,h) € U(1). (11.6.38)

Associativity forces the cocycle equation
a(g,h)a(g + h, k) = alh, k)a(g, h + k). (11.6.39)

For a(g,h) = (—1)*? and k = (e, f), both sides have exponent ad + af + cf modulo
two:
ad+(a+c)f =ad+af+cf =cf+ald+ f) (mod2). (11.6.40)

This verifies this finite representative, not a classification of all discrete-torsion classes.
The equation is easiest to understand by multiplying three endpoint matrices in
two orders. (y(g)y(h))y(k) first produces a(g,h) and then a(g + h,k). The other
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bracketing first produces a(h, k) and then a(g, h + k). Since actual matrices multiply
associatively, the two products must agree. For the displayed sign, the common exponent
ad + af 4+ cf is an elementary finite check of that requirement. The normalization
a(0,g) = a(g,0) = 1 also follows directly because a zero coordinate makes each exponent
vanish.

Changing matrix phases changes the raw cocycle. If 4/'(g) = A(g)7v(g), then

Alg)A(h)
"(g,h) = h)dX(g, h (g, h) = =—+. 11.6.41
a'(g,h) = alg, h) 5A(g, h), (9.0 =X+ (I1.6.41)
For A(a,b) = (—1)?*, addition modulo two gives §A(g, h) = (—1)4+b¢ hence
o (g,h) = (1), (11.6.42)

The multiplication tables differ, yet their commuting-pair phase is the same. For this
abelian group define

Blg.h) = OB Cypeite gy =g, (1643)
a(h,g)
The coboundary cancels in the ratio since g + h = h + g. 8 weights the corresponding
closed torus pair and appears in the twisted-sector projection. It is not a continuously
adjustable size of a fixed locus.
In this abelian example set 2 = (1,0) and y = (0,1). Every element commutes with
a selected spatial twist. For g = z the phase against h = (¢, d) is 8(z,h) = (—1)?. The
phase-weighted sum over temporal insertions therefore has the explicit form

1
PS = Z(1+:c—y— (z+7y)), (11.6.44)

where the group symbols denote their actions on H,. The signs are +,+,—, — for
h = 0,x,y,x +y. This shows in a single sector how a discrete torus phase changes
which states survive a temporal sum. The formula assumes the consistent twisted-sector
action supplied by the orbifold CFT; the four-sign arithmetic alone does not construct
that action.

The exponent ad — be is the determinant of the two vectors in F3; modulo two,
subtraction and addition agree. It vanishes if the pair is linearly dependent, and it is
one for an ordered basis such as (z,y). Thus the phase is +1 on parallel twists and —1
on a pair that spans the group. Reversing the cycles exchanges g and h and sends
to its inverse; here the inverse of —1 is again —1. This check links the phase to the
ordered torus cycles of Section 11.6.4 without assigning it a geometric displacement.

The ordered pair « = (1,0), y = (0, 1) exposes the distinction between raw represen-
tatives and the invariant phase. Direct substitution gives

a(z,y) aly,z) | B(x,y)
a= (-1 -1 +1 -1 (11.6.45)
o = (=1 +1 -1 -1

Comparing only «(z,y) between two papers can mistake a matrix rephasing for a
different physical class.
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The rephasing can be followed at the four group elements. The function A(a,b) =
(—1)? equals —1 only at (1,1) and +1 at (0,0), z, and y. Consequently d\(z,y) =
A@)A(y)/ Az +y) = —1. It flips a(x,y) from —1 to +1. The same coboundary flips
the reversed raw multiplier, so the quotient of the two does not move. This small table
is a concrete reason to report S when comparing discrete-torsion choices.

Pauli matrices furnish a representative. Choose o109 = io3 and

v(a,b) = 50y, y(x) =01, A(y) =09, v(z+y) =001 = —ios. (11.6.46)

Then v(z)y(y) = ios = —vy(z +y) and y(y)y(z) = —ioz = v(z +y), reproducing
the first row of (I1.6.45). Another Pauli section sets vp(z) = o1, yp(y) = o2 and
vp(z + y) = 03. Rephasing only the last matrix by Ap(z + y) = ¢ gives its ordered
multipliers

aD(x7y)
ap(y, )

The raw values depend on the section; the ratio agrees. This finite comparison does not
require a general group-cohomology classification.

The Pauli calculation also shows why the raw values in this section are not constrained
to be real. The matrices square to the identity at x and y, but the chosen product at z+y
can be —io3 or o3. Both are legitimate projective sections; their multiplication phases
compensate for the different choices. The physical ratio —1 records the anticommutation
of the two generators. No continuous change of the phase choice is needed to move
between these two representatives of the same discrete class.

Discrete torsion and a blow-up parameter answer different questions. S(z,y) = —1
is a finite torus-sector choice. A Fayet—Iliopoulos level, when available in a brane gauge
theory, varies continuously and can affect a vacuum quotient. Rephasing projective
matrices does not vary such a level. Volume VI returns to their interaction in spe-
cific probes. The closed torus phase and projective open endpoint algebra remain
constructions on distinct string sectors.

ap(z,y) =1, ap(y,z) = —i, =—-1 (11.6.47)

11.6.7 Exercises

The first four exercises ask for exact finite answers. The fifth asks for a written physical
comparison and is ungraded.

1. Let Z(o + 2n) = ¢*™2/5) Z(5). Derive the two shifted integer sets and give 6,
the first two positive spatial Fourier labels of Z and Z, and whether a constant
coordinate mode exists. Submit the fields theta, Z_modes, Zbar_modes, and
constant_mode using the public question schema. As an ungraded part, explain
in words why these labels do not settle the GSO projection.

2. With A spatial and B temporal, use the S and ordinary trace T of (11.6.24).
Enumerate every pair in the orbit of (0,1) modulo three and give its size. Submit
orbit and orbit_size. As an ungraded part, state why closure of this set is
weaker than modular invariance of the partition function.
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3. For C3/Zs with weights (1,1,1), 74 = w'ly,, and ranks (2,1,3), derive the
invariant gauge blocks and book arrows with scalar-species multiplicities. Count
complex matrix entries in the gauge and scalar block spaces before imposing reality
or interactions. Submit gauge_blocks, arrows, gauge_complex_components and
scalar_complex_components. As an ungraded part, explain why these counts
do not establish an anomaly-free daughter.

4. For z = (1,0) and y = (0,1) in Z2, compare a((a,b), (c,d)) = (—1)*® and
o' = (—1)%¢. Submit both ordered raw values, 3(x,), and whether the represen-
tatives are cohomologous. Use the fields alpha_gh, alpha_hg, alpha_prime_gh,
alpha_prime_hg, beta_gh and same_class. As an ungraded part, show the
rephasing that supports your last answer.

5. Explain why a closed twisted state localized near a fixed locus is not an open
quiver bifundamental. Explain why 8(z,y) = —1 cannot be varied as an FI
blow-up level. Name one physical premise needed before using a fixed-point count
to infer massless states. Submit a written response in the written_response field;
the interpretation is assessed by a reader rather than the finite-answer grader.

I1.6.8 Take-home message

Take-home message

A finite quotient adds closed sectors with spatially twisted boundary conditions and
centralizer projections. The twist produces shifted spatial Fourier labels and can remove
a transverse coordinate zero mode. A torus traces over commuting spatial and temporal
holonomies; changing its cycles constrains their set, while full consistency also needs
the physical worldsheet lift and level matching. D-branes add a separate projection on
open endpoint matrices, giving oriented quiver blocks. Discrete torsion is visible in a
commuting-pair phase that survives rephasing of projective matrices. A fixed set, an
index, and a physical massless spectrum answer different questions.

Status and sources

Sections 1-2. Closed twisted sectors, projection and centralizers are [WS] in Dixon et al.
(1985, physical PDF pp. 3, 8, printed pp. 680, 685). The fixed-line and S3 calculations
are [MATH] under the stated actions. The noncompact line gives no massless-spectrum
count.

Section 3. Fractional spatial Fourier sets and the zero-mode statement are [MATH]
from the boundary condition. The model’s +1/3 shifts and its nine untwisted plus 27
twisted Eg 27 multiplets are [WS] in Dixon et al. (1985, physical PDF pp. 4-6, printed
pp. 681-683). Those counts require that model’s gauge and spin lift.

Section 4. Commuting torus twists, cycle changes and the compact supersymmetric
sigma-model Euler formula are [WS] at Dixon et al. (1985, physical PDF pp. 6-8, printed
pp. 683685, eq. (4)). The row-basis, S/T/U, Ss pair and Zs orbit calculations are
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[MATH] under the declared cycles. The trace T equality additionally assumes the stated
lift, level matching and insertion phases. Finite orbit and Euler arithmetic do not prove
full modular invariance or a resolution.

Section 5. Gauge and transverse-scalar Chan—Paton transformations are [wS] from
Douglas and Moore (1996, physical PDF pp. 8-9, 13-14, printed pp. 7-8, 12-13, egs. (3.2)—
(3.3), (4.3)-(4.6)). The C3/Zs3 arrows and 14/33 counts are [MATH] applications of
those transformations and the book’s matrix convention. The source’s mathematical
map arrows run opposite the book’s displayed matrix arrows. No full interacting or
anomaly-free daughter follows from the projection.

Section 6. Torus phase and twisted projector are [WS] from Vafa and Witten (1994,
physical PDF pp. 5-6, printed pp. 4-5, egs. (2.1)-(2.4)). Projective endpoint matrices
are [WS] from Douglas (1998, physical PDF p. 3, printed p. 2, egs. (2.1)—(2.3)). The
Pauli section is on Douglas (1998, physical PDF p. 5, printed p. 4, eq. (3.3)). Cocycle,
coboundary and ratio arithmetic are [MATH] for the displayed representatives. They do
not classify all classes or identify a discrete phase with an FI level.

Section 7. Exercises 1-4 ask for [MATH] consequences of the stated inputs. Exercise 5
is written physical reasoning and needs human assessment.
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Chapter 11.7

Orientifolds and unoriented
strings

I1.7.1 An open string loses its arrow

An open string ending on a stack of D-branes has an ordered pair of endpoint labels.
If one follows the string from ¢ = 0 to 0 = =, the first label is 4 and the second is j.
Worldsheet orientation reversal follows the same string in the opposite direction. It
exchanges the labels. Gauging this operation changes the open-string states that survive,
and it also allows nonorientable worldsheet surfaces. These two consequences lead,
respectively, to orthogonal or symplectic gauge algebras and to crosscap contributions
to Ramond-Ramond (RR) charge.

worldsheet parity parity with reflection R
i fixed y =0
> e 1
Qio—nm—0 /—E\
[ 2 2 :

o~
—

3
S~—

7 (0) brane y image —y

Figure I1.7.1: Left: €2 reverses the orientation of an open segment and exchanges its
ordered Chan—Paton endpoints. The arrow marks increasing o, not a spacetime velocity.
Right: when parity is combined with a target reflection R, a brane at y has an image
at —y and the fixed locus y = 0 supports an orientifold plane. Pure Type I €2 has no
transverse reflection or separated image pair.

The Type I orientifold of Type IIB by worldsheet parity is our running example. We
will first work out what happens to an individual endpoint matrix and a massless vector.
We then view the one-loop surfaces as exchanges between boundaries and crosscaps.
Finally, T-dual O7 and O3 examples show why a charge equation needs an explicit
cover or quotient unit. The local projection and the global charge condition answer
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different questions. Figure I1.7.1 fixes the two geometric operations before any matrix
calculation.

I1.7.2 Parity as a gauged operation

What becomes of the ordered string when its orientation is gauged? Let € act on the
open-string coordinate by o — 7 — 0. A basis state |¢,ij) has a worldsheet oscillator
state |¢) and endpoints in an N-dimensional Chan—Paton space V. The endpoint
coefficient can be collected into A € End(V'). In a basis in which Q acts on endpoints
through an invertible matrix 7o, the operation on a component with oscillator parity
’r}w iS
Q: [, i) — my ()i 9, 58) (0 )i (IL7.1)
Thus the operation on the coefficient matrix is a transpose followed by a change of
endpoint basis:
A — Tt (I1.7.2)

The transpose is the algebraic record of exchanging the two endpoints. It is not a
Hermitian conjugation. In particular, A;; and Aj; label the two opposite orientations
before the quotient.

The operation can also be seen on the matrix units F;;, which have a single nonzero
entry in row ¢ and column j. With vq = Iy, a parity-even oscillator maps E;; to
Ej;. The two-dimensional span of F;; and Ej; therefore has one even and one odd
eigenvector when i # j:

ES) =Ej+Eu,  E;) =E;-E; (BT ==E. (IL.7.3)

For i = j, the matrix unit is fixed by transposition; its survival still depends on the
oscillator parity. This finite eigenspace calculation is the simplest way to see why an
endpoint exchange does not just divide the number of states by two in every sector.
The diagonal and off-diagonal pieces behave differently.

The orientifold group may contain Qh, where h is a symmetry of the complete
target and worldsheet theory. If h = 1, the Type I operation is pure parity: there is
no target-space reflection whose fixed set could be drawn as a lower-dimensional plane.
If h = R reflects transverse coordinates, the fixed set of R is the orientifold locus. A
D-brane away from it is accompanied by an image. This geometric distinction matters
when we count branes later. The right panel of Figure I1.7.1 illustrates a reflection in
one coordinate y; the label y = 0 is a fixed locus only in that panel.

For the simple order-two diagonal sector, apply (I1.7.2) twice. Suppressing an
oscillator phase whose square is one, direct matrix multiplication gives

Q? _ _
A= (Yarg DA Y)- (I1.7.4)

The complete algebra End(V) includes all pairs of endpoints. If (I1.7.4) acts as the
identity on every such matrix, its left factor is central. After an irrelevant overall phase
choice and the order-two condition, the familiar possibilities are

8 = €ava, g =+lor —1. (I1.7.5)
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The antisymmetric choice requires even N. The closure argument uses the complete
endpoint algebra and the specified sector. It must not be copied unchanged into a
mixed Neumann—Dirichlet sector, where worldsheet phases can differ.

One can see why the complete algebra matters. If Q2 acts through KAK ! for
every A € End(V), then K commutes with each E;;. Commuting with all diagonal E;
makes K diagonal; commuting with every off-diagonal F;; makes all its diagonal entries
equal. Hence K is proportional to the identity. If only a block-diagonal subalgebra
were present, independent scalar factors could remain on its blocks. The full endpoint
spectrum removes that ambiguity in this simple sector.

A two-label example makes the state projection tangible. Set 7o = I> and take an
oscillator with 7, = +1. The invariant state built from two different endpoints is

6,12y, = LI o gy 19 (I17.6)
V2

For a parity-odd oscillator, the invariant combination instead has a minus sign between
the ordered states. The spacetime field associated with the oscillator therefore determines
which endpoint matrix survives. An orientifold is a quotient of the string state space,
not merely a quotient of points in spacetime. Chapter 2 supplies the state/operator
language; Chapter 6 introduces open endpoints at orbifold images. The same endpoint
operation will later project quiver nodes in Volume V.

For the massless vector, the parity sign has a worldsheet origin. Orient the strip by
dr A do and use the outward-normal rule at its edges. At o = 0 the outward normal
is =0, and the induced boundary tangent is +0d;; at ¢ = w they are 40, and —0,.
The map o — ™ — o exchanges the edges while keeping 7 fixed, so it sends the first
induced tangent to the negative of the second. The oriented vector boundary insertion,
schematically A, (X) Orangent X *, uses this tangent and acquires the odd parity of the
standard massless vector vertex, including its superstring completion. By contrast,
differentiating X (7, m — o) with respect to the fixed coordinate 7 produces no chain-rule
minus sign. A bosonic Neumann—Neumann cosine expansion checks its mode-coordinate
transformation but alone does not determine a superstring NS-state phase. With the
sourced vector parity, the invariant state uses the antisymmetric endpoint combination.
A transverse scalar or a string between branes with different boundary conditions can
carry a different sign; the vector result cannot be used as a universal projection rule for
every open field.

I1.7.3 Chan-Paton projection

Why does the parity sign distinguish orthogonal and symplectic vector algebras? The
massless open vector oscillator has € parity —1. Its Chan—Paton matrix A therefore
obeys the invariant-state equation

A= —yATygt (I11.7.7)

We work in an orthonormal Chan—Paton basis, so the compact gauge generators are also
anti-Hermitian, AT = —A. The matrix vq is unitary in this basis. Both statements are
needed before a complex transpose equation can be called a compact real Lie algebra.
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First choose the symmetric unitary form and bring it to vq = Iy. Equation (I1.7.7)
becomes A = —AT. For each unordered pair i < j, one independent real antisymmetric
generator has entries A;; = 1 and A;; = —1. The diagonal vanishes. Hence

N N(N -1
dimg s0(N) = _ N1 (IL7.8)

2 2
For N = 6 there are five entries above the first diagonal position, four above the second,

and then three, two, one:
5+44+3+2+1=15  Tig=FEia— Fo, T)h=-Ti. (I1.7.9)

Since T34 is real antisymmetric, it also satisfies TlT2 = —Ti5. This is a count of
independent vector generators, not the rank of a group.

The closure under commutators is visible without invoking a group classification
theorem. If AT = —A and BT = —B, then

[A,B]" = (AB—-BA)" =B"AT - A'B" = —[A, B]. (I11.7.10)

Anti-Hermiticity is likewise preserved by commutators. For a small control, N = 2
leaves only E15 — E91, a one-dimensional algebra. Increasing N adds one generator for
every new unordered pair of labels. This is why the IV = 6 calculation is a combinatorial
count rather than a memorized dimension formula.

For the antisymmetric unitary form, let N = 2k and choose a real symplectic
representative

0 I T 1
J = <—Ik O) , J==J, J=-J (I1.7.11)

Multiplying the projection equation by J~! shows that it is equivalent to AT.J+.JA = 0.
This is the complex symplectic Lie-algebra equation. To see its independent entries,
write A in k£ x k blocks and multiply explicitly:

A:(P Q), AT+ JA=0 <= S=-PT. Q=Q'. R=R".

R S
(11.7.12)
There are k% complex entries in P and k(k +1)/2 in each symmetric block. Intersecting
this complex solution space with AT = —A gives the compact real form with the same
numerical dimension:

dimg usp(2k) = k? + ZM

= k(2k + 1). (11.7.13)
Here the equality of the real dimension with that complex count depends on the unitary,
orthonormal setup. It is not a property of an arbitrary invertible .

To make the real count explicit, insert S = —PT into AT = —A. The top-left block
gives PT = —P, so P has k? real parameters. The off-diagonal blocks give R = —Q.
Because @ = QT, it has k(k + 1)/2 complex entries, or k(k + 1) real parameters. Thus

#(P,Q, R)rea = k* + k(k +1) = k(2k + 1). (I1.7.14)
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The reality condition has paired @ and R; it has not simply halved the complex entries
in each block. The same compact constraints close under commutators because both
ATJ 4+ JA =0and A" = —A are preserved by taking commutators.

For N = 4, set kK = 2. The blocks contribute four entries from P and three from
each of @, R, so the answer is ten. A concrete anti-Hermitian generator is

Ay = (”2 0 ) . Al =—Ay, AlJ+JAg=0. (I1.7.15)
0 _7/.[2
The compact vector algebra is usp(4), also denoted sp(2) in a convention where the
argument is quaternionic rank. The book’s USp(IN) uses the even Chan—Paton dimension
N. The choice of algebra does not by itself fix the global gauge group, its quotient by a
center, or the matter content.

The two N = 4 choices make the distinction particularly sharp. A symmetric ~y
gives 4(4 —1)/2 = 6 vector generators. An antisymmetric Jy gives 2(2-2+1) = 10. The
same number of endpoint labels therefore yields different vector spectra after gauging
parity. Conversely, observing a ten-dimensional vector algebra does not determine which
scalar or mixed-string states survive. Those sectors must be projected with their own
worldsheet parity and endpoint action.

There is a useful failure test for the unitary premise. Take v = diag(1,2) and solve
only A = —yATy~!. The diagonal entries vanish, while the off-diagonal entries obey

Arg = —1 A5, Ay = —2A4,. (IL.7.16)

Thus the complex solution space has dimension one. If we also require anti-Hermiticity
relative to the unchanged identity metric, As; = —A;5. Combining this with (I1.7.16)
forces A12 = 0. A nonunitary basis transformation would also transform the Hermitian
metric; keeping that metric fixed changes the real-form problem. This example explains
why a computational rank count cannot classify compact orientifold vector algebras
without its physical premises. Volume VI will use the unitary projection at local nodes,
while distinct scalar and mixed-string sectors must carry their own parity signs.

I1.7.4 Crosscaps and one-loop channels

How does a surface without an orientation boundary contribute RR charge? In the
open-string loop description, the annulus, M6bius strip and Klein bottle are distinct
vacuum surfaces. After exchanging the role of worldsheet time and space, each is a
cylinder carrying a closed string between two ends. An ordinary boundary defines
a boundary state |B); a crosscap is the end obtained by identifying opposite points
with an orientation reversal and defines |C). Figure I1.7.2 follows the two ends of each
channel.
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annulus Mobius Klein

B B B C C C
closed string closed string closed string
e — e
l l l
t=1/(20) t=1/(80) t=1/(41)

Figure I1.7.2: Closed-channel views of the annulus, Mébius strip and Klein bottle. The
cylinder runs in the indicated [ direction; B denotes a D-brane boundary and C a
crosscap. Its endpoints are BB, BC' and C'C, respectively. The drawing determines
which sources can exchange a closed mode, but it does not determine the amplitude
normalization or the crosscap sign.

The endpoint dictionary can be read directly from the surfaces. The annulus has
two boundaries. The Md&bius strip has one boundary and one crosscap. The Klein
bottle has two crosscaps. If D(I) denotes propagation of closed modes over length [,
their schematic terms are

A ~ (BIDO)|B),  Aw ~ (BID()|C), Ak ~ (CIDQ)[C). (IL7.17)

These are channel labels. Their oscillator, ghost and projection factors remain part of
the actual worldsheet amplitude. A crosscap is not an extra open-string Hilbert space;
it is a closed-channel source associated with an unoriented surface.

The modulus relation illustrates why even the simplest diagram requires conventions.
In the selected normalization, let ¢ be the dimensionless loop modulus and [ the length
coordinate used for the closed cylinder. The same paper’s transformation gives three

different relations:
1 1 1

. MTE mT@
For example, at [ = 3/2 the three loop moduli are 1/3, 1/12 and 1/6. Thus one cannot
use a single bare replacement ¢t = 1/1 for every surface. The factors in (I1.7.18) belong
to this coordinate and amplitude normalization; they are not topological invariants of
the pictures.

The large-l limit probes the ¢ — 0 limit in each loop, but at different rates. If
one inserted the annulus relation into the Klein bottle integral, one would assign the
wrong measure and could spoil the relative source normalization. The three relations in
(I1.7.18) are therefore part of the amplitude calculation. The example [ = 3/2 makes
the distinction numerical: the Mébius loop modulus is one quarter of the annulus value,
while the Klein value is one half of it.

At large [, the exchange can be dominated by massless closed RR modes. Write their
boundary and crosscap source coefficients as ¢ and go. With their relative amplitude
weights included, the three channels have the familiar square structure

4% + 240 + q¢ = (48 + qc). (I1.7.19)

Topology explains the three types of pairings but does not fix go/gp or the coefficient
of the mixed term in the fully normalized amplitude. Those numbers must be read

ta = (I1.7.18)
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from a worldsheet calculation. In particular, the number 32 in the Type I example does
not follow by counting crosscaps in Figure 11.7.2.

The square is useful because each term has a channel interpretation. A brane
boundary can exchange with another boundary, a boundary can exchange with a
crosscap, and two crosscaps can exchange with each other. If the closed RR massless
coefficient is normalized to a common propagator, the three contributions can be
compared. This is a factorization statement about the sourced amplitude. It is stronger
than the bare topology, since the crosscap can carry a sign and the worldsheet calculation
chooses the normalization.

There are two complementary ways to see the Type I D9 condition. The ten-form
coupling to n D9-branes and the orientifold source has the linear form

Ssource = tlig (n — 32) / Aqp. (11.7.20)
Mo

Here pg is the chosen D9 charge unit and Ajg is a ten-form potential. It has no
propagating local degrees of freedom in ten dimensions. Variation with respect to it
imposes the source condition n — 32 = 0. The absence of a propagating ten-form particle
is why the closed-channel language of a ten-form tadpole should be read as a consistency
condition, not a literal on-shell particle emitted into a transverse direction.

The independent channel calculation supplies a quadratic control. In the untwisted
nine-brane term of a larger Type I K3 orientifold amplitude, the relevant bracket is

By = 32% — 64 Tr(75 57d0) + (Tryn)”. (I1.7.21)

This term carries its source’s overall volume and modular factors. It is one term of that
amplitude, which also has five-brane and twisted-sector terms. In the Type I nine-brane
control choose the symmetric g 9 and 71,9 = I,,. The two traces in (I1.7.21) are then
n and n, giving

By = 32? — 64n + n? = (n — 32)%. (11.7.22)

At n = 32 the bracket vanishes. At n = 16 it is 256, so the O9 source has not been
canceled by merely counting sixteen cover D9 labels. The source amplitude carries
a formal (1 — 1) from NSNS and RR exchange; the two divergent coefficients must
vanish separately. Their algebraic subtraction is not a physical cancellation. The linear
source in (I1.7.20) and the square in (I1.7.22) test the same stated D9 normalization
in different calculations. Neither equation alone establishes the full Type I worldsheet
construction.

One can formulate the separate-cancellation requirement without assigning a spurious
value to 1 — 1. If Cxgns and Crgr denote the two large-cylinder coefficients in a fixed
channel, consistency requires

Cnsns = 0, Cgrr =0, rather than only Cnsns — Crr = 0. (H.7.23)

The displayed source bracket supplies the RR source test at the stated scope. Supersym-
metric equality of two opposite divergences cannot substitute for the two conditions.
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The source bracket also exposes the three coefficients. Under the stated trace
substitutions, it reads
2 2
n° + (—64n)+ 32° . (I1.7.24)
~— , O~

The mixed coefficient equals 2(n)(—32), as required for a square of total source. For
n = 24, the three numbers are 576, —1536 and 1024. Their sum is 64 = (24 — 32)%. At
n = 32, they are 1024, —2048 and 1024 and sum to zero. The signs here are those of the
cited RR bracket in its model and normalization. They are not obtained by drawing
the three surfaces.

The linear and quadratic formulas answer related but different questions. Equa-
tion (I1.7.20) is linear because it is a coupling in the spacetime action. Equation (I1.7.22)
is quadratic because a two-ended cylinder factorizes into a source at each end. The
square makes neutrality manifest, while varying the linear coupling states the field equa-
tion directly. The ten-form’s lack of propagating degrees of freedom limits the particle
interpretation of the long-cylinder picture; it does not remove the source condition.

The annulus channel in Chapter VI.7 will probe a twisted RR source rather than
only this untwisted D9 one. The procedure is the same: identify the channel, specify
its projection and normalization, and only then read the long-cylinder coefficient. The
presence of a crosscap or of a vanishing total vacuum energy does not replace those
steps.

I1.7.5 O-plane charge units

What changes when a T-dual charge equation is written on the covering space or on the
quotient? An ordinary Op~ plane has negative charge in this book’s convention and
gives the orthogonal projection when a Dp stack lies on it. In units where a covering
Dp-brane contributes +1, its charge is

Qcover(op_) = _21)—4. (11725)

The charge-based superscript is important: a historical source used the opposite O
name for the negative-charge, orthogonal O7 plane. The reliable translation is its charge
and endpoint projection, not the printed sign alone.

Start with the O9/D9 equation. There is one space-filling ordinary O9~ source and
32 covering D9 units. Equation (I1.7.25) gives —297% = —32, so

Qeover(097) + Qeover (32D9) = —32 + 32 = 0. (11.7.26)

This is also the n = 32 condition in the previous section. The Chan—Paton vector space
has dimension 32, and its unitary symmetric projection gives s0(32). A translation of
the complete charge equation halves the complete cover equation to —16 + 16 = 0, but
the O9 involution has no separated transverse image positions. The quotient number
16 in that line is not the Chan—Paton dimension and does not mean sixteen separated
D9 pairs.

Now T-dualize two compact directions along the original D9 worldvolume. Their
Neumann boundary conditions become Dirichlet conditions, so these directions are
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transverse to the resulting D7/07 system. Reflection on the dual two-torus has four
fixed points because each circle has two points invariant under x — —z modulo its
period. In coordinates with periods 27 R,, the fixed-point equation is

Ty = —24 (mod 27R,) <= 1z,€{0,7R,}, a=1,2. (IL7.27)

The ordered pairs (0,0), (0,7Rz), (mR1,0) and (7Ry,mR2) give the four loci. Their
existence is geometric; the charge —8 is additional orientifold input. Each ordinary
O7~ has cover charge —27~% = —8. The total charge is therefore

4Qcover (077) + N7 cover = 4(—8) + 32 = 0. (11.7.28)

Away from a fixed point, one physical D7 object on the quotient is represented by
a brane and its image on the cover. Hence 32 cover labels correspond to 16 mobile
quotient objects. If they are distributed uniformly, each fixed point is assigned eight
cover labels, or four quotient objects. This distribution is an example, not a requirement
of the total charge equation. Moving branes changes local gauge enhancement while
preserving the global total.

In that uniform arrangement, the quotient charge count at each locus is especially
transparent. The local O7 entry is —4 and the assigned four quotient D7 objects
contribute +4. The same integrated total can be obtained with a nonuniform assignment,
for example (¢1,¢2,93,q4) = (16,0,0,0) quotient objects, because

4 4

Slaa-9H=0 = Y ¢q=16. (I1.7.29)

a=1 a=1

The first distribution has four zero local entries; the second has one +12 and three —4
entries. The equation records integrated charge only. It does not certify that every such
placement satisfies all local or dynamical consistency conditions.

For six compact reflected directions, there are 26 = 64 fixed loci. Applying the

ordinary O3~ row gives —23~% = —1/2 per locus in cover D3 units. Its total is again
—32:
1
64Qcover(03_) + NS,cover = 64 <_2) +32=0. (11730)

This is T-dual charge arithmetic for the ordinary row. It is not a direct computation of
an O3 crosscap amplitude and does not specify every O3 variant.

The six-dimensional fixed-point count uses the same one-circle equation as (I1.7.27).
Each of six coordinates has two choices, so the ordered coordinate tuple has 2° = 64
choices. A single O3 charge is a half-unit in the cover, and 64 such half-units make —32.
This is why an individual fractional-looking O3 entry is compatible with an integral
total. It does not turn a single mobile D3 object into a fractional brane.

The quotient convention halves both terms of a given covering equation. Thus a
fixed O-plane entry is written as half its covering charge and the 32 covering Dp units
as 16 quotient objects. The three examples can be displayed without silently changing
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the unit midway:
09: —16+16=0,

40T: 4(—4)+16 =
O7: 4(=4)+16=0, (IL7.31)

6403: 64 (—i) +16 =0.

Figure I1.7.3 places these entries beside the covering equations. The factor of two is a
translation of the whole source equation. Halving only the O-plane term or only the
brane term would give a spurious tadpole. For O7 and O3 a mobile brane-image pair
makes the quotient object count geometric. Stuck and fractional objects have different
local charge counting and must be specified separately.

The distinction between a Chan—Paton dimension and a quotient object count is
clearest at O9. The 32-dimensional endpoint space enters the vector projection and the
trace in (I1.7.21). The number 16 is what the full source equation reads after division
by two. Replacing n = 32 by n = 16 in the source bracket would change the amplitude,
as the explicit 256 residual showed. For O7, the same 32 cover labels can be grouped
into sixteen mobile image pairs. These are two uses of a factor of two, connected by
T-duality but geometrically different.

ordinary locus cover Dp units quotient units
one 09~ -324+32=0 -16+16=0

four O7~ 4(—-8)+32=0 4(-4)+16=0

64 03~ 64(—-1/2)+32=0 64(—1/4)+16 =0

Figure 11.7.3: The same ordinary minus-plane charge equations in covering Dp units
and quotient units. Every source term is halved in the right column. The 16 on the O9
quotient line is only a translated count; it is not a set of separated image pairs. O3
entries apply to the ordinary untwisted row.

A historical naming trap occurs precisely in the O7 example. The source that
discusses the standard T2 /Z, orientifold calls each negative-charge O7 plane Ot and
states its charge as —8; it counts sixteen seven-brane pairs. In this book that same
physical row is called O7~. Its four planes contribute 4(—8) = —32, while sixteen cover
pairs contribute 4+32. The source’s O~ instead denotes a positive-charge plane. We
do not transfer its superscript into (I1.7.25); we transfer the charge and the SO/Sp
projection. This translation is enough for the ordinary charge equation and does not
import the source’s separate compactification without vector structure.

The O3 sign has an additional limit. The O3-associated construction has two
independent mod-two discrete choices, one for the NS two-form and one for the RR
two-form. Denote them (fxs, Orr) € Z3. There are four choices of this pair:

(0,0), (1,0), (0,1), (1,1). (11.7.32)

An SO/USp projection sign alone is therefore not a complete variant label. Equa-
tions (I1.7.30) and (I1.7.31) use only the ordinary O3~ charge row. We do not infer the
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charges or global gauge groups of the other three choices from this finite table. Later
O7 constructions, including the Sen limit, use the cover/quotient distinction; their
dynamics require additional input beyond this charge equation.

I1.7.6 Local and compact cancellation

When does a projected gauge theory satisfy the string charge condition? A local parity
projection answers which open vectors can exist at a chosen stack. It supplies an algebra
such as s0(IN) or usp(2k). An RR field equation answers a different question: can the
total source be supported on the specified transverse space? To see the latter, write a
schematic sourced equation for an RR field strength F' as

dxF = Jbrane + JO + Jextra- (11.7.33)

The last term stands for specified flux, curvature, gauge Chern—Simons or other sources
when they occur. On a closed transverse cycle ¥ of the appropriate dimension, Stokes’

theorem gives
0:/d*F:/jbranc+/jO+/jcxtra~ (11734)
> > b)) 3

The simple O7 and O3 charge equations set the last integral to zero and assume ordinary
minus planes in the indicated T-dual compact setup. Without those assumptions, their
32-unit answer is not a universal local rule. A noncompact transverse space may also
permit boundary flux; then the same integral argument requires its boundary term.

To isolate the role of compactness, remove a small ball around each source and
integrate over the remaining region U. Stokes’ theorem now reads

/ d«F = | «F. (I1.7.35)
U oUu

On a compact space the source fluxes across the small spheres must sum to zero after
all other terms are included, since there is no outer boundary. On a noncompact space
an outer boundary can carry flux. This is a statement about the chosen RR field and
transverse geometry, not a license to discard a source equation. The Type I ten-form
illustrates precisely why: its field equation has no transverse flux channel in which to
use this escape.

For a noncompact region Ugr enclosing the sources and cut off at radius R, let
JoutUR be its outer boundary. The balance is

Qsource(UR) :/ *F (11736)

OoutUr

The right side is absent for a closed compact transverse cycle. It may be nonzero in a
noncompact geometry, subject to the actual boundary conditions. Equation (I1.7.36) is
schematic because the form degree and orientation depend on the RR field under study.

The D9 ten-form is a special boundary of this reasoning. It has no transverse spatial
direction through which field lines can escape, even in flat noncompact ten-dimensional
spacetime. Varying its coupling gives the zero-cycle constraint directly:

854,05 o (ng —32) = 0. (11.7.37)
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It would be wrong to dismiss this condition just because the Type I spacetime is
noncompact. It would also be wrong to model the ten-form as an ordinary propagating
closed particle whose flux disperses to infinity. The field equation and the long-cylinder
coeflicient encode the same source requirement in their stated contexts.

Consider the local projected vector examples from Section I1.7.3. The N = 6
symmetric case has fifteen vector generators, and the N = 4 antisymmetric case
has ten. Neither number enters (I1.7.37) as ng. A local dimension count supplies
no information about distant branes or O-planes. Conversely, satisfying the Type I
ng = 32 source equation does not by itself specify a four-dimensional chiral spectrum
after compactification. The gauge anomaly of such a local theory depends on chiral
representations and possible inflow or Green—Schwarz terms, schematically

Alocal = Achiral matter T Ainﬂow/GS~ (11738)

The two equations may be linked by the dynamics of a particular model. They are still
distinct calculations with distinct input data. A numerical crosscap charge is not a
cubic anomaly coefficient.

For a concrete logical test, keep the local N = 6 symmetric endpoint sector fixed.
Its vector count remains 15 whether a distant compact completion contains enough
D-branes to satisfy an O7 charge equation or is missing one quotient object. In the
latter toy charge equation the integrated charge would be —16 4+ 15 = —1 in quotient
units; the local s0(6) count has not changed. Conversely, add the missing distant object
and the global sum becomes zero without determining whether any four-dimensional
chiral matter at the local node has an anomaly. The comparison concerns inputs, not
two complete string vacua. It shows what a vector-algebra calculation lacks.

A compact O7 example shows the distinction without a general theorem. Put all
sixteen quotient D7 objects near one of the four ordinary O7 loci. The global source
sum remains

Q7 total = 4(—4) +16 =0 in quotient units. (11.7.39)

The local source at the populated point differs from the source at each unpopulated
point. Gauge enhancement at that stack is a local open-string question, whereas
(I1.7.39) sums all four fixed loci. The full closed and open sectors determine allowed
compact configurations. The equation alone is only a necessary charge condition under
its assumptions.

The same warning applies to the quadratic channel bracket. Its untwisted nine-brane
line can vanish while a different twisted RR source remains. In the K3 example from
which (I1.7.21) was extracted, the amplitude has additional five-brane and fixed-point
terms. Solving one square therefore does not solve the entire model. Likewise, a four-
dimensional local anomaly may receive inflow or Green—Schwarz contributions that are
absent from a vector count. The appropriate comparison in a specific compactification is
between its full set of RR field equations and its full spectrum and anomaly-cancellation
mechanism.

This is the practical route into the later construction chapters. Volume VI.7 will
track twisted RR contributions that the untwisted source sum omits. Volume VI.8 will
use the transpose rule at a local node. Neither chapter can replace its model-specific
source and anomaly calculations with a bare SO/USp label. The practical rule is to
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declare the parity sector, the RR field and cycle, and the charge unit before comparing
local and global statements.

11.7.7 Exercises

The first four tasks accept exact structured answers through the companion grader.
Show the intermediate calculation on paper before submitting the named fields. The
last two require written physical reasoning.

1.

For a massless vector satisfying A = —yATy~! and AT = —A in an orthonormal
Chan—Paton basis, find the compact real Lie-algebra dimensions for v = I
and v = Jy, where Jy is the k& = 2 matrix in (II.7.11). Submit the integer
fields so6_dimension and usp4_dimension. Explain how the block count avoids
confusing group rank with algebra dimension.

. On the ordinary T?/Zs orientifold with four O7~ planes, each of charge —8 in

covering D7 units, assume no extra sources. Give the total O7 covering charge, the
required D7 covering count, the quotient physical count, and the quotient count per
plane for a uniform placement. Submit o7_cover_total, d7_cover_required,
d7_physical_required, and d7_physical_per_plane. Explain why uniform
placement is stronger than total neutrality.

Use Qeover(Op~) = —2P~% to find one O3 and one O9 charge in cover and quotient
units. Submit 03_cover and 03_quotient as exact rational strings, and 09_cover
and 09_quotient as integers. State why the O9 quotient line is a translated count
rather than a count of separated image pairs.

Give the two closed-channel endpoint types for the annulus, Moébius strip and
Klein bottle. Submit annulus, mobius, and klein, each as a two-element array
of the strings boundary or crosscap. Explain in words why these six endpoint
labels do not fix the number 32 in the Type I RR source.

. A local projected quiver node has a well-defined SO or USp vector algebra.

Explain why its four-dimensional anomaly calculation and the compact RR
tadpole equation require different information. Name one additional source or
term that may enter the integrated RR equation, and state what data a comparison
in a specified compactification would require.

A colleague specifies an O3 model only as “O3-plus.” Explain which NS and RR
discrete choices must be given to identify a full variant. Explain why the SO/USp
projection sign is insufficient, without constructing a charge table for the variants.
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I1.7.8 Take-home message

Take-home message

Worldsheet parity reverses the ordered endpoints of an open string. Its action on the
massless vector matrix gives compact orthogonal or symplectic algebras when the Chan—
Paton form is unitary in an orthonormal basis. The annulus, Mobius strip and Klein
bottle become boundary—boundary, boundary—crosscap and crosscap—crosscap exchanges.
Their actual RR coefficients come from the worldsheet amplitude; in Type I the D9
ten-form source fixes ng = 32. 09, O7 and ordinary O3 charge equations agree under
T-duality when cover and quotient terms are translated together. Local vector content, RR
neutrality and anomaly cancellation are related only through the full data of a specified
model.

Status and sources

Section 1. The physical parity route is [WS] from Gimon and Polchinski (1996,
physical PDF pp. 34, sec. 2). Pure Q has no transverse fixed locus; QR includes a
target reflection.

Section 2. Endpoint exchange and order-two closure are [WS] from Gimon and
Polchinski (1996, physical PDF pp. 4-6, egs. (2.2), (2.6)—(2.8)). The two-label eigenspace
and complete-matrix argument are [MATH] under the stated sector assumptions.
Section 3. Vector parity and SO/USp projections are [WS] from Gimon and Polchin-
ski (1996, physical PDF pp. 56, eqs. (2.7)—(2.8)). The compact block counts are
[MATH] under a unitary Chan—Paton form and anti-Hermitian reality. The deliberately
nonunitary v = diag(1,2) example is a separate [MATH] counterexample: it compares
the complex transpose solution with its anti-Hermitian intersection at a fixed identity
metric. The real J is the symplectic form used in the Chan—Paton projection. Witten
(1998a, physical PDF p. 8) writes Sp(k) for this book’s USp(2k). Global group form is
not fixed.

Section 4. Channel ends and local moduli are [WS] from Gimon and Polchinski (1996,
physical PDF pp. 9-12, eq. (3.8)). The linear nonpropagating ten-form source is [WS]
from Polchinski (1995, physical PDF pp. 89, eq. (20)). The nine-brane bracket and
separate NSNS/RR conditions are [Ws] from Gimon and Polchinski (1996, physical
PDF pp. 19-20, egs. (3.30), (4.1)). The square and sample values are [MATH]; the
bracket is one K3 amplitude term.

Section 5. The ordinary charge sign and cover units use the orientifold charge and
covering-space conventions stated above at [wWS] scope. 09/07 normalization and
historical sign translation are [WS] from Polchinski (1995, physical PDF p. 9, eq. (20))
and Witten (1998b, physical PDF pp. 4, 12-13). O3 fixed-point and unit arithmetic
are [MATH] under T-duality, not a direct O3 amplitude. The twisted-cohomology result
H3(RP®,Z) = Zs is a cited [MATH] input from Witten (1998a, physical PDF pp. 12-14,
egs. (3.4)—(3.7)); the integral local system reverses sign around the nontrivial loop.
Identifying one such class for each quantized NS and RR two-form is a separate sourced
physical premise, with primary evidence classification pending. The source couples
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these fields to fundamental-string and D-string surfaces, respectively; the joint two-bit
statement is not a perturbative fundamental-worldsheet derivation. No variant charge
table or global gauge group follows.

Section 6. Integrated RR equations and extra curvature/gauge terms are [WS] from
Gimon and Polchinski (1996, physical PDF p. 8, eqs. (3.1)—(3.2)); the D9 zero-cycle
condition is [WS] from Polchinski (1995, physical PDF pp. 8-9). Cycle integration and
the distinction from local anomaly data are [MATH] under stated assumptions. No
universal anomaly equivalence or complete CFT is established.

Section 7. Exercises 1-4 ask [MATH] consequences; Exercises 5—6 require written
physical interpretation.

Section 8. The take-home message summarizes the scoped claims above and makes no
additional claim.
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Chapter 11.8

Supergravity limits and
decoupling

I1.8.1 What a charged brane leaves in the bulk

A stack of D3-branes has two descriptions that are useful at different distances. Open
strings ending on the stack give a four-dimensional gauge theory at low energy. Far
from the stack, its charge and energy appear through ten-dimensional bulk fields. The
latter description can become a curved throat. The immediate question is which parts
of this relation follow from field equations and units, and which parts require a physical
input about branes.

This chapter follows a deliberately small set of fields. The D3 uses a metric and
a self-dual five-form in Type IIB theory. The M2 uses an eleven-dimensional metric
and an electric four-form. Their radial functions have different powers because their
transverse spaces have different dimensions. A flux integral then gives the classical
M2 geometric scale. Finally, wrapping the membrane on a physical circle fixes the ITA
string and gravitational units. Figure I1.8.1 keeps these operations in their causal order.
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bulk fields
metric and forms

charged D3 or M2
warp factor H(r)

classical
bulk control

electric flux
classical radius R

low-energy limit
Els — 0

physical circle
2nR1o

gsN > 1, gs < 1

Figure 11.8.1: The route through the chapter. A bulk action identifies fields and their
coupling weights. A sourced charged-brane solution then selects a warp factor; its radial
exponent can be checked away from the source. Flux fixes a classical geometric scale.
Circle reduction compares physical lengths and tensions. The low-energy limit and the
additional conditions for a classical bulk approximation are separate final tests. Arrows
denote uses of information, not equivalences proved by the diagram.

The companion calculations can be reproduced with elementary differentiation and
dimensional analysis. The full supersymmetric solutions, their source normalizations,
and the existence of the corresponding branes are physical inputs. We will keep those
inputs beside the calculations that use them. Chapter 4 supplied the massless string
fields; the later D3 and M2 construction chapters will need the resulting scale and limit
dictionary.

I11.8.2 Bulk actions and fields

Which massless bulk field can carry a brane charge, and what changes when we describe
the same physics in another metric frame? The NS sector of a ten-dimensional Type
IT theory contains a string-frame metric g](VSI)N7 the total dilaton ®, and a two-form By
with H3 = dBs. Its leading bosonic terms are

1
Sng ~ / d0z \/— det g(s) e72® <R[g(s)} + 4(09)? — 12HMNPH@4)W> . (11.8.1)

The scalar g; = e®> below denotes the asymptotic string coupling and must not be
confused with the string-frame tensor ¢(*). Johnson’s Type IIA and IIB actions give
the exact relative coefficients +4 and —1/12 in this leading bosonic NS sector. Here
HMNpH(]ZI)NP is the raw contraction, whereas |H3|? := HMNPH(SM)NP/3!; thus the
last term is also —|H3|2. More generally, |Fp|? := Fay,.. g, F1-M» /pl, including the
eleven-dimensional form below. Equation (II.8.1) suppresses only the common action
normalization and the other fields and higher-order terms; it is not the complete Type
IT action. Johnson’s G' is our g™, and his ® is our total dilaton. His Einstein metric
G = e(®=~=®)/2@ differs from the book metric ¢(¥) = e=®/2¢(%) by the constant factor
G = e®=/2¢(F)_ This frame translation does not redefine the physical circle radius used
later. The physical asymptotic gravitational coefficient k1¢ is defined there by circle
reduction. Changing frame in a curvature term also produces derivatives of ® and a
possible boundary term.
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The Einstein-frame metric is defined in ten dimensions by 91(\51)\/ =e ¥ 2g§\ff)N. Thus
a constant local Weyl factor acts on the measure and every inverse metric separately:

(s) :eq>/2gj(\145)

o = Vg = g, g = STl

(I1.8.2)
The first factor in the measure uses all ten metric directions. A three-form norm
contracts three inverse metrics. Consequently its density is

vV —det g®e 2| Hy|? = \/— det gB) 527273/ | Hy|2 = \/— det g(B)e™? | H3 2.
(11.8.3)
This is a density identity for the same three-form components. It does not require ®
to be constant. For example, take y = 2! and ®(y) = ®¢ + ay on a patch. The closed
field Hy = h(z') da' A dz? A da® has a local potential By = ([* h(t)dt)dz® A da®. In
a locally diagonal metric, the Einstein-frame coefficient of its contracted norm at y and

y + dy changes by

67<I’(y+6y)

67<I>(y)

The example concerns the density coefficient, not a solution of the dilaton and three-form
equations. If one transformed the full R[g(®)] term by using only the algebra in (I1.8.3),
one would miss the derivatives of the local Weyl factor.

It is useful to do that distinct curvature calculation once. Use R” gan = OuTy g —

=Y, (I1.8.4)

ONTho + ThirlRg — TN Mg and Ron = RPgpn. For gy y = €*gun, the
connection difference is C¥ yyn = 6]1;[8Nw + 6]1\3,8Mw — gunOFw. Substituting IV =
I' + C into the Ricci tensor gives R,y = Run — (D — 2)VyOnw — gunViw + (D —
2)[OnwOnw — grrn (Ow)?]. Contracting with ¢/ = e=20gMN vields —(D —2) — D =
—2(D —1) for V2w and (D —2)(1 — D) = —(D — 1)(D — 2) for (0w)*

Rlg'] = e > [R[g] — 2(D — 1)V?’w — (D — 1)(D — 2)(0w)?] . (IL.8.5)

Set D =10 and w = ®/4, with ¢’ = ¢(® and g = g/¥). The measure and explicit NS
dilaton factor cancel the leading e~®/2 from the curvature, leaving

9 9
vV —det g®e 2P R[g(¥)] = \/— det g(B) {R[g(E)] - ivgcb - 2(3@)%} . (IL8.6)
The original 4(0®)? term contributes 4(0®)% to the same density. On a patch where
the integrated Laplacian has no boundary contribution, their sum is therefore

v/ —det g(B) [R[g(E)] - ;(8<I>)§3] : (I1.8.7)

The coefficient —1/2 depends on keeping both pieces. When a boundary is present,
the discarded Laplacian must be paired with the appropriate boundary action. The
three-form calculation in (I1.8.3) was algebraic; the Ricci calculation is a transformation
of derivatives of the metric. This distinction is a reusable diagnostic when a lower-
dimensional effective action is written in a different frame.
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In Type IIB the Ramond-Ramond (RR) sector includes Cy, Cz, and Cy. The
five-form relevant to a D3 is a gauge-invariant combination ﬁ5 of dC4 and lower-form
terms. Its physical field strength obeys

ﬁ5 = *10?5. (1188)
The familiar compact bosonic formula with a |ﬁ 5|2 term is a pseudo-action: its variations
are accompanied by (I1.8.8). This is a property of that conventional presentation. A
covariant bosonic action with an auxiliary field also exists, so it would be false to
infer that Type IIB has no covariant action. The distinction matters whenever a field
equation or stress tensor is taken from a displayed five-form term.

The eleven-dimensional low-energy bosons are a metric g;1 and a three-form potential
C3, with Fy = dC3. Its bosonic action contains an Einstein term, a four-form kinetic
term, and a Cs A Fy A Fy coupling. Schematically, in the common length convention
used below,

1
S ~ o /1/—911(R11 - %|F4|2) + a C3 A Fy A Fy term. (1I1.8.9)
11

We leave the last coefficient schematic because it is not needed for the electric branch
calculated here. A membrane couples electrically to C3. These field names tell us
what a charged solution can excite. They do not derive its full projector, the fermionic
completion, or the membrane worldvolume action. The next section uses sourced D3
and M2 solutions and asks what their radial dependence implies.

The eleven-dimensional three-form supplies two types of ten-dimensional potential.
On a circle product patch, its components with all legs in ten dimensions form a
three-form. Components with one leg on the circle form a two-form. The latter becomes
the ITA NS field after the physical circle and field normalization are translated.

In a general Kaluza—Klein reduction, the invariant circle one-form includes the
Kaluza—Klein vector. The ten-dimensional RR. four-form also acquires a corresponding
mixing. This component count identifies the fields, not their full reduced action. It
explains one difference between wrapped and unwrapped membranes. The wrapped
worldvolume samples the two-form component; an unwrapped membrane couples to
the three-form component.

The sectors in this section have different evidential roles. The Weyl factors are
tensor algebra once the frame map is chosen. The existence and field content of the
supergravity theories are physical inputs. The pseudo-action rule is needed to read
the Type IIB five-form consistently. None of those facts alone says that a particular
D3 or M2 field configuration solves every equation. That extra input arrives with the
explicit sourced solutions, after which their radial geometry can be checked directly.
Figure I1.8.1 places this field inventory before the sourced solutions. The frame change
describes the same bulk fields and does not create a second theory.

I1.8.3 Branes as charged solutions

Why do the D3 and M2 harmonic functions fall with the fourth and sixth powers of
distance? Let r be a physical radius in a flat Euclidean transverse space, measured
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away from the brane at r = 0. We start with the standard positive D3 solution in Type
IIB string frame. Its dilaton is constant, and its metric and harmonic function are

ds?y = Hy2ds?(R'?) + Hy/? (dr? + r2d03),

4 (I1.8.10)
Hs(r) =1+ =, L* = 4mg,N (/).

r

The solution also carries an appropriate self-dual five-form. The coefficient L* and the
BPS solution are sourced physical inputs. In the book’s component-trace convention,
g%y = 4mgs for the D3 theory; a source using 2mgs has a different gauge-action
normalization. We do not derive the bulk coefficient by inserting one source’s gauge
coupling into another convention. Here Hs(r) is the scalar D3 harmonic function,
distinct from the NS three-form Hs = dBs used above.

For a radial function on punctured flat R?, the angular derivatives vanish and the
Laplacian reduces to

1 d [ ,,dH
Adl =3 30 (7‘ P ) , >0 (IL8.11)

Integrating the homogeneous equation once gives 1% 'H’ = ¢. If d > 2, one more
integration gives the full radial family

H(r)=A+Br* %  d>2. (I1.8.12)

The additive constant may be fixed to one by the asymptotic flat-space normalization.
The d = 2 branch is logarithmic and cannot be obtained by simply setting d = 2 in
(I1.8.12). Nor does this punctured-space equation determine a distributional source at
r=0.

The missing source coefficient can be seen without assigning it a brane charge. For
the radial function in (I1.8.12), the outward derivative flux through a sphere of radius r
is

/ OrHdA = (2—d)Br'= Qg 17?1 = —(d — 2)Q_1B. (I1.8.13)
sd=1

Here Q4_1 is the area of the unit (d — 1)-sphere. If a chosen Poisson equation had
source AH = —Q6(D (), integrating it over a small ball would set B = Q/[(d —2)Q4_1].
That conditional mathematical statement still leaves the physical value of @ to the field
normalization and brane source action. In a supergravity solution even the effective
Poisson equation follows from the full ansatz; (I1.8.13) alone cannot certify it. This is
why the sourced coefficient in (I1.8.10) remains an input.

An explicit power test shows what information harmonicity does contain. Write
H =1+ Ar—°. Direct differentiation gives

H' =—aAr—*'  AyH =a(a+2—d)Ar 2 (11.8.14)

For a nonconstant decaying branch a > 0, the residual vanishes precisely when a = d — 2.
A D3 has six transverse spatial coordinates, so a = 4. Substituting d = 6 and a = 4
yields 4(4 4+ 2 — 6)Ar=% = 0. If we instead tried a = 5, the residual would be 5Ar~7,
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which is nonzero. This simple counterexample keeps the local equation distinct from a
guess based on dimensional appearance.

loglo(H - 1)

— D3, slope —4
— M2, slope —6

logyo(r/a)

Figure I1.8.2: The charge terms of the two sourced radial functions on dimensionless
logarithmic axes. For the D3 take a = L and H — 1 = (r/a)~%; for the M2 take a = R
and H — 1 = (r/a)~°. The slopes are the punctured-space harmonic exponents. The
curves meet at r = a by definition of each scale; the plot does not compare D3 and M2
charge units or show the source point r = 0.

Figure I1.8.2 turns the exponent calculation into a direct comparison. The M2
charge term rises faster as one moves inward in its own radius units. The graph does
not fix either radius; that requires the sourced coeflicient or a flux integral.

An M2 has eight transverse spatial coordinates. Its sourced eleven-dimensional
metric uses different warp powers,

6
ds3 = Hy *Pds?(RY?) + Hy*(dr? +12d02),  Ha(r) =1+ f—ﬁ. (I1.8.15)

Now (I1.8.14) gives 6(6 + 2 — 8)RSr=8 = 0 for 7 > 0. The flat k = 1 source fixes
RS = 327T2N€2 in its classical normalization. The exponent six follows from eight
transverse dimensions; the coefficient and the warp exponents do not follow from this
one radial calculation. A full solution also requires the form-field equation, Einstein
equation, source convention, and supersymmetry conditions.

The two sourced metrics have useful near-horizon limits. For the D3, r < L permits
Hj ~ L*/r*. The coefficient of the parallel metric becomes H;l/z =r2/L?, while the

transverse radial coefficient becomes Hy/? = L2/r2. Hence
2 2 amiay Lo 2 102
dsig,s = Tzds”(RD?) + —dr® + L7d€s. (11.8.16)

With z = L?/r, the first two terms become (L?/22)[ds?(R'3) + dz?]. This identifies
the local product geometry as a Poincaré patch of AdSs x S° with common radius L.
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The coordinate change, rather than the label alone, tells the reader which radial end is
the Poincaré horizon.

One should keep track of where this approximation is taken. The original Hg
approaches one for r > L, and the metric there approaches flat ten-dimensional space.
Near r = 0, the constant one is negligible but the transverse sphere remains of radius L
rather than shrinking with the coordinate r. The radial proper distance is logarithmic:

"2 "2 dr r9
/ Vg?drzL/ — = Llog—= (ri,m2 < L). (I1.8.17)
o) r1 T T1

The coordinate origin lies at infinite proper distance within this limiting metric. This
explains why the radial limit creates a throat rather than simply a small flat ball. It
does not decide which excitations of the throat are described by a particular boundary
theory.

For the M2, r» < R gives Hy ~ RS/r® and its parallel and radial factors become
r*/R* and R?/r?. Define a new positive coordinate z by

R? r* R? R , R

_ _ 2
The last identity follows from dz/dr = —R3/r3: inserting dr = —(r®/R3)dz and
r* = RY/(422) gives exactly the displayed factor. The metric is therefore
(R/2)? R
ds?| ~ —F [ds®(R"?) 4 dz*] + R*d3, Raas, = =5~ (11.8.19)

The coordinate z has units of length, so no hidden dimensionless rescaling of the M2
worldvolume coordinates is needed. The factor of two is fixed by the actual radial
change. The full supersymmetric interpretation of these sourced backgrounds is a
separate physical result. Here their local geometry prepares the flux calculation and
the later M2 discussion.

The additive one in either harmonic function also sets an accuracy question for the
near-horizon approximation. At r = L/3 for the D3, the charge term is L*/r* = 81,
so the ratio of the discarded one to that term is 1/81. At r = R/2 for the M2, the
corresponding ratio is 1/64. At r = L or r = R, by contrast, the charge term equals
one and the approximation is not sharp. These ratios compare terms inside a sourced
classical metric; they do not test whether string or quantum corrections are small. The
latter depend on radius in fundamental units and will be treated separately in the last
section.

I1.8.4 Flux fixes a scale

What sets the radius R when the M2 transverse sphere is replaced by a free quotient?
We use the common-phase action of Z; on S” C C*, with positive integer k. On the
sphere this action is free. The unit-radius angular space Y7 = S7/Z; has a k-fold
covering and volume
it 7t
Vol(87) = T Vol(Y7) = T (11.8.20)
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The covering radius R is also the physical radius multiplying the quotient metric locally.
Quotienting divides the angular integral by k; it does not divide the local curvature
radius by k.

cover S7 quotient Y7 = S7/Z
free degree-k map
—_—

/ xFy = 1/ «Fy at fixed R
Yo, k S7

Figure 11.8.3: Angular covering and quotient at the same local radius R. Each circle is
a schematic section of the seven-dimensional angular geometry, not its topology or area.
The radial arrows mark the positive outward orientation used for the electric dual flux.
The free covering map has degree k, so integrating the same locally defined *F} over
the quotient gives 1/k of the covering integral.

Figure I1.8.3 separates the unchanged local radius from the changed integral. The
radial arrows fix the positive angular orientation; the flux calculation below specifies its
normalization.

For completeness, the unit volume in (I1.8.20) can be recovered without memorizing
a sphere formula. Evaluate the same Gaussian integral on R® in Cartesian and polar
coordinates: -

/ el By = 1t = Q7/ e rTdr = 3. (I1.8.21)
RS 0
Thus Q7 = 7/3. The free quotient identifies k points in each generic orbit, so the
angular measure of one fundamental domain is Q7 /k. The fixed origin of the ambient
cone is not on the unit sphere and does not change this volume division. A quotient
with fixed points on the angular sphere would require more care; the free common-phase
action avoids that issue in the calculation here.
Choose an orthonormal four-volume v4 on the AdSs factor and an orthonormal

seven-volume v; on the angular factor. We adopt the orientation vol;; = —v4 A v7, SO
xvy = +vy and *xv; = —vy. The positive classical electric branch has
6 6 6
F4 = §1]47 *F4 = E’U7 =6R V01Y7. (11822)

The hat denotes the volume form of the unit-radius quotient. Its factor R” has been
shown explicitly in the last equality. On the angular section of this pure electric branch,
the C3 A Fy contribution to the classical Page form vanishes. We can therefore evaluate
the classical electric integral through the angular seven-cycle without using that term.
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The membrane unit and eleven-dimensional gravitational coefficient are fixed in one
asymptotic length convention,

1

Tvi2 = =575
27 (2m)2e

263, = (2m)%),  2k7, T = (2m)045. (IL.8.23)

The last equality is multiplication, not a derivation of the minimal membrane unit from
a classical solution. Using (I1.8.20) and (I1.8.22), the positive classical count is

1 6RC 7t RS
No= s | #Fi= o = e I1.8.24
T 26 Tz /y* YT (2m)S5 3k 32m2k(S (I11.8.24)

Thus R® = 327r2kNC1€§. At k£ = 1 this reproduces the flat M2 classical coefficient in
(I1.8.15). This is a useful known-object comparison, not an independent proof that the
quotient supports every desired global state.

For a numerical geometric example, take £ = 2 and N, = 3. The quotient has
volume 7% /6, which is half the covering volume. The radius relation gives

RS R
75 = 327%(2)(3) = 19272, o= (19272)1/8, (11.8.25)
P P

If the same classical electric count were placed on the unquotiented sphere, the sixth
power would be 9672, since the full sphere has twice the angular volume. The quotient
example demonstrates why the k factor belongs in the integral before any radius is
inferred. Neither example supplies a quantitative finite- N error estimate for supergravity.

The orientation is as important as the volume. Reversing the orientation of the
angular integration cycle while keeping Fy = (6/R)v, fixed reverses the sign of the
integral. That operation does not describe the same positive-charge branch with a
harmless relabeling. Alternatively, reversing the electric field as well restores the positive
count but changes the charge sector. The formula R® o kN, assumes the positive
branch and positive k. Its sign convention is an input to the calculation, just as the
covering volume is.

The same radius formula offers a limited approximation check. In the eleven-
dimensional covering geometry, a large ratio R//, asks for 3212k N to be parametrically
large. It is useful to write

b i ! 11.8.26
(R) - 32m2kNy (11.8.26)

This only compares a local curvature scale with the Planck length. It is not a criterion
for an exact quantum charge, nor does large k alone validate every region of an ITA
reduction. The size of a reduced circle is a different geometric question, developed in
the next section.

There is a separate global quantization statement for magnetic four-form flux. On
the appropriate smooth spin M-theory space, in the normalization of (I1.8.23), the
shifted cohomology class obeys

TaveFy| 1 _ Fy
2 4 (2mey)3

] - %1 € HY(X, 7). (I11.8.27)
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Here p; is the first Pontryagin class of the eleven-dimensional spin geometry, with
the cohomological normalization shown. The square brackets denote a de Rham class
and the displayed integral condition is the sourced shifted law. It concerns magnetic
four-cycles. Equation (I1.8.24) instead integrates an electric dual over a seven-cycle.
One cannot replace N by an exact quantum Page charge or field-theory rank merely by
quoting (I1.8.27). Torsion and higher-derivative contributions require their own global
treatment. This classical geometric scale will be used in the M2 construction chapters,
while the topology chapters provide the tools for global flux questions.

I1.8.5 Reduction on a physical circle

When does an M2 wrapping the eleventh circle become a fundamental ITA string?
Let X'° be a physical length coordinate, with X' ~ X0 4 27R,y. Equivalently,
write X0 = Rip619 with 019 ~ 019 + 2r. Figure I1.8.4 displays the spatial slice of a
once-wrapped membrane.

010 =27
10
X . . ITA F1 along !
wrapped M2 spatial slice 27 R1o 7 P
F1 = 2 Riolm2
ol
910 =0

Figure I1.8.4: Spatial slice of an M2 wrapped once on the physical X0 circle. The
rectangle’s upper and lower edges at 619 = 27 and 0 are identified, making the vertical
physical length 27 R1o. Time is common and suppressed. Multiplying membrane tension
by that length gives the string tension of the line along x'. The drawing assumes an
unwarped circle in the common asymptotic frame.

In the unwarped asymptotic frame used for all tensions below, the effective string
tension is

Twrapped = (QWRlo)TM2 = 2]7%1_1[% (11828)
This follows directly by taking a membrane worldvolume of area (2wRpp) times an
unwrapped string worldsheet area. It is not a claim that every warped circle has the
same proper circumference at every point.

The fundamental IIA string has Ty; = 1/(27’), and 2 = o'. Equating it to
(11.8.28) fixes

gi = .Rl()O/7 R10 = gsgsa ‘ep = gsl/3£5 (11829)

The second equality is the physical ITA /M-theory circle relation in this asymptotic
frame. Its source may use a differently rescaled eleven-dimensional metric and radius.
Such a coordinate radius should not be set equal to Ryy before the frame is translated.
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The first and third equalities also show a useful dimension check: £3, Ryoc/, and gs£3
all have length cubed.

The same circumference appears in the gravitational action. Restrict to circle-
independent zero modes on an unwarped product patch. Integrating the eleven-
dimensional Einstein coefficient over X0 gives

1 27TR10 2 2/42%1

S 202, = . 11.8.30
23, 263 0T 9rRy ( )

Substitute (I1.8.23) and (I1.8.29), retaining every power of the physical length:

9
262, = (27r)7]§’1’0 = (27)"R3, (/)3 = (21)" g2 (/). (I1.8.31)
Here x19 is the asymptotic gravitational coupling in the stated ten-dimensional nor-
malization. A full reduction with a varying circle and dilaton includes field-dependent
Weyl factors; (I1.8.30) is its simple constant-radius coefficient comparison.
Take the asymmetric example Rig = 3. Then g, = 3, £5 = 303, and T2 =
1/[3(27)2¢2]. Multiplying by the full circumference yields

1 1
(2 365)3(2@2@ = 9n = Tr1, 262, = 9(2m) 748, (11.8.32)
Using Ry instead of 2w Ry in the first multiplication would leave an erroneous 1/(27)
factor. Using the angle 619 as though it had units of length would cause the same
mistake in the gravity reduction. This dictionary supplies the physical units later
used for circle lifts and Hopf-circle limits; it does not identify a general massive-ITA
background with an eleven-dimensional product.

A second circle radius tests whether the relation is really about length rather than a
convenient numerical choice. Take Rig = /£,/8, so gs = 1/8 and £ = (3 /8. The wrapped
membrane calculation now gives

8 1 9 (2m)”

@rls/8) gmaE = 2eze 20~ T

The same fundamental string tension emerges although the eleven-dimensional circle

and the ten-dimensional gravitational strength differ from the preceding example. In

the first example g; = 3, so a weakly coupled ITA perturbation series is not available

merely because the algebra of wrapped tensions works. In this second example the

asymptotic ITA coupling is smaller. Matching units is an exact dictionary within its
assumptions, not a claim that one perturbative description works at every radius.

There is also a simple spectral meaning to the physical circumference. A field
periodic in X1° has Fourier modes ¢™X "/ with integer n. On an unwarped product
background its Kaluza-Klein momentum is

. (11.8.33)

P10 R’ M, Ruo
The denominator is R1o because the angular period is 27; the full 2w R entered the
integrated action and the wrapped membrane tension. Confusing these two appearances
of 27 is a common source of unit errors. The relation presumes the same unwarped
circle used in (I1.8.30); a varying circle requires its local proper radius.

for a mode massless before compactification. (I1.8.34)
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I1.8.6 Decoupling versus control

Can a low-energy D3 theory decouple from gravity while the corresponding curved bulk
geometry is poorly approximated by classical supergravity? Yes. The low-energy limit
holds the D3 count N, finite gs, a finite field-theory energy E, and U = r/a’ fixed while
o' — 0. The string length £, = v/o/ then goes to zero. Massive strings have energy of
order 1/4, so

El, = EvVa' — 0. (11.8.35)

The dimensionless ten-dimensional gravitational interaction at energy E scales as 13, E®.
Equation (I1.8.31) makes its limit explicit:

kI E® o g2 (/) E® = g2(EL,)® — 0. (11.8.36)

This is the fixed-energy decoupling argument in flat space. It suppresses exchange
with ordinary bulk gravity while retaining a finite D3 gauge coupling in the chosen
component convention. It does not make the dimensionless product gsV large.
To see the curved throat at fixed U, divide the sourced D3 scale by string units:
L L

L
TS SN, = ) (115.37)

The ratio stays finite as o’ — 0 at fixed g5 and N. For a parametrically small string-scale
curvature, one needs gsIN > 1. To suppress perturbative closed-string loops in the
constant-dilaton D3 region, one separately needs g; < 1. Both can hold in a large-N
regime, but neither is a logical consequence of (11.8.35). Figure I1.8.5 keeps the two
control axes distinct.

The fixed-U limit can also be read directly from the D3 metric rather than only
from the radius ratio. Substitute » = /U into (I.8.10). In the region that survives
the low-energy scaling, Hs ~ 4mgsN/[a/?U*]. If \ := 47gsN, the metric divided by o’
becomes

2 2 2

dsolé?,s = \U—[\dSZ(RLB) +VA (dUU2 + dQ§> . A=dmgN. (11.8.38)
For example, at U = Uy and U = 2Uj, the parallel metric coefficient increases by a
factor of four while the angular sphere coefficient stays v/A. The ratio L/f, = \'/4
controls the curvature in these string units. The overall o/ of the dimensional metric
vanishes, but the geometry measured in string units remains finite. Inferring “only zero
modes” from that overall factor would miss the role of the redshift and the fixed U
scaling.

The redshift can be made explicit for a static local excitation. At fixed U, the time
component of the original metric satisfies /—g;; = Vo' U/AY* if t is the asymptotic
time coordinate used in (I1.8.38). A mode whose conserved asymptotic energy is E has
local proper energy Eproper = E/v/—gi. Therefore

_ EVo' _ EXV/?
oV u u
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At fixed E and U, this ratio is finite even though E¢, — 0 for an excitation measured
at infinity. The calculation explains how finite local string-scale dynamics can coexist
with decoupling of ordinary asymptotic massive strings. It uses the sourced D3 metric
and a specified static observer; it does not construct the full spectrum of the throat or
a duality map.

9s

qualitative logarithmic plaqement

El, — 0 is independent | gsN > 1: small curvature

of both axes |
|

gs < 1: weak loops below

gs = 1072
N =10*

gsN

Figure I1.8.5: Qualitative parameter plane for the D3 limit. The horizontal coordinate is
gsIN and the vertical coordinate is gs; logarithmic placement only illustrates parametric
inequalities and marks no numerical cutoff. Rightward motion makes L/{¢ parametrically
large. Downward motion weakens string loops. The low-energy condition E¢; — 0 is
an independent limiting operation and can be imposed at either marked point. The
points show gs = 1072 with N = 10 and N = 10%.

For the first marked example, gs = 1072 and N = 10. Then g,N = 0.1 and
L/l = (0.47)"/%, of order one. At any fixed finite E, (11.8.35) and (I1.8.36) still tend
to zero. String loops are weak in the stated asymptotic coupling, yet the curvature is
not parametrically small. The symbol > 1 is essential: a value only just greater than
one would not establish a controlled expansion.

Keep the same g, = 1072 but set N = 10*. Now g;N = 100 and L/, = (400m)'/%.
This moves substantially toward a weak-curvature region while the loop parameter stays
102, The latter is a finite illustrative value, not an asymptotic proof of negligible every
correction. If one wanted parametric control, one could take a sequence with g5 — 0,
N — 00, and gsN — oo. For example gs = m~! and N = m? give

gs — 0, gsN =m? — oo, ; = (drmAV* 5 00 (m — 0). (11.8.40)
S

The fixed-N low-energy limit and this separate parameter family answer different
questions. The first isolates low-energy degrees of freedom; the second makes a particular
classical bulk expansion reliable. General Dp backgrounds have position-dependent
curvature and dilaton, so these D3 inequalities should not be copied unchanged to every
brane. The later D3-probe chapter uses this distinction before comparing a brane field
theory to a gravity region. Neither the two limits nor the local metric algebra proves a
complete holographic equivalence.
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For a converse finite example, take gs = 2 and N = 10*. Then g;N = 2 x 10%, so
the radius in string units is large, but perturbative string loops are not weak. The
fixed-energy o’ — 0 argument again removes ordinary massive strings and bulk gravity.
These three examples occupy different parts of the same parameter plane; none changes
the definition of the low-energy limit. In particular, replacing gs < 1 by gsN > 1 would
incorrectly call this third case a controlled perturbative Type IIB solution.

11.8.7 Exercises

Work the intermediate steps before submitting the exact fields named below to the
companion grader. The task IDs are T08-E1 through I08-E6; the first five have bounded
answers and the sixth asks for written interpretation. For public submissions, follow
benchmark/PROTOCOL . md.

1. Convert \/— det g(8)e~2®|H3|? to Einstein frame in ten dimensions, using ¢*) =
e~®/2¢(s) . Submit the integer field einstein_dilaton_exponent. Explain on
paper why three inverse metrics appear.

2. Solve the punctured radial harmonic equation for H = 1+ A/r® on flat transverse
RS and R®. Submit integer fields d3_power and m2_power. Show the nonzero
residual if the D3 power is increased by one.

3. Use the positive classical M2 electric branch Fy = (6/R)vs and 2k3, T = (2m)°5.
On the free quotient S7/Zy with unit volume 7*/6, take N¢j = 3. Write R°/£5 =
CwP. Submit integer fields radius_six_coefficient and pi_power, and the
exact rational string quotient_volume_ratio for Vol(Y7)/ Vol(S7).

4. Take Ry = 305, Tnz = 1/[(2m)263], Tp1 = 1/(27a’), and 2k3; = (2m)%¢). Submit
the exact rational string 1p_cubed_over_alpha_prime_over_ell_s for Ef,/(o/ﬁs)
and the integer gravity_coefficient in 2k2, = (27)"C(8. State which circum-
ference enters both steps.

5. Let g = 1/100, N = 10, and FE be finite while o’ — 0. Submit Boolean fields
gravity_decouples, small_curvature, and weak_loops, using the separate
criteria Fl; — 0, gsN > 1, and gs < 1. In writing, repeat the analysis for
N = 10* and distinguish a finite example from a parametric limit.

6. Explain in writing why the classical electric integral over S7/Z; cannot alone be
identified with an exact finite-IV Page or rank charge. Name one missing global
or quantum ingredient, and distinguish it from the shifted magnetic cohomology
condition.
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I1.8.8 Take-home message

Take-home message

The massless bulk fields admit charged D3 and M2 solutions whose sourced warp factors
become curved throats. Away from a source, radial harmonicity fixes the powers r~*
and =%, while source and flux data fix their coefficients. A positive classical M2 electric
integral on 5’7/Zk gives RS = 3271'2ch1€2 and Raas, = R/2. Wrapping an M2 on the full
physical circle gives éf) = Rioa’ and the ten-dimensional gravitational coefficient. At fixed
finite gs and N, low-energy D3 gravity decoupling does not require a large classical throat.
Small curvature and weak string loops are additional, independent conditions.

The reader should now be able to change frame for a form density, solve a punctured
radial warp-factor equation, compute a classical quotient flux scale, translate membrane
and string units, and test decoupling separately from approximation control. Source-
normalized brane solutions and the sourced flux-quantization law are used at their stated
scope. The full projector, complete worldvolume action, quantum charge completion,
and a holographic equivalence require further input.

Status and sources

Section 1. The D3/M2 route is an orientation to the sourced solutions below. It makes
no independent equivalence claim. Chapter 4 supplies the massless field prerequisites.
Section 2. The eleven-dimensional metric and three-form content is [SUGRA] from
Witten (1995, physical PDF pp. 11-12, sec. 2, egs. (2.9)—(2.13)); the displayed eleven-
dimensional form terms remain schematic. The exact relative +4 dilaton and —1/12
raw three-form coefficients in the leading bosonic Type II NS action are an additional
[SUGRA] premise from Johnson (2000, physical PDF p. 95, eqgs. (251)—(252)). Johnson’s
G and total ® are translated to ¢¢*) and ®; his G= e®>/2¢g(F) has an extra constant
factor, as his physical PDF pp. 47 and 95, egs. (114) and (253), show. The NS three-form
Weyl density is [MATH] under a smooth positive frame factor and the stated factorial
norm. The connection-difference contraction derives the curvature transformation, and
combining it with the sourced +4 term gives the —1/2 Einstein-frame dilaton coefficient,
[MATH] when the integrated Laplacian has no boundary contribution. The IIB five-form
constraint and distinction from the auxiliary-field action are [SUGRA] from Dall’Agata
et al. (1997, physical PDF pp. 1-3, egs. (1)—(4)). The metric, string units and form
notation are as stated above.

Section 3. The flat D3 ansatz, coefficient and five-form content are [SUGRA] from
Maldacena (1997, physical PDF pp. 3-4, sec. 2, egs. (2.1)—(2.4)). The flat M2 ansatz,
coefficient and electric field are [SUGRA] from Maldacena (1997, physical PDF p. 11,
sec. 3.2, eq. (3.3)). Their BPS interpretation is sourced. The punctured radial solution
is [MATH] for a radial twice-differentiable function in d > 2. The residuals, near-horizon
coordinate changes and throat metrics are [MATH] under the sourced ansatze. The
source’s gauge coupling is translated to the gauge-coupling normalization given above;
its displayed coefficient is not an independent book coupling definition.
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Section 4. The positive electric orientation and minimal membrane and gravitational
units are fixed above. The free quotient volume and classical electric integral are [MATH]
under that physical normalization. The k = 1 coefficient agrees with Maldacena (1997,
physical PDF p. 11, sec. 3.2). The shifted spin-manifold magnetic class is [ANOM]
from Witten (1996, physical PDF p. 2, eq. (1.2), and pp. 6-7, Section 2.2). Its cited
membrane fermion-sign mechanism fixes one mod-two flux-period condition; no anomaly
calculation is reproduced here. It is distinct from the electric count. The membrane unit
is input, with Lu (1997, physical PDF p. 3, eq. (1.5)) only a normalization cross-check.
Section 5. The physical-circle R1g = gs¢s and membrane/gravity units are as defined
above. The once-wrapped M2/F1 tension relation is [MATH] in the common unwarped
asymptotic frame. The reduced gravitational coefficient is [MATH] for circle-independent
zero modes in that frame. Witten (1995, physical PDF pp. 11-12; sec. 2) gives a
circle reduction in its own frame; Itzhaki et al. (1998, physical PDF p. 4, eq. (1) and
footnote 1) records the ITA /M units after translation. No equality of differently framed
source radii is assumed.

Section 6. The fixed-U = r/a’ D3 decoupling limit as o’ — 0 is a [DEC] assumption;
the radius is a cited [SUGRA] input from Maldacena (1997, physical PDF pp. 3-4, sec. 2,
egs. (2.1)—(2.4)). The suppression of massive asymptotic strings and ten-dimensional
gravity at fixed finite g5, NV and E follows mathematically under those inputs [MATH].
The separate small-curvature and weak-loop test is [MATH] under the sourced radius
and constant dilaton. Curvature and dilaton control are kept distinct as in Itzhaki et al.
(1998, physical PDF pp. 4-5, sec. 2, egs. (1), (5)). Neither calculation establishes a full
holographic duality.

Section 7. Exercises 1-5 test bounded calculations; Exercise 6 is written-only.
Section 8. The conclusion adds no new physical claim.
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Chapter 11.9

The duality web: S-, T-,
U-duality and M-theory

11.9.1 Why a web needs typed links

A closed string can wind around a spatial circle while carrying momentum along it. A
DO-brane can carry the same integer label as momentum around a proposed eleventh
circle. In Type IIB, a string can carry two integral charges. These facts invite a web
of descriptions, but the links do different jobs. A free-circle calculation transports
worldsheet zero modes. A strong-coupling identification supplies new physical states.
A geometric change of coordinates only rewrites an existing configuration. A brane
motion can require a further assumption about what persists in the infrared.

We will build the web in that order. The circle calculation gives an exact algebraic
test and a separate measure condition. Electric Type IIB charges give an integral lattice
test, with source and fivebrane axes kept distinct. The ITA/M dictionary makes the
circle units physical. Two heterotic comparisons show how much low-energy agreement
can establish. Finally, two selected construction paths show which assumptions remain
after their steps are composed. Figure I1.9.1 locates the three basic dictionaries and
their later uses.
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free circle P circle image
(naw;Ra gS) ” (’LU,?’L, CM’/R, gé) N

! later brane paths
F---> extra physical |
\ premises !

IIB electric string | NP | transported charge
integral charge ¢ 1 Ag and AMAT

ITA DO and F1 NP | M circle and M2 ,/
string-frame units g Rio, Ly, Tnz

Figure 11.9.1: Three interfaces used in this chapter. The top arrow is the free-circle
transformation of momentum and winding under an isometry. The middle arrow is
the proposed Type IIB nonperturbative transport of electric string charges. The lower
arrow is the ITA/M strong-coupling circle dictionary. Dashed arrows point to later
brane constructions and do not assert their dynamics.

Chapter 3 derived the compact-boson spectrum, while Chapter 8 fixed the asymptotic
metric and membrane units. Chapter 10 will discuss NS5-branes themselves. Here we
use an outward fivebrane charge only to track a selected mirror construction, not to
infer an NS5 dynamics from a closed-string circle spectrum.

I11.9.2 The perturbative circle link

How can a string with momentum on one circle be read as a winding string on another?
Let X ~ X 4 27R be a free spatial coordinate in the asymptotic string frame. Set
(2 = o' > 0. An oriented closed string has momentum number n € Z and winding
number w € Z. In the book normalization its left- and right-moving zero-mode momenta

e R R
n w n w

_n - = _ 11.9.1

pL R+ o PR R o (IL9.1)

The first term comes from the periodic wavefunction eX/%. The second measures
the displacement 27rwR of the embedding around the spatial worldsheet cycle. The
signs say that winding contributes oppositely to the two chiral sectors. A change
of the orientation chosen for the worldsheet or circle changes the corresponding sign
assignments together.

For positive R, define the transformed data by

/

R = %, (n',w") = (w,n). (11.9.2)
Inserting these into the same formula, without relabelling just one sector, gives
, w nR  wR n , wR n
= — = — =pr, =— — —=—pgr 11.9.3
PL= o o + R DL PR="7 "R PR ( )

Thus one chirality is unchanged while the other is reflected. The transformation is an
involution on these data. Applying it twice returns R and exchanges the integers twice.
The fixed radius is R = v/a/; the map still acts nontrivially on states at that radius.
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The zero modes enter both physical-state equations. With Ny, N the oscillator
levels and ay,ar the appropriate intercepts in a specified string sector, write the
common spacetime mass as

4 4
M2=p%+J(NL—aL)zpf%—s—a(NR—aR). (I1.9.4)
Equivalently, their difference imposes level matching:
0=a'(p2 —pk)/4+ Ny — Ngp—ar +agp =nw+ N, — Ng —ag, +ag.  (11.9.5)

Equations (I1.9.3)—(11.9.5) show why the two shells have the same numerical zero-mode
contributions after the transformation. The rest of a physical spectrum still requires the
oscillator, sector, and projection map. This calculation alone is not a theorem about
every compact conformal field theory.

The one-loop measure adds information that a mass formula cannot supply. Gauging
an isometric circle and integrating the worldsheet gauge field changes the dilaton
contribution to the path-integral measure. In the present normalization it gives

R Va!
ﬁy 9o = g7 (11.9.6)

R
The relation assumes a circle isometry and the corresponding holonomy and measure
treatment; it is not obtained by squaring py, or pr. To see its role in the low-energy
density, a constant-circle reduction weights a ten-dimensional string-frame NS term by
the circle circumference and e=2%:

d' =& —log

(27R)e™*® s (27R')e 2* = (2rR)e 2%, (11.9.7)

The final equality follows by substituting R’ = o/ /R and e 2% = ¢ 2®R2/o/. Tt is a
useful dimensional check on the measure shift, not an independent derivation of the
gauged path integral. The source’s curvature dilaton is —2® in our notation, and its
dimensionless chiral momenta are \/a//2pr g.

The same measure condition can be seen at arbitrary genus in the free-circle model,
subject to the source’s treatment of worldsheet periods. Put p = R/v/o/ and let Z;,(p)
denote the circle contribution at genus h. Its transformation in those dimensionless
units is

Zn(1/p) = p*" 72 Z1(p). (IL9.8)

The Euler-characteristic weight of a constant book dilaton is g2*~2. If g/ = gs/p, the
transformed term becomes

2h—2
(95)*" 2 Zn(1/p) = (f’;) P22 (p) = 62" 2 Zn (). (11.9.9)

At genus one the exponent vanishes, so a torus partition function by itself cannot reveal
the coupling shift. At genus zero it supplies the reciprocal power required by the sphere
term. This argument uses the higher-genus circle measure and its holonomy treatment.
In the bosonic theory the summed partition function has a tachyon divergence, so this
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formal comparison should not be silently promoted to a convergent nonperturbative
sum.

As a complete finite example, set o' =4, R =3, gs = 3/2 and (n,w) = (2, —1). The
original and transformed data are

2 32 3 1 17 4
Y A - [ (-t R g)=(=-1,21).
(plnpR) (3 473+4> ( 12712>7 ( 7n7wags) (37 9 Ay )

(1I1.9.10)
Checking the transformed momenta directly gives
-1 2(4/3) 3 2 1 3 2 17
= =——4-=—-—= h=—-—-=——. 11.9.11
PL=y37 1737 12 PRTTYT3T T (I1.9.11)
The product nw = —2 is also preserved, since n’w’ = (—1)2 = —2. The transformation

has transported these zero-mode data from a radius larger than ¢, = 2 to one smaller
than £, while the two zero-mode shell contributions remain the same. The data alone do
not specify a physical state without oscillator and projection information. Figure I1.9.2
fixes the orientation used in this example.

+n along increasing X

X ~X+27R
w = —1 opposite +X

Figure 11.9.2: A positively oriented physical circle of radius R with a chosen increasing
coordinate X. The blue arrow follows increasing X for n = 2; the red arrow traverses
the opposite direction for w = —1. T-duality interchanges the signed integers and sends
R to o’ /R. Arrow positions are separated to keep the circumference continuous.

An irrational-coupling round trip tests a feature that a rational example hides. Take
o =4, R =3, and g, = v/2. The first coupling is g/, = 2v/2/3. On the dual circle
R’ =4/3, a second application gives

g,,:2\/§ 2 _ 3 4
s 3 4/3 ’

/!
R’ = 73 3 (11.9.12)
No rational approximation is needed. The map is algebraically involutive for any
positive exact coupling, while its physical use still rests on the specified isometry and
measure premise. In later chapters, a brane wrapped on a dual circle has additional
boundary conditions. One should use the open-string brane dictionary there, not infer
it solely from (I1.9.1).
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I1.9.3 IIB charge doublets

What is transported when a Type IIB S transformation is applied to a charged object?
An electric string and a fivebrane each admit an ordered pair of integral charges, but
their axes and orientations serve different source conventions. For the local electric-
string calculation, let ¢ = (¢r,qp)” be an oriented (F1,D1) column. On this particular
column take

0 —1 11
S, = (1 0 ) T, = <0 1), det S, = det T, = 1. (11.9.13)

These matrices give an integral exercise basis. They are not the transformation matrix
for the book’s outward fivebrane column, nor are they sevenbrane branch-cut matrices.
The physical assertion that the full Type IIB theory realizes the required SL(2,7Z)
transformations is a nonperturbative premise. We can nevertheless calculate precisely
what an assumed integral action would preserve.

First consider a primitive charge vector, one whose two components have greatest
common divisor one. If A € SL(2,Z), then A~! has integral entries. Each component
of Aq is an integral combination of those of ¢, so ged(q) divides ged(Agq). Applying the
same statement to A~! gives the reverse divisibility. Hence

ged((Ag)1, (Ag)2) = ged(q1,q2), A € SL(2,Z). (11.9.14)

For two charge columns ¢ and ¢/, define their oriented pairing by (g, ¢’) = det(q, ).
Matrix multiplication gives

(Aq, Aq') = det(Aq, Aq') = det A det(q,q’) = (q,¢). (I1.9.15)

The pairing calculation concerns a free rank-two integral lattice. A physical Dirac—
Schwinger—Zwanziger lattice interpretation requires actual compatible charged sectors,
including appropriate magnetic sectors. The determinant identity cannot populate
those sectors.

Temporal order matters. With ¢ = (2,1)7, apply 7, first and S, second. Then

Toq = (i’) . ST = ((1) 11) . S.Tuq= (;) . (IL.9.16)

The final vector is primitive, and det(S.T.) = 1. By contrast, D = diag(2,1) has
determinant two and takes (0,1)7, (1,0)7, whose pairing is —1, to a pair with pairing
—2. Its inverse is not integral. A matrix that happens to preserve the ged of one
selected vector is not enough to give a lattice automorphism.

The tension comparison needs the source metric and charge frame. In Schwarz’s
electric-string frame, let x be the asymptotic axion, gs = ¢ > 0, and 7 = x +i/gs. The
source uses an Einstein metric g and a string metric G = e?/2g. Its scalar matrix and
source charge column q = (q1,¢2)” are

2 —1
M= (gsx + 93 ng> et M =1, (11.9.17)
gsX Js
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Inverting this explicit two-by-two matrix yields the dimensionless Einstein-frame squared-

tension factor )

_ q
Ay =¢" M qg=g@x—a)+ 2. (11.9.18)

S
The inverse is essential. Under the source convention M — AMAT, the potential
column transforms as B +— (AT)~1B. Its electric charge column transforms as q — Agq.

Consequently
(Ag)" (AMAT) M (Ag) = ¢" M 'q. (11.9.19)

This is covariance of the source expression when both scalars and charges move. It does
not equate tensions at fixed 7 for arbitrarily different charges. Figure I1.9.3 keeps the
electric and magnetic-facing book axes separate.

For a fixed-source comparison, take y = 0 and g5 = 2. The matrix and its inverse
are diagonal, so three primitive charge columns give

15
M — (1(/)2 g) , M—l — (3 1(/)2> s (A(I,O)vA(OJ%A(Ll)) - (2, 5, 2)

(11.9.20)
The mixed vector has a squared-tension factor equal to the sum of the two axis factors
at this particular x. This is not an additivity law for tensions, since physical tensions
are proportional to \/E in this Einstein frame. If the axion is nonzero, the off-diagonal
entries of M™! also change the mixed factor. The example shows why the charge
column, scalar matrix, and frame must be specified together.

electric string (F1,D1) outward fivebrane (D5, NS5)
b S NS5 )

I

Figure 11.9.3: Separate oriented integral charge planes. Left: the local electric string
basis ¢ = (F1,D1) uses S.(1,0)” = (0,1)T. Right: the book’s outward fivebrane basis
is Q5 = (D5,NS5), with S5(1,0)7 = (0,—1). The vertical arrows deliberately differ.
No arrow identifies a source electric charge with a fivebrane charge.

For the outward fivebrane convention used in the later web chapters, write Q5 =
(p,q)" = (D5,NS5)T. Its adopted S operation is

S5 = (01 (1)) e (é) = (01> : (11.9.21)

Thus an outward D5 maps to an oppositely oriented NS5 in this house basis. Dropping
the minus sign would change the orientation relevant to a finite Hanany—Witten con-
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figuration. Chapter 10 treats the NS5 object; later sevenbrane discussions have still
another cut convention.

A source-local tension check illustrates why literal formulas take priority over a nearby
sentence. At xy = —1/2, equation (I1.9.18) gives A o) = gs and Ay 1) = 9gs/4 + 1/gs.
Therefore

5 1
Aay = Aoy = g0+ > 0. (11.9.22)

This is a statement about the displayed source formula in its own frame. It does not
alter the house fivebrane S operation. The printed source claim of degeneracy at this
axion value conflicts with that formula; the discrepancy is recorded in the chapter-end
source notes. Neither equality of a self-overlap nor a charge diagram establishes the
complete spectrum or a nonperturbative equivalence.

I1.9.4 The ITA/M circle

Why does the Type ITA DO tower suggest momentum in one more direction? Begin
with a physical length frame, rather than a dimensionless source metric. Let o/ = 2
and gs > 0 be measured in an unwarped asymptotic ITA string frame. The proposed M
circle has physical radius Rjo and angular coordinate ¢, with

Xlo = R10910, 010 ~ 610 + 27T, R10 = gsfs. (11923)

The coordinate X'° consequently has period 2rR;o. The angular coordinate has no
length units. This distinction is important when a membrane wraps the circle or a
ten-dimensional coupling is obtained by integrating over it.

The ITA/M dictionary supplies the eleven-dimensional Planck length and minimal
membrane tension in the same length convention:

1 1

03 = Rypa’ = g3 Tve = 5= Ty = —.
P 100 = gsb, M2 (2#)262’ F1L =5

(11.9.24)
These are sourced physical unit premises. They are not obtained by declaring a new
coordinate in ten dimensions. Chapter 8 used the same absolute units in reducing the
bulk action. Here they let us make two independent numerical comparisons.

First, the unit DO BPS mass in this convention is Mpo = 1/(gsls). A free unit
Kaluza—Klein momentum on the physical circle has magnitude 1/Rjq. Substituting
(I1.9.23) gives

Moo Lo L M — LEL (I1.9.25)
Do = gls  Ru KK,1; KK,k = o’ 9.
The last expression is the circle momentum spectrum for an integer k, assuming the
modes exist. The DO charge is proposed to supply those sectors in the strong-coupling
completion. Equal masses are a compatibility condition for that proposal. They do not
construct the higher-charge bound states or prove the completion.

Second, a membrane wrapped once around the full physical circumference has an

effective string tension equal to area tension times length. Keeping the 27 factors gives

27TR10 1

Twra e = (27R T = —— = — =Tp;1. 11.9.26
pped M2 ( m 10) M2 (27T)2€?, ol F1 ( )
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If one had used R;( rather than 27 R, the result would be short by 27. If the membrane
wraps m times without changing orientation, its classical area contribution is |m/| times
this unit tension. Whether all such sectors are stable or independent requires more
than this area calculation. Figure I11.9.4 shows the angular and physical descriptions of
the same circle.

string direction one winding

010 ~ 610 + 27

X110 = Ri10610, circumference 2w R1o

Figure 11.9.4: The same M circle in an angular coordinate 619 of period 27 and a
physical coordinate X' = R0, of period 2mR1y. A membrane strip wraps the entire
circumference once and extends along one noncompact spatial direction. Its effective
string tension uses the full length 27 R1g.

At the values o/ = 4 and g; = 3/2 used earlier, £, = 2. The two lengths and the
unit masses are

Ry = 22 =3, 063 =3-4=12, Mpo = ﬁ = % = Mgx1.  (11.9.27)
The membrane comparison can be checked without decimal approximations. At these
values T2 = 1/(4872), so

1 1 1
W@ = g, 27TTwrappcd M2 — Z = 27TTF1. (11928)
The two comparisons use different quantities: a particle mass and a string tension.
Agreement in both provides a tighter unit test than either alone, though it remains
conditional on the sourced DO and M2 units and the ITA /M identification.

There is a frame trap in reading the classic strong-coupling argument. Witten’s
source metric uses a circle radius that scales as gz /3 in its chosen eleven-dimensional
metric convention. That coordinate radius is not Ry in (I1.9.23). Its physical PDF page
11 also describes radius and KK mass scaling in prose opposite to the implication of its
following displayed equations. We use the equations after an explicit frame translation
and the book’s independently specified absolute units. Schwarz’s wrapped-membrane
comparison likewise uses a source eleven-dimensional radius r before a factor e=2¢4/3
is included in comparing tensions. Neither source radius may be inserted into (11.9.26)
as though it already measured the book’s physical string-frame circumference.

The scaling translation can be performed in the source variables without identifying
its coordinate radius with our physical one. If » = ¢” and e~2¢ = 737, then v = 2¢/3

Twrappcd M2 = 6
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and r = ¢2#/3. Witten’s ten-dimensional metric inherited from the source eleven-
dimensional frame obeys G'° = e~7g, where g is the ten-dimensional string-frame
metric in that comparison. Thus dsgio = e~/ 2dsg at constant asymptotic dilaton.
Equating the proper-time terms mgiodsgio = myds, gives my = e~ "?meio. Hence
the source’s KK scaling measured in g is

—v/2
m%f% ~ % =2 =m0 = g7t (I1.9.29)
This reproduces the coupling power of (I1.9.25). Witten’s schematic step does not
fix the absolute ¢ coefficient; that comes from the physical unit premise in (11.9.23).
Reading r = €2?/3 as a string-frame radius would instead predict the wrong coupling
power for a unit KK mass.

As g5 increases at fixed /5, equation (11.9.23) says the physical M circle grows. This
suggests why an additional geometric direction is useful at strong IIA coupling. It does
not turn a weak-coupling calculation into a theorem about every state. In Chapter 8 the
bulk fields supplied the reduction interface. The later M5 construction uses a stronger
lift and a protected low-energy continuation; its physical content cannot be deduced
from the two equalities above.

I1.9.5 Heterotic duality interfaces

What can be compared before declaring two theories equivalent? Low-energy actions
and protected multiplets often give sharp constraints, yet they sample only part of a
quantum spectrum. Two proposed nonperturbative links make this distinction concrete.
One compares the SO(32) heterotic string with Type I. The other compares heterotic
string theory on 7% with Type IIA on K3. Each link has its own hypotheses and state
dictionary.

For the first link, start with the local gauge algebra s0(32). An antisymmetric
32 x 32 matrix has one independent entry for each unordered pair of distinct indices.
Its dimension is therefore

= 496. IL9.
) 5 96 (11.9.30)

dim s0(32) = <32) _ 3281
Both weakly coupled descriptions have this local gauge-algebra count in the relevant
low-energy comparison. It does not fix the global gauge group, line operators, or all
charged representations. In particular, spinor states seen on the heterotic side do not
appear as elementary perturbative Type I strings. The proposed identification requires
their nonperturbative realization on the Type I side.

The dilaton weights explain why a weak description on one side can face a strong
description on the other. In schematic ten-dimensional string-frame normalization, the
heterotic gauge and gravity terms carry the same closed-string factor e 2%®# while

Type I gravitational closed-string and open-string gauge terms carry different powers:

Sy D /\/—79}1 e 2 (Ry + -+t Ff + ), (11.9.31)

128



S; O /\/ng(efmfRI 4o e P tr FR 4 ). (11.9.32)

The coupling powers can be followed through the source frame change. Write gg =
e®#g; and ®; = —®y. In ten dimensions, the metric determinant contributes five
powers of e®# | while a two-form field strength contracts two inverse metrics. For the
displayed curvature and gauge factors this gives

V—gm = % \/=gr, Ry = e %7 (R; + dilaton derivative terms),

tr F? = e 2%7 tp 2, (I1L9.33)
Consequently the relative dilaton powers become
V=gne " Ry ~ /=g1e**" Ry = \/—gie **' Ry, (11.9.34)

V=gre 2T tr Fy = \/—gre® " tr F? = \/—gre *" tr F?.

The curvature line isolates its leading R; coefficient. The omitted derivatives must
be combined with the transformed dilaton kinetic term to compare complete actions.
The gauge line is a local Weyl-weight identity for the same field-strength components.
Neither line constructs the missing Type I spinor states. The omitted dimensionful
coeflicients and field normalizations matter for an equality of complete actions. These
displayed powers show why simply setting ® 5y = ®; in the two string frames would not
match the gauge and gravity terms. The proposed relation uses inverse couplings and a
frame change. That is a low-energy interface, with the nonperturbative state problem
still present.

For the second link, use a smooth K3 and a generic abelian point where the stated
reduction of the ITA Ramond—Ramond fields applies. Its second Betti number is
ba(K3) = 22. The ten-dimensional one-form Cj gives one six-dimensional vector.
Expanding the three-form C3 on a basis w; of harmonic two-forms gives twenty-two
more:

22

Cs(z,y) = Y Al(@) Awr(y) + C (@) + -, dwy =0. (11.9.35)
I=1

Here x labels six-dimensional spacetime and y labels K3. The A are vectors in the
uncompactified directions. The six-dimensional three-form C’éﬁ) has a four-form field
strength. Let V' > 0 denote the K3 volume in the reduced action’s metric normalization.
Its kinetic term carries a factor V. In the source dualization convention the four-form
is related to a vector field strength by

F4(6) _ dC?()G), VF4(6) — >kGFdeual’ Fé:lual _ dA(ljual. (11936)

Thus the dual vector’s kinetic term has the reciprocal volume weight, V=1 Fsual|2 yp
to the same common normalization. The V factor belongs to the source’s reduced field
convention; dropping it would change the coupling of this last vector even though the
count stayed twenty-four. The resulting generic RR vector count is

NI =14+ b0(K3)+1=1+22+1=24. (11.9.37)

vec
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The last one is easy to miss if C'5 is only expanded on internal cycles. It is not an
extra harmonic two-form. The dualization assumes a suitable local six-dimensional field
description; it does not, by itself, establish a global equality of charge lattices.

A concrete comparison puts the two counts side by side. At the generic abelian
K3 point, list the twenty-four IIA RR vectors as {Cy, A}, ..., A2?2 Aduall Separately,
the local SO(32) adjoint has 496 algebra generators and rank 16. The numbers
answer different questions. The first counts six-dimensional RR vector fields on one
compactification branch and can describe rank-24 abelian gauge data there; the second
gives the dimension and rank of a ten-dimensional local algebra in a different proposed
link. Neither the six-dimensional count nor the adjoint dimension fixes the global
gauge-group quotient.

- T 1

SO(32) heterotic NP Vi spinor states need

> same local ;
local 50(32) leeb nonperturbative account
algebra
2 ° T ITA on
.Eter.Otlc O.n NP smooth K3 last vector from
51x-d1znensmnal - RR, vectors six-dimensional Cj3
ata
1+22+1

Figure 11.9.5: Two distinct heterotic comparisons. The upper route relates SO(32)
heterotic and Type I low-energy gauge data; spinor states require a nonperturbative
Type I account. The lower route compares heterotic 74 with IIA on smooth K3. The
ITA RR-vector count is 1 + 22 + 1 = 24, with the last vector obtained by dualizing
the six-dimensional three-form. Arrows denote proposed physical links rather than
consequences of the field counts.

The K3 count is an interface to a proposed heterotic/IIA (K 3) equivalence. Matching
low-energy fields and protected data can motivate that proposal and test particular
sectors. It does not produce every massive state, a complete charge-lattice isomorphism,
or the dynamics at a singular K3 point. Chapter 5 supplies the heterotic lattice
background; the later K3 construction chapter will use the geometric side with its
own assumptions. Figure I1.9.5 avoids turning the two heterotic proposals into one
undifferentiated arrow.

I[1.9.6 Chains and their conditionality

What remains to be assumed when individually meaningful links are joined into a brane
construction? We will classify a step by the physical job it performs. A P step is a
perturbative or kinematic operation, such as a coordinate relabelling in its specified
setup. An NP step imports a nonperturbative duality generator. An A step names
a physical assumption independent of duality about a brane motion, occupancy, or
infrared continuation. An adiabatic step, when present, would need its own conditions;
neither selected path below has such a separate step. The labels identify dependencies.
They do not establish the operations for all configurations.
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The first selected path starts with a finite linear Type IIB arrangement of D3-branes
ending on oriented fivebranes. Its four operations are ordered. Type IIB S changes the
fivebrane species, the signed coordinate rotation restores the comparison frame, a selected
fivebrane motion invokes brane creation and occupancy, and a selected reconnection or
deformation is continued to an infrared description. Write their dependency sets as

D, = {NP(IB S)}, Dy = {P(signed rotation)},

D3 = {A(creation/occupancy)}, D, = {A(IR continuation)}. (IL.9:38)
The physical fivebrane S at the first step is the outward-column action in (I1.9.21).
The rotation in the second step is a signed coordinate and field reidentification, not a
hidden T-duality. The third and fourth steps are specific to the selected finite path. In
particular, conservation of the linking quantities used to track creation does not derive
the microscopic occupancy rule or guarantee that the final deformation reaches the
intended IR theory.
For this path, the exact union is

4
Duw = | J Di = {NP(IIB S), P(signed rotation),
=1

(11.9.39)

A(creation/occupancy), A(IR continuation)}.

This set is not compressed to “S-duality” because doing so would discard two independent
brane premises. It is also not enlarged by a circle T transformation that the selected
route does not use. Figure 11.9.6 follows the actual order, with the endpoints of each
arrow placed at the configuration to which that operation applies.

The dependency can be tested one operation at a time. After the selected motion
but before the infrared continuation, the route has used only

DE) = Dy U Dy U Ds

11.9.40
= {NP(IIB S), P(signed rotation), A(creation/occupancy)}. ( )

The desired comparison of final infrared descriptions needs one more premise. In this
finite path its difference from the partial set is

Duw \ Dl(f\),v = {A(IR continuation)}. (I1.9.41)

This explicitly locates the step that cannot be discharged by calculating conserved
linking quantities. One may verify an integer relation before and after motion while the
infrared continuation remains an independent statement about dynamics.

The second path starts from a Type ITA D4-NS5 configuration and proposes a
single lift to an M5 description. This step assumes the nonperturbative ITA/M lift
NP(ITA /M lift):

Dys = {NP(ITA/M lift)}. (11.9.42)

Comparing low-energy descriptions additionally assumes protected continuation along
the chosen construction. This condition applies to the comparison of the low-energy
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finite 1IB D3 | N p| g ¢ ansformed | P | restored signed | A1 selected 42 | proposed IR
fivebrane ‘pecies di motion description
setup sp S coordinates and occupancy SCrip
IIA D4-NS5 NP M lift _ M5 description
. > curve and
configuration differential

comparison also assumes protected low-energy continuation

Figure 11.9.6: Two selected construction paths with their dependency types. The upper
finite linear Hanany—Witten route contains one nonperturbative IIB S step, one signed
coordinate restoration, and two distinct physical brane premises. The lower path has
a single specified ITA D4-NS5 to M5 lift. A protected low-energy continuation is
an additional premise of comparing its descriptions. The diagram does not assert a
circular-web generalization.

descriptions. The Mb curve by itself is insufficient data for this comparison. One also
needs its distinguished differential and declared cycles or charge lattice. The actual
derivation of that curve and the M5 dynamics belongs to the later construction chapter.
Equations (I1.9.25) and (11.9.26) fix units under the ITA /M premises; they do not prove
the lift of an interacting D4-NS5 configuration or its protected continuation.

There is a useful failure test for both paths. Suppose a charge-conserving rearrange-
ment is drawn between two configurations. An integer conservation equation can be
satisfied even when no supersymmetric state realizes one intermediate configuration, or
when a required deformation crosses a wall. Consequently

charge conservation # populated spectrum or preserved IR theory. (11.9.43)

This implication is a logical boundary, not a claim that the selected path fails. Its
selected occupancy and continuation premises must be supplied where they are used.
Likewise, the existence of an integral matrix group acting on candidate charges does
not supply a nonperturbative physical action on every state.

Hull and Townsend’s proposed E7(Z) U-duality concerns Type IT theory compactified
on T in its stated setting. The proposal organizes electric and magnetic charge data
and includes transformations invisible to a purely perturbative description. For it to act
as a physical duality, the required charged sectors must exist and the nonperturbative
transformations must relate their dynamics. Algebraic group inclusion, or a formal
symplectic action on a lattice, is therefore weaker than exact symmetry of the quantum
theory. We will use a group name as a map of required comparisons, not as an automatic
proof of them.

These paths use distinct inputs. The free circle tests zero modes and the measure.
IIB S and the M lift import separate nonperturbative premises. Later Hanany—Witten
and M5 chapters add dynamics to the unit and charge calculations here.
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11.9.7 Exercises

Show the intermediate calculation and explain the physical interpretation in writing. Ex-
ercises 1-4 accept the exact JSON fields in the public companion. For public submissions,
follow benchmark/PROTOCOL.md. Exercise 5 is assessed as a written argument.

1.

Foro/ =4, R =3, gs = 3/2 and (n,w) = (2, —1), use (I1.9.1), (I1.9.2), and (I1.9.6).
Submit dual_radius, dual_coupling, dual_p_left, and dual_p_right as exact
rational strings. Explain why the right-moving sign reverses and why the coupling
does not follow from the mass shell.

. On the oriented local (F1,D1) integer column ¢ = (2,1)7, apply T, first and then

S from (I1.9.13). Submit matrix, charge, determinant, and primitive. Show
how an integral inverse enters the ged proof. State separately what the house
fivebrane S does to an outward D5.

. Assume the ITA physical-circle units (I1.9.23)—(11.9.24) and the D0 mass in

(IL9.25). At o/ = 4 and g, = 3/2, compute Rjq, {3, the DO and unit KK
masses, and 27 times each of the wrapped-M2 and F1 tensions. Submit the
six exact rational fields named in the public question schema. Show the full
circumference in the membrane calculation.

. Compute the local s0(32) adjoint dimension and the generic smooth-K3 ITA RR

vector count. Separate the contributions of Cy, C5 on K3 two-cycles, and the
dualized six-dimensional C3. Submit the five integer fields named in the public
question schema. Explain why the dualized vector is not a twenty-third K3
two-cycle.

. For the selected finite linear D3 /fivebrane route, label the ordered 1IB S, signed

coordinate rotation, creation/occupancy, and infrared reconnection/continuation
as P, NP, or A. Give the union of required premises. Then analyze the single
specified ITA D4-NS5 to M5 lift and its separately attached protected low-energy
continuation. Explain why charge conservation and the D0/KK equality prove
neither premise. State what additional physical content the original Type II on
T E;(Z) proposal needs.

I11.9.8 Take-home message

Take-home message

On a free isometric circle, R’ = o’/R with (n’,w’) = (w,n) preserves pr, and reverses pr;
the coupling transformation also needs the worldsheet measure premise. Integral SL(2,Z)
matrices preserve primitive charges and oriented pairings, while physical IIB transport
remains a nonperturbative input. In one physical ITA length frame, Rio = gs¢s matches
DO and KK unit masses, and wrapping an M2 around 27 Rio matches the F1 tension.
Heterotic low-energy counts and selected brane chains identify testable interfaces and
their remaining assumptions. None of these finite calculations alone establishes the full
quantum equivalences.
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The reader can now calculate a circle image including its coupling, transport a
specified integral charge, compare M-circle masses and tensions with all 27 factors,
count the generic K3 RR vectors, and list the physical dependencies of a selected brane
chain. The next chapter develops the NS5 object used in the fivebrane path. The later
mirror and M5 construction chapters supply dynamics beyond the arithmetic and unit
interfaces established here.

Status and sources

Section 9.1. The physical circle, tension and fivebrane conventions are stated above.
Section 9.2. The free-circle zero mode is [WS], from Giveon et al. (1994, sec. 2.2,
physical PDF pp. 14-16). The radius and integer exchange at R, &’ > 0 are [MATH]. The
gauged-circle measure and holonomy premise is [WS], from Giveon et al. (1994, sec. 2.3,
physical PDF pp. 17-18, egs. (2.3.9)—(2.3.11), sec. 4.1, physical PDF p. 89, eq. (4.1.10)).
Density and genus-weight equalities and examples are [MATH] given the free-circle zero
modes, measure and holonomy premises. Source momentum and curvature-dilaton
normalizations are translated in the body; oscillator and projection sectors remain
separate.

Section 9.3. The discussion takes full IIB SL(2,Z) as a nonperturbative premise, not
a worldsheet derivation; the source electric frame is Schwarz (1995, sec. 2, physical
PDF pp. 3-6, egs. (6)—(21)). The fivebrane action uses the outward-oriented charge
column. The ged and pairing preservation are [MATH] on a free integral lattice; compare
Hull and Townsend (1995, sec. 2, physical PDF pp. 10-11, egs. (2.6)—(2.9)). The
macroscopic-string tension has source supergravity support [SUGRA]; inverse-matrix
covariance and the example are conditional [MATH], not full IIB equivalence. Source
electric axes differ from house fivebrane axes. The cited example transcribes Schwarz’s
x = —1/2 sentence, Schwarz (1995, physical PDF p. 6, eq. (17) and paragraph after
eq. (21)); the nonzero difference in (I1.9.22) is conditional [MATH], not an attributed
source correction.

Section 9.4. The lift uses physical ITA /M circle and Planck units under the nonpertur-
bative ITA/M lift and the stated absolute-unit normalization, translating Witten (1995,
sec. 2.3, physical PDF pp. 11-13, egs. (2.9)—(2.14)); this is not a worldsheet derivation.
Source Weyl scaling, the DO/KK masses, and the full-circumference M2/F1 tensions
are conditional [MATH]. Schwarz (1995, sec. 4, physical PDF p. 10, egs. (31)—(32)) uses
source  and e~2#4/3 not physical Rio. Witten’s radius/KK prose conflicts with its
equations, Witten (1995, physical PDF pp. 11-12, egs. (2.13)—(2.14)); we translate the
equations. No M5 tension is imported.

Section 9.5. The perturbative action powers and absence of elementary Type I spinors
have source [wWS] support, Witten (1995, sec. 5, physical PDF pp. 52-53, egs. (5.1)—(5.2));
neither derives heterotic/Type I equivalence, a distinct nonperturbative premise. The
local 496 count and Weyl weights are conditional [MATH]; global gauge form stays open.
The generic smooth-K3 1 + 22 + 1 RR count is [MATH] under the source V F, = xF,
convention, Witten (1995, sec. 4.5, physical PDF pp. 49-50, eqs. (4.32)—(4.34)). The
heterotic 7% /ITA K3 equivalence is a distinct nonperturbative premise, Witten (1995,
secs. 4.2-4.3, physical PDF pp. 34-36, egs. (4.5)—(4.10)); low-energy and protected
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matches support sectors, not the full equivalence or spectrum.

Section 9.6. Hull-Townsend’s Type IT on T% E;(Z) proposal, Hull and Townsend (1995,
abstract and sec. 1, physical PDF pp. 1-4), is conditional on populated electric/magnetic
sectors and nonperturbative transformations. The dependencies of the two finite paths
are combined conditionally [MATH]. The Hanany—Witten path uses IIB S, signed
coordinate restoration, brane creation and occupancy, and infrared continuation. The
D4-NS5 path uses the nonperturbative ITA/M lift. The comparison of low-energy
descriptions further assumes protected continuation. Charge conservation discharges
neither generator nor continuation.

Sections 9.7—9.8. Exercises 1-4 request bounded consequences of the displayed
premises; Exercise 5 requests written reasoning about the exact selected paths. The
take-home message adds no stronger equivalence claim.
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Chapter 11.10

NS5-branes and other solitonic
objects

I1.10.1 A fivebrane seen from outside

A fundamental string couples electrically to the two-form By. A fivebrane can instead
be detected by carrying a three-sphere around it and measuring the flux of Hs = dBs.
This is the magnetic description of an NS5-brane. Its six-dimensional worldvolume
occupies £%123%5  leaving the four coordinates 2%7%° transverse. We will first ask
what an observer outside that worldvolume can calculate. The answer has a magnetic
integer, a long radial throat, and a coupling that grows toward the core.

A second view replaces a transverse circle by a geometric fiber. There the same sort
of integer appears as a Chern number, but only an isometric circle enters the elementary
T-duality map. A third view wraps an NS5 on a holomorphic curve. The Newton
boundary of that curve determines outward asymptotic directions. These three views
will become useful in later brane constructions. Their relation is a physical dictionary
with stated domains, not a consequence of comparing integers alone.

NS5 in 012345 Taub-NUT pole P(z,y) =0
= —
J Hs c1(Sh) edge normal

Figure 11.10.1: Three exterior views used in this chapter. A transverse linking S°
detects Hs around an NS5; a circle fiber collapses at a coincident Taub-NUT pole; and
a Newton edge controls an asymptotic arm of a holomorphic curve. The arrows indicate
the local observables calculated below. They do not identify the full worldvolume
theories.

Chapter 8 fixed the NS two-form and string-frame metric, and Chapter 9 supplied the
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circle dictionary. We use those ingredients to calculate exterior quantities. Chapter I11.10
will address worldvolume multiplets and dynamics.

I1.10.2 NS charge and a fivebrane throat

What does it mean for a codimension-four object to be magnetic? Let r > 0 be the
Euclidean radius in the transverse R?, and put 2 = o’ > 0. In string frame, the sourced
type-1I NS5 ansatz for N > 0 coincident units is

2 v 2, .2102 No/ 28 2

dst, = Nudatda” + Z5(r) (dr +7r dQ3), Zs(r) =1+ 2 e*® = g3 Z5(r),
(I1.10.1)

where p,v =0,...,5and gs = ¢ The brane source and its basic magnetic charge
are physical input to this ansatz. The field equations and supersymmetry of the full
source are not derived by the radial manipulations that follow.

The flux sign requires an orientation. Parametrize the unit linking sphere by
0 < 6 < m/2 and angles ¢, 9 of period 2. We choose the outward transverse orientation
dr N\ Volsi, with

P(00)

w/2
volsi =sinfcosHdb A dyp A do, / vols§r = (27r)2/ sin f cos 0 df = 272,
53 0

+

(11.10.2)
A convenient source-local angular potential is written in units fg, = 1 as B =
ns cos? 0 de A dip. The order of its angular differentials matters. Differentiating the
coefficient and then exchanging d¢, di gives

dB = —2ns5sinfcos@df Ado N\ dip = +2n5sinfcosfdf A dy A de. (1I1.10.3)

Thus the integral in those source units is 47%n5. The same angular coordinate forms
G and B acquire a factor o/ when lengths are restored. With the chapter’s physical
identification ns = N for N minimally charged sources, the book-unit form and oriented
charge are

1
Hs = 2No/ vols , Hy =47°a/'N, Qs = 15— / Hs; = N. (IL10.4)
T Si

3
S+

The flux unit is consistent with the fundamental-string coupling ﬁ [ By: moving its
worldsheet description across a gauge patch must leave its phase well defined. That
normalization fixes a unit for the period. Calling one such unit one physical NS5 source
uses the separately sourced minimal-charge premise. A D-brane Page-charge expression
can also shift by this S flux under a choice of filling; it is not an equality between
D-brane and NS5 charges.

For a concrete sign check set o/ = 2 and N = 3. Equation (I1.10.4) gives fsi H; =

2472 and Qngs = 3. Reversing the sphere orientation yields —2472 and oriented charge
—3. The positive harmonic function Z5 does not turn negative. Figure I1.10.2 keeps
the sphere and the two integration arrows visible: reversing an integration orientation
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changes a signed integral, while changing the number of sources would change the
background.

reversed

r outward

Figure 11.10.2: An S® links an NS5 extending in directions 012345. The outward r
arrow and blue angular arrow define dr A Volsgr ; the red arrow denotes the reversed
integration orientation. The sphere contour remains continuous. The positive and
negative integrals belong to the same local solution.

This flux is the magnetic use of Chapter 8’s bulk field H3. A nonzero integral is
also a direct warning about potentials. If a single smooth Bs existed over the whole
linking S3 with Hs = dBy there, Stokes’ theorem would give

/ Hy= [ dB,= By =0, (11.10.5)
S3 S3 oS3

contrary to Equation (I1.10.4). The displayed angular B is consequently a local gauge
potential. Its apparent behavior where an angular circle degenerates calls for overlapping
patches, not a globally smooth two-form on the sphere.

Why does the transverse harmonic factor contain r~2? For a radial function f(r)
on punctured R*, the flat Laplacian is r=20,.(r30,. f). Applying it to f = r~2 gives

. 1
-2 -3 2, -2
Opr™ = = =2r7°, Vir == r—35'r(72) =0 (r>0). (1I1.10.6)

A distributional extension has a delta term at the origin. One can see its mathematical
coefficient by integrating over a ball with outward S® boundary:

/ Vir?de = [ 0.2 tdQs = (—2)(2n%) = —4n”. (I1.10.7)
B 5

Hence V32 = —4726)(z) as a distribution with these Euclidean conventions. This
identity checks the radial singularity. It does not derive the NS5 source action, the Hj
normalization, or the BPS property. In particular, a similarly named heterotic soliton
charge defined with a gauge connection and a dimensionful H convention cannot be
substituted for Qnss.

The metric already contains a geometric clue. Near r = 0, Z5 ~ Na’'/r?, so the
radial proper length between two positive radii is

T2
L(ry,re) = / V Zs(r)dr ~ vV Nao! log:—j (0<r <ry < VNa). (I1.10.8)
T
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As 71 — 0, this string-frame distance diverges logarithmically while the angular S3
approaches squared radius No'. A long throat follows from the sourced metric. It does
not by itself certify a globally weak string expansion or an exact worldsheet theory.

The radial coordinate hides a simple product geometry in the leading metric. Define
p = VNo'log(r/rg) for any reference radius ro inside the near-core range. Then
dp =+ Nda' dr/r, and the transverse line element becomes

ds* ~ dp® + No/d93, r=rgp exp( ) . (I1.10.9)

Nao'

The sphere remains finite while p extends toward —oo at the idealized source. In this
approximation the dilaton is linear in p:

N !
¢z10g<g“ a ) S (11.10.10)

To No'

Its sign agrees with increasing coupling as one moves toward smaller . This local
leading form does not infer an exact conformal field theory from the supergravity metric.

11.10.3 Dilaton and near-source control

Can an asymptotically weakly coupled NS5 remain weakly coupled all the way down its
throat? The local loop parameter is the exponential of the dilaton, not the asymptotic
constant alone. From Equation (I1.10.1),

. No/
gloc("") = eq)( ) = gs\/ 1+ —— 9120c(7‘) = 952' +

gsNe’
r2’ '

. (11.10.11)
.

For 0 < g5 < 1 this decreases monotonically as r increases. Its crossing of one therefore
occurs at a unique positive radius. Solving g2 . = 1, without dropping the asymptotic 1

in Zy, gives
Nd/ Na'g?
— 42 2 _

The denominator explains the restriction g; < 1. At g; = 1 the coupling approaches
one only at infinity and exceeds it at finite r; if g5 > 1 it is already greater than one
asymptotically. There is no positive finite unity crossing in those cases.

The threshold partitions the positive radial line:

0<r<ry, = @ioc > 1, Ty = (loc < 1 (0<gs <1). (I1.10.13)

It is the local loop expansion that changes character. A radius where curvature reaches
the string scale need not coincide with r,.

For example, choose g; = 1/4 and Na/ = 6 in a fixed length unit. Substituting into
Equation (I1.10.12) yields

1 2
2o 616 6 _2 (I1.10.14)
1-1/16 15 5
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At r? = 1/10, the direct value is

1 6 61
== (1+—=)==>1 11.10.1
Froc 16( +1/10> 16~ (IL.10.15)

This radius is inside the crossing, as the monotonicity predicts. The arithmetic is
useful because simply replacing Z5 by its near-core term would miss the additive 1/16.
Figure I1.10.3 places both radii on the same logarithmic axis.

Their squared ratio provides another check:

r2 2/5 r
L | robe = —. 11.10.16
2. L0 T e T ( )

This comparison uses the same physical radial coordinate in both terms. Proper distance
down the throat and the local coupling remain different observables.

Jloc

log r

Figure 11.10.3: The exact local coupling in the worked example, plotted against logr
with gs = 1/4 and No/ = 6. The unity line meets the curve at r2 = 2/5. The marked
point 7% = 1/10 has g2, = 61/16. The curve diverges to the left even though its right
asymptote is weak.

There are two distinct radial statements here. The proper distance to the ideal-
ized source diverges by Equation (I1.10.8); the local loop parameter also diverges by
Equation (I1.10.11). A long distance in the string-frame metric is not an assurance that
perturbation theory improves. Curvature and string-loop control are separate checks
as well. The angular radius v Na' suggests that large N can make a local curvature
scale large compared with £, but the same N increases the coupling at a fixed r. A
controlled region must satisfy the relevant conditions together, at the radius under
discussion.

The nearby physical question is what degrees of freedom inhabit the core. These bulk
equations do not answer it. Chapter I11.10 treats worldvolume limits and multiplets; in
the next section we first trade an isometric transverse circle for a geometric fibration.
That trade requires explicit coordinates and orientations.
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I1.10.4 A circle transverse to the source

What becomes geometric when a transverse NS5 circle is dualized? A useful comparison
is a coincident Taub-NUT pole. We use dimensionless source-local coordinates ©* € R3,
r = |F], and a fiber angle 1) of period 4w. The parameter g in the following harmonic
function is also source-local; it is neither the book’s gs; nor a physical radius measured
in units of o’. For N > 0 the metric and connection relation are

ds* = H(r)d7 - dF + iH(r)*l(dw + w)?, H(r) = g—lz + % V x & =2VH.
(I1.10.17)
The one pole with coefficient N/2 describes coincident total charge. Separated centers
would require a sum with their positions in its denominators. At large r the fiber has
finite proper size, and at the pole the H~! factor makes it shrink.

Let (9, ¢) be ordinary polar angles on the base, with 0 < ¢ < 7 and ¢ of period 2.
They are distinct from the angle § sometimes used for a transverse dual circle. Since
VH = —N#/(2r?), a local choice w = N cos ) dp has dw = —N sin ¥ d A dp, consistent
with the curl equation. Put

P w

X=5 (X ~ x +27), 5

This is the normalized circle connection.
The fiber part of the metric is now

=

cos ¥ dp, dy +w = 2(dx + A). (11.10.18)

1

ZH”M¢+M2:H*WW+AV, Gy = H V2 (I1.10.19)
Thus the increasing 27-period coordinate x has asymptotic proper radius g in these
dimensionless units and shrinks as 7'/2 near a positive pole. Reading a radius directly
from the coefficient of d)> would miss its 47 period. On the standard polar orientation
sind dd A dp > 0, its curvature and Chern integral are

_N/2
— Fa=
2m Jg2 A 2m

polar

Fy=dA= —% sin? dd A dep, (4m) =—N. (I1.10.20)

If we choose the opposite base orientation, with the increasing fiber x held fixed, the
same geometric fibration has the local number

1

2 S2

opposite

Fay=+N. (11.10.21)

Only the base orientation changed in this sentence. The linking S® orientation of the
previous section is a separate choice. The local expression A o cos 1 dy needs north and
south patches, just as any connection with nonzero Chern number does. Figure 11.10.4
separates the base orientation arrow from the increasing fiber arrow.

The patch transition displays the Chern magnitude. Choose Ay = (N/2)(cos® —
1)de, regular at the north pole, and Ag = (N/2)(cosd + 1)dyp, regular at the south
pole. On the overlap,

Ag — Ay = N dop. (I1.10.22)
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Its integer winding around the equator agrees with the magnitude of the Chern integral.
This geometric transition is not independently an NS5 flux measurement until the
isometric duality premise is supplied.

R\ s R
fibered geometry NS5 transverse circle
base 5?2
smeared localized
. . 1= +N
L X increasing J L )

Figure 11.10.4: Left: the S}( fiber over a base S? surrounding the coincident pole.
The blue fiber arrow fixes increasing x; the black base arrow indicates the orientation
opposite to the standard polar one, for which ¢; = +N. Right: an NS5 spread uniformly
around a transverse dual circle has a shift isometry. The dot marked on the right-hand
circle is a localized source; its position breaks that shift isometry. This schematic
indicates the domain of the elementary Buscher step.

The behavior at the pole follows by an explicit radial coordinate change. In the
limit » — 0, discard 1/¢? only after noting it is subleading, set R = v/2Nr, and define
¢ =1 /N. Then r = R?/(2N) and dr = (R/N)dR. The two radial terms become

Hart~ NI i
4

Nr
2 p2 21002 2 _
~ —QT—QdR =dR”, Hr=dQ5 ~ - Qs =

dQa. (11.10.23)

The fiber term becomes RTZ(diz + cos ¥ dip)?. Together these give
2 , R 2 .2 2 i 2 o An
ds? = dR? + = [d9® + sin® U dg? + (d) + cos v dip) ]  U~da g (IL1024)

The bracket is the usual Hopf presentation of a round three-sphere when i/; has period
47. Therefore N = 1 has a smooth R* core. For N > 1, the shortened period gives
the local cone C?/Zy. For example, N = 2 makes the pole coefficient N/2 = 1, gives
¢y = +2 with the opposite base orientation, and leaves J with period 27. The fiber
collapses in both cases. The quotient is a statement about the coincident pole, not
every arrangement of N centers.

The transverse duality statement has a precise domain. If an NS5 on R? x S' is
uniformly smeared around its transverse circle, the fields are independent of its angular
coordinate 6. The shift 6 — 6 + constant is then an isometry. The elementary Buscher
dictionary maps that isometric background to the circle-fiber geometry; schematically
its exchanged data are

T-duality

isometric smeared NS5 on R?® x S Taub-NUT with fiber Si,.

(11.10.25)

circle isometry
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The map exchanges the circle direction and uses the NS B data to produce the fiber
connection. In the source-local description, the harmonic pole N/(2r) and the fiber
period 47 fix the Chern integer calculated above. A localized NS5 instead has a harmonic
function that depends on 6. Its shift is not an isometry, so inserting that localized
field into the elementary Buscher formulas is not licensed by Equation (I1.10.25). This
limitation does not say that a quantum T-duality is impossible. It specifies what the
simple geometric step actually computes. Chapter 9’s circle transformation and later
suspension geometries use the same distinction.

The small S’i of Section I1.10.2 links a point source in local R%. It is a reference
definition of the minimally charged localized NS5, not the Gaussian cycle of the
isometric background in Equation (I1.10.25). Smearing the same N source units around
the transverse Sj leaves an exterior with base R?\ {0}, whose Gaussian cycle is S x Sj.
We choose the transverse R? orientation so that its boundary has the opposite polar
orientation of Equation (II.10.21), then orient the product by that base followed by
increasing 6 of period 27. The dual Taub-NUT fiber has increasing x = /2 of period
27.

The isometric source fields specify more than an equality of charges. In Tong’s
dimensionless coordinates the sigma-model torsion term fixes By = w;/2 = A; in
the convention %Bije‘“’auXia,,Xj. Locally, this is Bgyn = A A df, so Hyyy = Fa A dB.
Restoring the common sigma-model length unit multiplies these angular forms by o/; g
and the source coordinates remain dimensionless and are not identified with g or a
physical circle radius. Fiber integration now gives the signed relation

1 1 1
,/ Hsm:FAa Qsmear::T/ Hsmzi FA:+N
2o Sé 4 S2 XS; 2 S2
(11.10.26)

opposite
Indeed Fy = f% sind dv A dp gives —2m N on the standard polar base and +27N on
the chosen opposite base; multiplying by the increasing circle period 27 gives +472a’ N
for the restored product flux. Reversing the product orientation, for example by
reversing only its base factor, changes that sign. The local S i integral also equals N in
its separately sourced normalization, with the minimal physical charge identification
supplied as an input. The isometric field relation connects the product flux to the
Chern class; numerical agreement with the localized S® integral alone neither identifies

their cycles nor derives a duality for an angle-dependent localized solution.

opposite

I1.10.5 Fivebrane charges and holomorphic curves

How can a polynomial encode outward legs? In one brane-tiling construction an NS5
wraps a holomorphic curve ¥ = {P(z,y) = 0} in (C*)? while sharing four spacetime
directions with the other branes. This physical realization is input. The polynomial
calculation below concerns the asymptotic geometry of ¥; it does not establish a full
brane duality.

Write a Laurent polynomial with finite support as P(z,y) = Z('m,n)es CrnnT™Y",
where each listed ¢, # 0 and z,y € C*. Its Newton polygon A(P) is the convex hull
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of S in the exponent lattice. The real logarithmic map
Log : (z,y) = (X,Y) = (log |z, 1og |y|) (11.10.27)

projects the curve to its amoeba. An edge of A(P) can control an asymptotic branch of
this image. The outward perpendicular to that edge gives its direction in (X,Y"), with
multiplicity set by lattice length when the relevant roots are simple.

Start with P = 1 4+ x 4+ y. Its vertices in counterclockwise order are vy = (0,0),
vy = (1,0), v2 = (0,1). For a counterclockwise edge step (Am,An), the outward
perpendicular is (An, —Am); divide its components by their greatest common divisor
to get a primitive normal. The three steps and normals are

edge | (Am,An) | Uout
VoV1 (1,0) (0,—1)

P E=n) %)) (I1.10.28)
V270 (07 71) (7170)
The vector sum is explicit:
(0,—1)+ (1,1) + (—=1,0) = (0,0). (11.10.29)

The shoelace sum gives twice the area 1, so this triangle has no hidden extra edge lattice
points. In the outward (D5, NS5) web drawing these normal pairs are the leg labels.
The sum is an integer-geometric balance. Interpreting a physical junction requires the
separate fivebrane construction and its allowed charge assignments.

Why is the perpendicular the right direction? Consider an edge exposed by an out-
ward vector u = (p, q), so all edge exponents maximize pm + gn over the support. Scale
(|z], ly|) along (et?,et?) with t — +o00. Each monomial 2™y" changes in magnitude by
etPm+an) - Only the maximizing edge terms remain at the leading common exponential
order. In logarithmic coordinates the escaping direction is wu itself:

(X.Y) = (X,Y) +t(p,q), Pz, e'y) =" (Pp(z,y) +o(1)),  (IL10.30)

where h = max (,, nyes(pm + qn) and Pg is the sum over all exponents on the exposed
edge. This also explains why an outward normal, rather than an arbitrarily chosen
perpendicular, is selected by the limit. The phase of x or y can change the location of
an arm, while the normal fixes its asymptotic direction.

For the unit triangle, each edge has exactly two terms. The bottom-edge limit y — 0
yields 1 +x =0, so x = —1 is a simple nonzero root. Along the left edge z — 0 yields
1+ y = 0. Along the slanted edge, x and y dominate the constant together, giving
x4y =0ory/z=—1. Their leading cylinder descriptions may be written

r=-1 (Y = —o0),
y=-1 (X —c), (I1.10.31)
y/r=—-1 (X,Y — 400 together).

These three limits realize the normals in Equation (I1.10.28). Figure 11.10.5 places the
polygon and the logarithmic directions side by side, with separate spaces for the labels.
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( Newton polygon N[ logarithmic directions
n - _
0.1) v ule =l
(+1,0 / (1,1)
X
0,0 1,0
m r==
= J = J

Figure I1.10.5: Left: the counterclockwise Newton triangle of 1+ z + y with continuous
edges and its primitive outward normals. Right: the three asymptotic directions
in (X,Y) = (log|z|,log|y|) space. The arrows encode leading behavior from edge
polynomials; the thick center is schematic and does not supply a dimer equivalence.

A long edge needs its entire edge polynomial. Suppose an edge has endpoints
(mg,no) and (mg,no) + L(a,b), where (a,b) is primitive and L is its lattice length.
Factoring a nonzero monomial leaves a one-variable polynomial in z = z%®:

L

Py(z,y) =a™y™ fu(z),  fe(z) =) ¢z, 2=z (11.10.32)
7=0

The endpoint coefficients are nonzero; some interior ¢; may vanish, but every nonzero
term on the edge remains at the same leading order in Equation (11.10.30). If fg has
L simple nonzero roots, each gives a distinct elementary asymptotic cylinder at the
corresponding value of z. The normal gives their common direction, and the roots set
transverse positions and phases. Without that simple-root hypothesis, lattice length
alone does not assert L distinct simple ends. Even a long edge supported only at its two
endpoints has fr = co+cp2” with L distinct nonzero roots over C, since ff = Legzl=1
cannot vanish at a root. It therefore need not describe just one cylinder.

The simple-root condition has a local analytic explanation. In an integral coordinate
basis adapted to an edge with primitive tangent (a,b), take z = 2%y® and a complemen-
tary monomial w = z°y? with ad — bc = 1. Choose its sign so that w — 0 toward the
exposed boundary. After multiplying by a nonzero Laurent monomial, the nearby curve
has the form P(z,w) = fg(z) + wG(z,w) = 0, with G analytic near w = 0. Let z; # 0
obey fr(z;) =0 and fr(z) #0. Set z = z; + §z and retain terms linear in w and dz:

G(z;,0
0= fr(2) 6z +wG(2,0) + O(w?, wéz, §2%), z(w) = z; — fEZ(Z;))w + O(w?).
E\~i
(I1.10.33)
The nonzero derivative permits a unique holomorphic branch for sufficiently small w by
the local implicit-function theorem. The punctured parameter 0 < |w| < 1 has a circle
of phases and a radial logarithm, giving an elementary cylinder end. If fi(z;) = 0, the
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linear step cannot be divided by that derivative. Higher terms must be examined before
counting separate ends.

Consider P =1+ 3z + 22 + y. Its bottom edge runs from (0,0) to (2,0), so L = 2
and y — 0 retains three terms. The equation and roots are

_ -3+V6

fE(m):1+3ac+m2:0, T 5

(11.10.34)
Both roots are nonzero and distinct. Their negative real values have different magnitudes,
so the corresponding arms sit at different X = log|z4| while both head toward ¥ =
—o0. Removing 3z by using endpoints only would produce the wrong positions. For
P = (1+2)? +y, the same edge length gives

felz) = (14 )?, x = —1 with multiplicity two. (I1.10.35)

The repeated root does not justify two distinct simple cylinders in the leading limit.
Subleading terms may resolve or ramify the local geometry, and the edge polynomial
alone does not classify all such punctures.

Two supported terms can also occur on a long edge. For P = 1+ 2 + y, the bottom
edge still has length two, but its interior coefficient vanishes. The leading equation is

fe(r)=1+2% =0, T =+iorz=—i. (11.10.36)

The roots are simple and nonzero. Both arms have X = log |z| = 0 at leading order, yet
their phases differ by m. They are two elementary ends even though their logarithmic
images can coincide. A picture in (X,Y’) space can therefore hide distinct ends; the
complex curve carries more information than its real projection.

For a nonunit direction, the arithmetic behind the outward-normal rule is equally
concrete. Take a counterclockwise edge step (Am, An) = (4,2). Its lattice length is
ged(4,2) = 2, its primitive tangent is (2,1), and its primitive outward normal is

(An, —Am) (2,—4)

fr = = 1 —_— . II.l .
vout = ced(AmlAn) — 2 BT (IL.10.37)

The edge contributes two copies of that primitive direction when two simple nonzero edge
roots occur, not a single nonprimitive leg (2, —4). To see a balanced closed example, take
the counterclockwise triangle (0,0), (4,2), (0,2). Its other primitive outward normals
and lengths are (0,1) with length 4, and (—1,0) with length 2. Their weighted sum is

2(1, -2) + 4(0,1) + 2(—1,0) = (0,0). (11.10.38)

This follows generally because multiplying each primitive outward normal by its edge
lattice length restores the rotated edge step, and the steps of a closed polygon sum to
zero. The computation establishes the polygon balance in the specified counterclockwise
convention. It does not validate an arbitrary nonconvex polygon or prove that every
drawn web is dynamically realized. The full toric-tiling story belongs in its later
construction chapter.
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I1.10.6 Interfaces to six-dimensional theories

What does the exterior solution tell us before we quantize fields on the source? The
type-II NS5 tension in the same o’ and asymptotic-coupling conventions is

1
Tnss = ( (11.10.39)

27‘()50/3 gg :
This is a bulk source scale. It is not a count of massless worldvolume fields. Comparing
it with the D5 tension in the same string-frame units makes the coupling distinction
visible:

1 TNss 1

Tps = = —. 11.10.40
b5 (27‘—)50/398’ TD5 Js ( )

At fixed o, replacing gs by gs/2 multiplies the NS5 tension by four and the D5 tension
by two. The ratio doubles. Meanwhile Equation (I1.10.12) moves the NS5 unity-coupling
radius inward as gs decreases. The source becomes heavier in asymptotic string units,
yet its idealized local core still reaches strong coupling. These are compatible statements
about different observables and regions.

Let g. = g5/2 at fixed &’ and N. Direct substitution gives

Txss(95) _ <9s>2
Tnss(g9s)  \ 9%

Tps(gs) _ 9s
Tps(gs) 9%

=2 (11.10.41)

At every fixed positive radius the local coupling changes by the same factor as g,, but
the idealized core remains strong:

1
! _ . / _
gloc(r) - 2910c(r)7 }ll)% gloc<r) = Q. (111042)
Halving the asymptotic coupling postpones the strong-loop region; it does not remove
it.
The scaling is visible at three sample asymptotic couplings if both tensions are
divided by C = [(27)°a’3]~!. Each row follows from Equations (I1.10.39) and (I1.10.40):

gs | Tnss/C | Tps/C

1] 1 | 1
/2 4 | 2
/4] 16 | 4

Table 11.10.1: Bulk tension scaling at fixed a’. The entries compare source tensions,
not six-dimensional spectra.

Table I1.10.1 makes the different powers visible. It helps identify which object
becomes heavy as the asymptotic coupling decreases, but it does not reveal the massless
content on either brane.

147



The ordered fivebrane charge used by outward web legs is (p, q) = (D5, NS5), so an
NS5 is (0,1) and a D5 is (1,0). Charge labels track the junction legs. Neither Equa-
tion (I1.10.39) nor the sum of Newton normals determines the BPS angle of a general
(p,q) segment. That angle requires the Type IIB axiodilaton and a supersymmetry
condition. Similarly, the exterior tension and flux cannot determine a six-dimensional
multiplet or a little-string spectrum. Those questions need additional worldvolume and
decoupling input in Chapter II11.10. Chapter X.1 uses charged fivebranes to build a
five-dimensional web; its finite-face dynamics uses more than the NS5 bulk ansatz here.

There is a useful boundary between three kinds of statement. The cited NS5 solution,
the isometric duality, and the holomorphic NS5-curve construction are physical premises.
The oriented integrals, radial threshold, Chern number, local quotient and edge normals
are consequences calculated under those premises. An exact localized duality, full
dimer equivalence, or six-dimensional dynamical theory would need further arguments.
Keeping this boundary visible makes the exterior calculations useful without asking
them to carry a theory they were not designed to derive.

11.10.7 Exercises

For Exercises 14, submit the stated exact fields using the public JSON schemas
accompanying this chapter. Work the calculation on paper first; a sign, period or
multiplicity is part of the answer. Exercise 5 is a written argument.

1. For o/ =2, N = 3 and a linking S® with orientation reversed from the positive
outward orientation, use Q = (47%a’)~! [ Hs. Submit the coefficient of 72 in
the oriented integral and the oriented charge. Explain in one sentence why Zs is
unchanged.

2. For g, = 1/4 and No/ = 6, solve exactly for the positive 72 where gjo. = 1.
At 72 = 1/10, compute g2, and decide whether it exceeds one. State why the
asymptotic value alone does not decide the answer.

3. In the dimensionless coincident pole H = 1/g*> + N/(2r), set N = 2 and
period(y)) = 4w. Use the base orientation giving positive Hopf Chern num-
ber. Submit the 1/r coefficient, signed Chern number, whether the fiber shrinks,
and whether the transverse-circle shift is an isometry for a fully localized NS5 on
R3 x S!. Explain the distinct roles of ¢» and the dual-circle angle.

4. For P =1+ z + y, order the Newton vertices (0,0), (1,0), (0, 1) counterclockwise.
Submit the primitive outward normals with multiplicity in lexicographic order,
their vector sum, and twice the area. Derive each normal from an oriented edge
step; then explain what changes for a length-two edge with a repeated edge root.

5. Explain which type-II NS5 bulk features follow from the local supergravity ansatz,
why a localized source depending on the transverse angle does not enter the
elementary isometric Buscher step, and which six-dimensional questions pass to
Chapter II1.10. Name the physical premises used by each part of your argument.

148



I1.10.8 Take-home message

Take-home message

An NS5 has an oriented magnetic Hs flux through a transverse linking sphere. Its string-
frame exterior has an 7~ 2 harmonic factor, a logarithmic radial throat and a local coupling
that grows toward the core. A coincident Taub—NUT pole replaces an isometric transverse
circle by a fiber with Chern number of magnitude NV; the localized angle-dependent source
lies beyond the elementary Buscher step. For a holomorphic NS5 curve, outward Newton
normals give asymptotic directions, while the complete edge polynomial and its roots
decide the simple-end count. These bulk and asymptotic calculations prepare brane
constructions, but worldvolume dynamics requires separate input.

Status and sources

Opening. The three interfaces are organizational. The NS5 source, isometric circle
correspondence and holomorphic curve are distinct sourced physical premises. The
bulk-field normalizations and oriented axes are stated above.

NS charge and a fivebrane throat. The type-II string-frame ansatz and N basic
magnetic units are in Johnson (2000, PDF p. 167, eq. (396)) [SUGRA]. The raw unit-
length B is in Martinec et al. (2019, PDF p. 13, eq. (2.1)); the identification H = dB
and its displayed angular component occur on PDF pp. 17 and 24, eq. (4.8). Its
47%ny integral on PDF p. 43 follows a Page-charge ambiguity and is used only as
a flux occurrence. The book-unit factor o’ follows the entry-3 F1 phase convention.
The minimal physical NS5 identification is an additional sourced premise [SUGRA].
Differentiation, oriented integration, Stokes’ theorem, the punctured radial identity,
distribution coefficient and logarithmic distance are conditional calculations [MATH].
The heterotic symmetric solution of Callan et al. (1991, PDF pp. 17-18, egs. (6.2)—(6.6))
uses a dimensionful @) and a gauge connection; it supplies historical context, not this
type-1I flux normalization.

Dilaton and near-source control. The local coupling follows the sourced dilaton
in Johnson (2000, PDF p. 167, eq. (396)) [SUGRA]. The unity radius and numerical
example are algebraic [MATH]. No exact-CFT or uniform-curvature claim is inferred.
A circle transverse to the source. The coincident charge-N low-energy background
metric, 47 fiber period and connection curl occur in Tong (2002, PDF p. 20, egs. (A.32)—
(A.33)) [SUGRA]. The classical isometric sigma-model dualization and field reconstruction
are on PDF pp. 8-10, egs. (2.11), (2.13) and Sec. 2.2 [ws]. This uses the elementary
isometric T-duality, not a transfer of a QFT claim between frames. The overall action
normalization is on PDF pp. 6-7, eq. (2.8) and its following explanation, and p. 9,
eq. (2.13); together with the stated string-action convention it fixes the restoration
Bphysical = @' Bsource- The Chern signs, radial change of coordinates, product-cycle fiber
integral and local quotient are conditional calculations with the declared orientations
[MATH]. The small local S$2 and smeared S? x S! are separate Gaussian cycles. Source
g,7,1, 0 are dimensionless, separate from book g,, @’ and a physical circle radius. A
localized angle-dependent source is outside this elementary isometric map, without
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ruling out quantum duality.

Fivebrane charges and holomorphic curves. The NS5-D5 holomorphic-curve
setup is an imported geometry-to-quiver construction in Franco et al. (2006, PDF p. 6,
Sec. 1) [GEO-E]. Newton-edge and amoeba asymptotics are in Feng et al. (2005, PDF
pp- 33, 37, Secs. 6.1.1 and 7.1). The explicit normals, balances and edge-root examples
are conditional polynomial calculations [MATH]. The simple nonzero-root hypothesis is
required for distinct elementary ends. Entry 7 fixes the outward (D5, NS5) axes. No
general-polygon classifier or full coamoeba/dimer equivalence is claimed.

Interfaces to six-dimensional theories and exercises. The NS5 tension is in
Johnson (2000, PDF pp. 167-168, eqgs. (396)—(397)) [SUGRA]; the D5 comparison uses
the stated D5 tension. Coupling rescaling and charge counts are conditional arithmetic
[MATH]. Worldvolume multiplets, little-string dynamics and generic BPS junction angles
are assigned to later chapters. Exercises 1-4 consume the displayed conventions; Exercise
5 requests written interpretation.
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