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Chapter 1.1

Supersymmetry algebras and
the dimensional ladder

What to carry forward. A label such as A/ = 2 acquires its physical meaning
only after the spacetime dimension is specified. This chapter turns the super-Poincaré
algebra into a way to count real supercharges, follow them through ordinary dimensional
reduction, and recognize the R-symmetry and shortening conditions they allow. The
master tables in §1.1.6 collect this dictionary for the theories used later in the book.

What this chapter delivers

The real supercharge count and spinor reality type in every dimension d = 2,...,11
(§1.1.2); the R-symmetry that rotates them (§1.1.2); the dimensional ladder that carries
one count across many (d,N) labels (§1.1.3); the BPS bound and the shortening that
protects BPS data (§1.1.4); the superconformal ceiling that bounds where interacting fixed
points live (§1.1.5); and the master tables that collect it all (§1.1.6).

I[.1.1 Counting supersymmetry from the algebra

A 4d N = 2 theory has eight real supercharges, while a 3d A/ = 2 theory has four. The
Lorentz spinor changes with dimension, so the number of copies named by N cannot
by itself tell us the number of generators. We therefore begin with real counts: 2d (0,1)
has one, 2d (0,2) and 3d N = 1 have two, 4d N' = 1 has four, 4d N =2 and 5d N =1
have eight, and 4d N = 4 has sixteen. The notation changes with dimension, while an
ordinary supersymmetry-preserving reduction keeps the count.

Volume 0 develops the supersymmetric field-theory structures used by later con-
structions. Here the algebra determines the count and its dimensional translations.
Subsequent chapters supply the multiplets, dynamics, and examples associated with
each dimension.



Two things this volume is not

(i) Volume 0 is not a comprehensive quantum field theory textbook. It teaches the
supersymmetry toolkit the rest of the book wuses, routing the full proofs and dynamics
to their later homes. (ii) The label N (or (p,q)) does not denote the same amount of
supersymmetry across dimensions: the invariant along the dimensional ladder is the real
supercharge count, not the label (§1.1.3).

The super-Poincaré anticommutator does more than name a symmetry. Its spinor
indices determine the possible real supercharges; its positive expectation values bound
the mass of charged states. After counting the spinors, we follow the same generators
into lower dimensions and then use positivity again for BPS states and conformal
primaries.

The super-Poincaré algebra.

Under the usual assumptions on a nontrivial scattering theory, the graded extension
of Poincaré symmetry is tightly constrained. The Coleman-Mandula theorem forbids the
Poincaré generators from combining nontrivially with any internal symmetry through
bosonic charges. The supercharges evade it because they are fermionic: they transform
as spinors of the Lorentz group. The Haag—Lopuszanski—-Sohnius theorem then shows
that the resulting graded extension is essentially unique. We work throughout in
Lorentzian signature n = diag(—,+,...,+) with the Lorentzian spinor conventions
stated here.

A supercharge @ is a spinor of Spin(1,d — 1). The defining relation of the algebra is
the anticommutator of two supercharges, which closes on the translations,

{Qa, Qs =2(") 5 Pus (I.1.1)

written here in the four-dimensional two-component form for definiteness; in general d the
right-hand side is (CT*)ng P, with C the charge-conjugation matrix. The supercharges
commute with the momentum, [P,, Q.| = 0, and rotate as spinors under the Lorentz
generators, [M,,,Qa] = —(0,)a”Qp. In a unitary representation, the expectation
value of an anticommutator of a supercharge with its adjoint is nonnegative. The matrix
20#P, in (I.1.1) inherits that positivity in the appropriate state and frame; it leads to
the energy bound in §I.1.4. The spinor indices on the left require reality and chirality
conditions, which fix the count in §I.1.2.

Extended supersymmetry and central charges. With N supercharges Q', I =

1,..., /N, the algebra admits an extension that the minimal case does not:
I A I I J 1J
{Qa: Qﬁ J} = 2(0-“)(18]3“ 07, {Qa Q[B} =€ap s, (I1.1.2)
where Z!7 = —Z7! is a Lorentz-scalar central charge, commuting with the super-

Poincaré generators. Higher-dimensional algebras can also carry antisymmetric tensorial
charges Z,,,...,,,. These transform under Lorentz rotations and are not central in the
strict sense; they measure charges of extended objects. For a particle with scalar
central charge, positivity relates its mass to the charge in §1.1.4. In four-dimensional
Seiberg-Witten theory that charge combines electric and magnetic quantum numbers
with Coulomb-branch coordinates.



The Nahm ceiling. With a bound on the spin content of particle multiplets, represen-
tation theory also restricts the number of supercharges. A multiplet of a super-Poincaré
algebra with more than 32 real supercharges necessarily contains fields of spin greater
than two, while 32 real supercharges already force a spin-two field in a massless multiplet.
This is the physical ceiling used in field theory: d = 11 is the top gravity-coupled case
with a 32-component minimal spinor, and a formal d = 12 spinor would carry 64 real
components and force higher-spin states. We state this Nahm ceiling and use it, citing
the proof rather than reproducing it (§1.1.6). It is the reason the dimensional ladder
treats 32() as an ambient ceiling rather than an ordinary row of decoupled QFTs.

I.1.2 Spinor reality, R-symmetry, and supercharge
accounting

How many real supercharges does the minimal spinor carry in dimension d? The answer
is fixed by the reality structure of a spinor of Spin(1,d — 1). That structure comes from
the real Clifford algebra, and it repeats with period eight in d (the Bott periodicity of
the real Clifford algebras). A spinor can carry up to two independent reductions of its
components:

o a Majorana (M) condition, a reality condition ¥* = Bt compatible with the
Lorentz action, available when the charge-conjugation matrix squares the right
way; it halves the real dimension;

o a Weyl (W) condition, a chirality projection I'.1) = %1, available in even d; it
also halves the dimension.

When both conditions hold at once the spinor is Majorana-Weyl (MW), and it is
quartered. When the natural reality condition pairs two spinors instead of constraining
one, the spinor is symplectic-Majorana (SM); if a chirality also survives, it is symplectic-
Majorana—Weyl (SMW). Which of {M, W, MW, SM, SMW} occurs in dimension d is
fixed by (d — 2) mod 8. The minimal real supercharge count then follows from the type
and the complex Dirac dimension 214/2]:

M: 2L@/21, Nw: old/21-1 (per chirality);

1.1.3

SM: 2ld/21+1. gNw: 2L4/2] (per chirality). ( )
Evaluating the type and (I.1.3) dimension by dimension gives the minimal real super-
charge count, the first column every later chapter reads:

d | 2 3 4 5 6 7 8 9 10 11
type |MW M M SM SMW SM M M MW M (1.1.4)
mn@| 1 2 4 8 8 16 16 16 16 32

The pattern is not a list to memorize. The allowed reality condition changes with the
real Clifford algebra, while the Dirac spinor grows with dimension. The count is not
strictly increasing in d: it is 16 for d = 7,8,9,10 and jumps to 32 only at d = 11,



the gravity-coupled ceiling. The d = 8 case also has a 16-real-component minimal
spinor but no Majorana—Weyl spinor. Equivalently, the Weyl spinor there is complex,
and the real Majorana package is not chiral. So the naive expectation “even d has
Majorana—Weyl spinors” is wrong: the reality type decides, not the parity of d. The
count records the same content either way. In four dimensions the four real components
are often packaged as a complex Weyl supercharge plus its conjugate; the table labels
the equivalent real Majorana package.

M reality type by M
d=8 (d—2) mod 8 d=4

Figure I.1.1: The spinor reality type is periodic in (d — 2) mod 8 (Bott periodicity of
the real Clifford algebra), so it is fixed by the residue r alone. Dimensions d =2,...,9
represent the eight residue classes; d = 10 has the reality type of d = 2, and d = 11 that
of d = 3. The minimal real count, the type applied to the Dirac dimension 2l%/2] is
not periodic: it grows with d even where the type repeats.

An amount of supersymmetry with A copies of the minimal spinor, or with chirality
content (p,q) in the even dimensions that admit it, carries N (respectively p + ¢) times
the minimal count of (I.1.4). That product is the single number the next two sections
organize.

R-symmetry.

The N supercharges of an extended algebra can be rotated into one another by
a global symmetry that commutes with the Lorentz group and acts on the index [
of (I.1.2). This is the R-symmetry: the automorphism group of the supersymmetry
algebra,

[Ra, Q4] = (ta)' 7 Q% (L1.5)

with t, the generators in the representation carried by the supercharges. As a first
mnemonic, real, complex, and symplectic supercharge packages are rotated respectively
by orthogonal, unitary, and compact symplectic automorphism groups. The actual
R-symmetry of a physical or superconformal theory is dimension-dependent, and can
be reduced by chirality, central charges, or projectivization. The master R-symmetry
table below (Table 1.1.5) is the authoritative lookup used by the rest of the book.
At a superconformal fixed point, a particular R-current enters the larger algebra of
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§1.1.5. When the ultraviolet theory has several abelian currents, identifying that current
requires the appropriate extremization principle: a-maximization in 4d, F-maximization
in 3d, or c-extremization in 2d.

The extremes are as important as the middle of the ladder. At the very bottom,
a purely two-dimensional chiral algebra can have just one real supercharge: 2d (0,1)
or (1,0) has a single Majorana—Weyl generator and no continuous R-symmetry, only
the discrete sign automorphism of that generator. With two real supercharges the
R-symmetry can still be small or absent. The 3d N'=1 and 2d (1,1) algebras have no
continuous R-symmetry that acts as a superconformal R-current. The chiral 2d (0, 2)
algebra does: it has a right-moving U(1)g. With sixteen real supercharges the R-
symmetry is large enough to dominate the representation theory. Here 4d N = 4
has SU(4)g ~ Spin(6), and 3d N' = 8 superconformal theories have Spin(8)g (the
maximal-SYM Lagrangian shows only the scalar-rotation Spin(7), enhanced in the
infrared). The high-dimensional rows are smaller. The 8d A" = 1 row has U(1)g,
from the two transverse directions to a 7-brane, and 7d N' = 1 has SU(2)g. The 5d
maximal super Yang-Mills and 6d (2,0) rows have USp(4)r ~ Spin(5)g, and 6d (1,1)
has the Spin(4)g of its nonchiral sixteen supercharges. These high-symmetry rows are
not decorative. They are the reason the maximally supersymmetric constructions are
so rigid. They are also the rows from which maximal-SYM and sixteen-supercharge
fixed-point discussions read their protected data.

Three identifications recur and are worth fixing against their common confusions.
In four dimensions, A" = 2 has R-symmetry SU(2)g x U(1)g, not SU(3): the two Weyl
supercharges Q7 , carrying eight real components in total, form an SU(2)r doublet and
carry a U(1)g charge. That automorphism algebra has dimension four and rank two;
SU(3) has dimension eight, too large to act on a doublet. In two dimensions, the (0, 2)
algebra has a single U(1)g, the right-moving R-symmetry. The left-moving U(1), that
often accompanies it is a flavor current, used in c-extremization, not an R-symmetry
factor. In five dimensions, N' = 1 has R-symmetry SU(2)r. The U(1); instanton
symmetry that enhances to F,, at the ultraviolet fixed point is a flavor symmetry, not
an R-symmetry. Each of these is a row of the R-symmetry table (Table 1.1.5). Their
Lie-algebra ranks and dimensions distinguish the proposed groups. The remaining cells
follow the same rule: 3d N' =4 has SU(2) x SU(2) (the algebra s0(4)), and 6d (2,0)
has USp(4), the spin cover Spin(5) of SO(5), of dimension ten and rank two.

1.1.3 The dimensional ladder

For an ordinary circle reduction with supersymmetry-preserving boundary conditions
and no projection, the higher-dimensional supercharges yield the same number of lower-
dimensional generators. Their Lorentz representation changes, so the label N changes
while the real count stays fixed. A reduction with a twist or projection need not preserve
them all. Even when two theories share a count, their chirality and R-symmetry can
differ. The following table therefore separates reduction chains from same-count chiral
variants.

Table 1.1.1 displays the named rungs the book uses most often, not every possible
label in every dimension. The exceptional first row is possible because a 2d Majorana—



real Q balanced reduction ladder chiral / same-count variants

1 purely 2d 2d (0,1) or (1,0); the minimal
chiral field-theory row

2 3d N=1— 2d (1,1) 2d (0,2) or (2,0); the minimal
chiral gauge-theory row

4 4d N=1 — 3d N=2 — 2d (2,2) 2d (0,4) is same count, different
chirality

8 6d (1,0) - 5d N=1 - 4d N=2 — 3d N=4 — 2d (4,4) 2d (0, 8) chiral cousins;

hypermultiplet row

16 10d N=1 SYM — 9d N=1 — 8d N=1 — 7d N=1 6d (2,0) is chiral 16Q, not an
— 6d (1,1) = 5d N=2 — 4d N=4 — 3d N=8 — 2d (8,8) ordinary Yang-Mills Lagrangian

32 11d super-Poincaré / ten-dimensional type-II algebra ceiling for gravity-coupled
algebras, not a Volume 0
decoupled-QFT row

Table I.1.1: The dimensional ladder by real supercharge count. The one-supercharge
row is genuinely two-dimensional; later arrows are ordinary circle reductions, so the
count is conserved while the dimension-dependent label changes. Same-count rows with
different chirality are not interchangeable.

Weyl spinor has one real component per chirality: a (0,1) or (1,0) theory is a one-
supercharge theory, not a shorthand for a hidden two-supercharge algebra. The complete
low-dimensional field-theory list has the same simple arithmetic behind it. In three
dimensions N = 1,...,8 carry 2,4,...,16 real supercharges. In four dimensions
N =1,2,3,4 carry 4,8,12,16. In five dimensions N' = 1, 2 carry 8, 16. In six dimensions
the standard rows are (1,0), (1,1), and (2,0). Seven through ten dimensions each
have the N = 1 sixteen-supercharge pure-SYM row. Two dimensions are more flexible,
because the left- and right-moving supercharges can be chosen independently: (p, q)
has p + g real supercharges. The count table below records the compact version of this
list; the count itself always comes from (I.1.4).

The one-supercharge row is the first place where the count is too small to hide
behind any higher-dimensional notation. It is a genuinely two-dimensional possibility:
a 2d (0,1) theory has one right-moving supercharge, and the left-moving (1,0) version
is its parity mirror. The two-supercharge row is the first row connected to ordinary
higher-dimensional reduction. In three dimensions A/ = 1 means two real supercharges;
reducing it on a circle gives 2d (1, 1), again two real supercharges. The chiral 2d (0, 2)
algebra also has two real supercharges, but it is not just the reduction of the balanced
(1,1) theory. Its right-moving chirality, its Fermi multiplets, and its U(1)g are genuine
two-dimensional field-theory data, which is why a (0,2) gauge theory is not a disguised
(2,2) theory. The lesson is already visible here: a supercharge count is necessary
information, but it is not a complete theory label.

The four-supercharge ladder collects

4d N=1 = 3d N=2 = 2d (2,2) = 4 real supercharges, (1.1.6)

This is the standard four-supercharge field-theory row: four supercharges are just enough
for chiral multiplets, holomorphic superpotentials, chiral rings, and a-maximization in
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four dimensions, but not enough for the rigidity of the eight- or sixteen-supercharge
TOWS.
The eight-supercharge ladder collects

6d (1,0) =& 5d N=1 & 4d N=2 = 3d N=4 = 2d (4,4) = 8 real supercharges,
(1.1.7)
This is the hypermultiplet row: hypermultiplets, Coulomb-Higgs factorization, four-
dimensional Coulomb-branch low-energy data, and enough protection that many state-
ments about the low-energy effective theory become exact.
The sixteen-supercharge row is a different animal. One branch is the maximally
supersymmetric Yang-Mills ladder,

10d N=1 SYM — 9d N=1 = 8d N'=1 — 7d N=1 — 6d (1,1)

1.1.8
—5d N=2 = 4d N=4 — 3d N=8 — 2d (8,8), (I.18)

all with 16 real supercharges. Another branch with the same count is the chiral 6d (2,0)
theory: it has no ordinary Yang-Mills Lagrangian in six dimensions, yet it carries
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sixteen real supercharges and sits on the same count ladder, its circle reduction landing
on the five-dimensional maximal theory. It is not “more of the same” as the eight-
supercharge row; the larger R-symmetry and the absence or presence of a Lagrangian
are load-bearing field-theory data.

The high-dimensional end of this sequence is still field theory. Ten-dimensional N = 1
SYM is the parent pure gauge theory; reducing it gives legitimate non-gravitational 9d,
8d, and 7d N'=1 SYM theories. None of these sixteen-supercharge rows is forced to
contain a graviton. The 8d row describes the gauge theory on a 7-brane in F-theory
constructions; the neighboring 7d N’ = 1 row enters constructions with G5 geometry.
Their sixteen-supercharge counts follow from the same ten-dimensional parent.

There is one useful field-theory check on this row, and it is a short derivation rather
than a slogan. A propagating minimal pure super Yang—Mills Lagrangian has only a
gauge field and one gaugino, so it has the familiar on-shell degree-of-freedom match
only where their physical polarizations agree. A massless vector in d dimensions has
d — 2 physical polarizations, while the minimal gaugino carries half the minimal real
supercharge count of (I.1.4) on shell (the Dirac equation halves the off-shell components);
equating the two,

d—2 = 1Qun(d) = d-2€{1,2,4,8}, de{3,46,10},  (LL9)

since Qmin = 2,4,8,16 at d = 3,4, 6,10 gives %Qmin =1,2,4,8 =d — 2, and no other
dimension matches. These four are the minimal super-Yang—Mills theories; reducing
the ten-dimensional one on a torus generates the entire maximal-SYM ladder (I.1.8).
The reduction also fixes each rung’s R-symmetry. Reducing 10d N' =1 SYM to D
dimensions leaves 10 — D adjoint scalars. The SO(10 — D) that rotates them is the
R-symmetry of the maximal theory. It acts directly on the scalars; on the gaugino,
and hence on the supercharges, it acts through its spin cover. The group acting on the
supercharges is therefore Spin(10— D). For D = 8 this is SO(2) ~ U(1)g. For D = 7 the
scalars rotate by SO(3), and the supercharges feel its double cover SU(2)r = Spin(3).
This is the SU(2)g of the master table, not a quotient of it. The pattern continues
down to D = 3, where the Lagrangian shows only Spin(7). If the infrared limit exists
and is superconformal, its R-symmetry is Spin(8).

Finally, the thirty-two-supercharge ceiling is the algebraic upper edge. It is the spinor
size of eleven-dimensional super-Poincaré symmetry and of the type-II ten-dimensional
algebras, and it tells us why the ladder stops. It is not a row of ordinary decoupled QFTs
inside Volume 0. With that many supercharges one is at the gravity-coupled ceiling, not
at a stand-alone supersymmetric field theory in the sense this volume teaches. Going to
64Q), as in a formal twelve-dimensional spinor algebra, would force higher-spin states.

The invariant under the ordinary reduction is the count, not the symbol N. Four
examples make the point. Four-dimensional A’ = 2 and three-dimensional A" = 2 are
different amounts, eight against four, because the minimal spinor halves between the
two dimensions. Five-dimensional N' = 1 and four-dimensional N' = 2 are the same
amount. Two-dimensional (0, 1) has no three-dimensional parent with its single count.
Two-dimensional (0,2) and three-dimensional A" = 1 share a count but not a chirality.
To compare two theories, state the real count first and then specify the dimension,
chirality, and R-symmetry.



Worked example: embeddings preserve Q

A transverse orbifold embedding can select a row of the count table before one constructs
a quiver. Start with the D3-brane parent, which has sixteen real supercharges. The
transverse orbifold group I' decides how many survive. The surviving supercharges are
those left invariant by I' acting on the four-component transverse spinor (the 4 of the
transverse Spin(6) ~ SU(4)), and each invariant component carries four real supercharges.
If ' € SU(2), one complex transverse direction is inert and two of those components stay
invariant (4 — 2+ 1 4 1): the four-dimensional probe theory keeps eight of the sixteen
supercharges, namely 4d ' = 2. This is the C?/T ADE block. If T lies generically in
SU(3), only one component stays invariant (4 — 3 4+ 1): the probe theory keeps four
real supercharges, namely 4d A" = 1. This is the C*/T" chiral-quiver block. If an SU(3)
embedding accidentally factors through an SU(2) subgroup, the count jumps back to
eight real supercharges. The embedding thus chooses the row of the ladder before any
quiver or superpotential data is read. The routing is by complex dimension, not by one
volume: C?/T orbifold probes are Volume V chs. 3-5 (8Q, 4d N = 2); C3/T" orbifold
probes are Volume V ch. 6 (4Q, 4d N = 1); the general toric CY3 and dimer machinery
is Volume VI.

I.1.4 Central charges, the BPS bound, and shorten-
ing

For a charged massive state, positivity of the supersymmetry anticommutator constrains
its rest mass. Saturation produces a shorter representation and an exact relation between
mass and charge. In a single central-charge sector, choose a normalization of the charge
so that the anticommutator acting on a one-particle state of mass M has the Hermitian
block
M Z .
A= (Z M) , eigenvalues M =+ |Z]. (I.1.10)
Because A = {Q,Q'} > 0 is a sum of squares, both eigenvalues are nonnegative, which
is the BPS bound
M > |Z]. (I.1.11)

A massive state saturating the bound, M = |Z| > 0, makes det A = M? — |Z|? vanish:
the block drops rank, and one of the two combinations in this block annihilates the
state. These preserved supercharges are the ones for which {Q,Q"} = M — |Z| = 0;
the remaining broken supercharges, with eigenvalue 2M, act nontrivially and build
a multiplet that is shortened, with fewer states. To count them, consider a massive
4d N = 2 representation at fixed charge and with a spin-zero Clifford vacuum. Its two
spin-polarization blocks provide four complex creation operators above the bound and
two at saturation. Each independent fermionic creation operator can act either zero or
one time, so r such operators generate 2" states. The long and short representations
therefore have 24 = 16 and 22 = 4 states, respectively. Halving the active supercharges
has reduced the state count by a factor of four in this example. Adding a distinct
CPT-conjugate charge sector doubles both counts; a different Clifford-vacuum spin
changes the comparison and must be specified. As long as a state remains in that short



representation, its mass follows the algebraic charge relation. The algebra alone does
not ensure that the same stable one-particle state exists throughout moduli space. At
a wall of marginal stability it can decay, while short multiplets can recombine when
the missing states become available. An index or a BPS degeneracy must therefore be
interpreted in its chamber; the susceptibility to recombination depends on the fraction
of preserved supersymmetry. This distinction lets us use exact mass relations without
assuming a fixed spectrum over every deformation.

The canonical instance comes from the Seiberg—Witten solution of four-dimensional
N = 2 super Yang-Mills, in the normalization used throughout these notes. There
the central charge is the holomorphic combination of the electric and magnetic charges
(e, ),

Z = ane + apng,,  Mpps = V2|Z|, (1.1.12)
with a and ap the special coordinate and its dual on the Coulomb branch. The Z in
(I.1.12) follows the book’s Seiberg—Witten convention. The schematic block (I.1.10)
instead uses a charge normalized so its positivity bound is M > |Z|; for this example its
off-diagonal entry is v/2Z as defined in (I.1.12). For a purely electric BPS state, n,, = 0,
the relation gives M = /2 |a| |n.| if that state is present; a state with n,, # 0 carries
magnetic charge. Chapter 1 states the bound, the shortening mechanism, and this
canonical central charge. It computes no specific spectrum. Which states are present,
and how a and ap vary, is the dynamics supplied by Volume V’s N’ = 2 constructions
and Part III. The block (I.1.10) shows why saturation removes one combination of
supercharges; the dynamics must determine which charges and states occur.

I[.1.5 Superconformal algebras and the unitarity
bound

Some of the theories constructed later flow to conformal fixed points. There the Poincaré
symmetry enhances to the conformal group SO(d,2), and the supersymmetry algebra
enlarges with it. This section does for the fixed point what §1.1.4 did for the massive
spectrum. The same positivity that turned {@Q, QT} > 0 into a mass bound now bounds
scaling dimensions. The operators that saturate the bound are the protected, short
spectrum, and a superconformal theory computes them exactly. This algebraic relation
underlies the fixed-point quantities computed in later chapters.

From super-Poincaré to superconformal. The conformal group adds to the
Poincaré generators (P,, M, ) the dilatation D and the special conformal genera-
tors K. Supersymmetrizing it cannot stop at the Poincaré supercharges @): closing Q
with K forces a second fermionic generator, the superconformal supercharge S, generated
by the commutator K, Q]. It is the dimension-lowering partner of @,

so @ raises the scaling dimension by half a unit and S lowers it. The three fermionic
brackets then close on the three bosonic sectors; in the standard conventions they are

{Q,Q} = 20"P,, {S,S} =20+ K, {Qa,SP} = (0") o My, + 652 (D — cR),
(1.1.14)

10



The first is the super-Poincaré relation (I.1.1) itself, and the second is its conformal
conjugate (P — K). The third is the decisive one. Its Lorentz part (o#¥),”M,,
annihilates a scalar primary. What remains on the diagonal is the combination D — cR
of the dilatation and the R-symmetry, with ¢ the algebra constant (¢ = % for 4d N =1).
At a fixed point the R-symmetry is therefore no longer an external automorphism of
the algebra (§1.1.2) but a generator inside it, graded next to the dilatation. That single
fact makes the R-symmetry load-bearing at a fixed point, and it fixes the dimension of
a short operator once its R-charge is known.

The unitarity bound and BPS shortening at the fixed point. Take a super-
conformal primary |O), an operator annihilated by every S (the conformal analog of a
lowest-weight state), with scaling dimension A and R-charge R. Exactly as in §1.1.4,
the relevant supercharge pairing is a positive Hermitian operator. In radial quantization
the conformal conjugate of Q is precisely S = QF, and a superconformal primary is
annihilated by every S, so the diagonal matrix element collapses to a single norm,

01{Q, S}|0) = (0]QTQ|0) = ||QIO)|* > o, (1.1.15)

where the QS = QQ' term dropped because S|O) = 0 on a primary. By (I.1.14), the
left-hand side equals the eigenvalue A — ¢ R (the Lorentz part vanishes on a scalar).
Reading it off gives a superconformal shortening bound, the fixed-point counterpart of
M = 7],

A > ¢cR (scalar primary, the chosen {Q, S} branch), (I.1.16)

with ¢ the same algebra constant as in (I.1.14). This is one BPS branch. The full
unitarity bounds for a generic (long) primary carry extra spin-dependent offsets; those
are the representation-theoretic statement classified in the cited literature. A primary
that saturates the bound, A = ¢R, is annihilated by the corresponding supercharge. It
sits in a short (BPS) representation, the exact analog of the rank drop of (I.1.10). In
4d N =1 the saturating primaries are the chiral operators, annihilated by all Q; the
conjugate positivity {Q, Q} > 0 then locks their dimension to the R-charge,

A =3R (4d N =1 chiral primary), (I.1.17)

in the normalization where a chiral superpotential carries R = 2 (so that R > 0 on
a chiral primary). This is the fixed-point version of M = |Z|. The dimension of
a chiral/BPS operator is fixed by an algebraic charge, and it stays fixed under any
deformation that preserves the short representation. That is what lets a superconformal
theory pin anomalous dimensions perturbation theory cannot reach. The same graded
caution as in §1.1.4 applies: the protection is the representation-theoretic shortening,
and weaker short multiplets can recombine.

A worked instance and the extremization principle. The smallest check of (I1.1.17)
fixes the R-normalization from a marginal cubic. Requiring a cubic superpotential
W = &3 to carry R-charge two (so that [d?6 W is R-neutral) forces R(®) = 2, hence

A®) = 2R(®) = 3-2 =1, (1.1.18)

the free-field dimension, consistent with the cubic having classical dimension three
(A(W) = 3, marginal at the free point). A free chiral primary thus saturates the bound
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(I.1.16), while a non-chiral operator (a real scalar of R =0 and A > 0) does not. This
checks the normalization of the 4d N' = 1 chiral-primary relation. It is not a claim
that the single-field cubic Wess—Zumino model defines a nontrivial four-dimensional
interacting fixed point. In an interacting theory the superconformal R is not put in
by hand. It is a specific combination of all the abelian symmetries, selected by an
extremization principle: a-maximization in 4d, F-maximization in 3d, c-extremization
in 2d. The particular extremization calculation depends on the theory and appears
with the relevant constructions in Volume V and Part III (Table I1.1.6). The whole
derivation is one positivity argument used twice, at a massive state in §1.1.4 and at a
fixed point here; Table 1.1.2 reads the two off side by side.

massive (super-Poincaré, §1.1.4) fixed point (superconformal,

§I.1.5)
positive operator {Q,QT}=4>0 (O{Q,S}H0O) >0
bound M > |Z| A >cR
saturation M =|Z| (half-BPS) A = cR (chiral, short)
mechanism preserved @ annihilate the state Q|O) = 0, a short
representation
protected quantity BPS mass / index dimension, A = %R at 4d N'=1

Table 1.1.2: The BPS bound and the superconformal shortening bound are the same
positivity argument, applied to a massive one-particle state (§1.1.4) and to a conformal
primary (§1.1.5). The eigenvalues, the saturation, and the kernel-at-saturation match
row by row.

The classification ceiling d < 6. Superconformal algebras are far more constrained
than super-Poincaré ones. Requiring the fermionic generators to close into the confor-
mal group as in (I.1.14), and the whole to admit unitary representations, the Nahm
classification of superconformal algebras leaves only a finite list, and it terminates:
interacting superconformal field theories exist only for d < 6, the four families and their
boundary collected in Table 1.1.3. The two-dimensional case is special: local supercon-
formal symmetry there is governed by the super-Virasoro algebras, not by one of the
finite-dimensional Nahm families below. Table 1.1.3 records the finite-dimensional d > 3
superconformal algebras and the d > 7 ceiling; the 2d chapter develops super-Virasoro
Syminetry.

Table I.1.3 makes the consequences sharp. The 5d algebra has only eight supercharges,
so the 5d N = 2 sixteen-supercharge row is a maximal-SYM row, not a superconformal
one. In 4d and 6d no superconformal theory has more than sixteen supercharges, and in
3d a theory with more than sixteen is free. Above six dimensions there is no interacting
superconformal field theory at all. We state this classification and cite its proof (§1.1.6);
the d < 6 ceiling is Nahm’s. The argument has the same spirit as the positivity behind
the super-Poincaré spin ceiling of §1.1.1. The gap between the two ceilings is the room
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d superconformal bosonic part max note

algebra (conformal x R) interacting Q

3 OSp(N14) Sp(4) x SO(N) 16 (M'=8) 50(3,2)=sp(4); N >8
free

4 SU(2,2|N) SU(2,2) x UWN) 16 (N=4) su(2,2)=s0(4,2); N=4
projectivized

5 F(4) SO(5,2) x SU(2) 8 (N=1) the unique 5d
superconformal algebra

6 OSp(8*|2N) SO(6,2) x USp(2N) 16 ((2,0)) chiral (N, 0); (2,0) is
N=2

> 7 none — — no interacting

superconformal field
theory

Table 1.1.3: Interacting superconformal algebras by dimension (Nahm’s classification).
The conformal factor is so(d,2) and the R-symmetry factor is the automorphism of
§1.1.2, now graded inside the algebra. The maximal interacting supercharge count is
read against the counts of §1.1.3; the algebra names and bosonic parts are the stated
classification. There is no interacting superconformal field theory above six dimensions.

in which the gravity-coupled and the non-conformal supersymmetric theories live.

I.1.6 Master tables and chapter boundary

The chapter’s deliverable is the navigation map in Tables 1.1.4-1.1.6. The tables
let the reader translate a supersymmetry label into a real count and then find the
associated R-symmetry, multiplets, moduli branches, and protected quantities. The
split is intentional: Table 1.1.4 answers “how many real supercharges?”; Table 1.1.5
answers “what rotates them?”; and Table 1.1.6 answers “what field-theory data and
tools come with the row?” The rows run from two to ten dimensions, the range in which
pure supersymmetric Yang—Mills field theories exist without coupling to gravity. The 2d
through 6d rows carry the main fixed-point structures; the 7d through 10d rows are the
high-dimensional sixteen-supercharge SYM interface, including the F-theory 7-brane
row at 8d. The 32@Q) ten- and eleven-dimensional algebras are the gravity-coupled ceiling,
not ordinary pure-field-theory rows.

13



dim labels used here real count reading note
2d (0,1)/(1,0); (0,2)/(1,1); 1,2,4,8,16 (p, q) has p + ¢ real supercharges;
(2,2),(4,4),(8,8) chirality is part of the label.

3d N=1,...,8 Q =2N The interacting superconformal
list stops at N < 8.

4d N=1,2,3,4 Q = 4N N = 3 has the same count as
twelve real supercharges, not an
extra reduction rung.

5d N=1,2 Q =8,16 The sixteen-supercharge row is
maximal SYM, not a 5d SCFT
row.

6d (1,0),(1,1),(2,0) Q =8,16,16 The two sixteen-supercharge
labels differ by chirality and field
content.

7d N=1 Q=16 The 7d SYM row used by the Ga
roadmap interface.

8d N=1 Q=16 The gauge-theory row on F-theory
7-branes.

9d N=1 Q=16 Pure SYM exists as a
non-gravitational theory.

10d N=1 Q=16 The parent pure-SYM row; 32Q

type-1I algebras are
gravity-coupled.

Table 1.1.4: Master count table: quick lookup from each dimension-dependent SUSY label to its
real-supercharge count. The ambient 32Q ceiling is tracked in Table I1.1.1 and (I.1.4), not as a
decoupled-QFT row.
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dim label R-symmetry caution
2d  (0,1)/(1,0); (0,2); none; U(L)g; U(1)yxU(1)a;  U(1)r in (0,2) is flavor,
(2,2); (4,4) SU(2)xSU(2), respectively not the superconformal
R-current.
3d  N=1;,N=2; N >3 none; U(1)g; Spin(NV), Maximal SYM has UV
respectively scalar-rotation Spin(7); the
IR superconformal algebra
has Spin(8)g.
ad  N=1; N=2; N=3; U(1)g; SU(2)rxU(1)R; The N = 2 row is
=4 SU(3)xU(1); SU(4)r, SU(2)rxU(1)Rg, not
respectively SU(3).
5d  N=1; N=2 SU(2)r; USp(4)r, U(1);/Ey is flavor, not
respectively R-symmetry; the 16Q row
is maximal SYM, not a 5d
SC algebra.
6d (1,0); (1,1); (2,0) SU(2)gr; Spin(4) g; The two 16Q labels have
USp(4) g=Spin(5) g, different chirality and
respectively different R-symmetry.
7d  N=1 SU(2)r This is a
sixteen-supercharge SYM
row, not a separate
fixed-point family.
8d =1 Ulr The U(1)g is the SO(2)
transverse rotation of the
7-brane gauge theory.
9d N=1 none continuous The SO(1) transverse
rotation of the SYM parent
is trivial.
10d N=1 none continuous The parent pure-SYM row

has no transverse rotation
R-symmetry.

Table I.1.5: The master R-symmetry table. It isolates the automorphism group that rotates
the supercharges and the flavor-versus-R distinctions that later exact computations depend
on. Within each row, the entries in the label column and the R-symmetry column are read
in the same order. The two-dimensional entries shown are those used in later chapters.
Further chiral variants appear in the 2d chapter; this table is not a full classification of 2d
superconformal symmetry.
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dim multiplets and branches protected tools later owners
2d chiral, twisted-chiral, vector, c-extremization for (0,2)+; IV, VI.10, XII
Fermi; Higgs, Coulomb, LG elliptic genus
phases
3d scalar, chiral, vector, hyper; F-maximization for VII, VIII, XIV
Higgs, Coulomb; mirror pairs 3d N > 2 SCFTs with an
R-current; S3 partition
function; S? x S index;
N > 8 free
4d chiral, vector, hyper; Higgs and  a-maximization; V, VI, IX, XI, XIII
Coulomb branches; superconformal index
Coulomb-branch low-energy
data
5d vector, hyper; real Coulomb 5d index only for N' = 1; X
branch no N = 2 SC algebra
6d tensor, hyper, vector; tensor anomaly 8-form and XII, XIII
branch Green—Schwarz
factorization
7d N =1 vector multiplet; sixteen-supercharge SYM G2 roadmap row
Coulomb branch count
8d N = 1 vector multiplet; two 7-brane gauge theory; no X-A (F-theory)
adjoint scalars SC extremization
9d N =1 vector multiplet; one reduction from 10d SYM; high-dimensional SYM
adjoint scalar no SC extremization interface
10d N =1 vector multiplet parent pure SYM; no SC II / high-dimensional

extremization

SYM interface

Table 1.1.6: The master table of field-theory tools. It records the field-theory objects,
protected computations, and later volume homes associated with each dimension after the
count and R-symmetry have already been fixed.

What this chapter states but does not prove.

The algebra fixes the counts and shortening conditions, while the dynamics deter-
mines which representations and states a theory realizes. It states two classification
theorems and cites them rather than proving them. The first is the Nahm classification
of super-Poincaré algebras, with its d < 11 and 32-supercharge ceiling (§1.1.1). The
second is the classification of superconformal algebras, with its d < 6 interacting ceiling
(§1.1.5). No later volume re-proves these, so they are cited classifications, not deriva-
tions supplied here. The chapter also states the BPS bound and its shortening, but
computes no specific BPS spectrum. Which states saturate it, and how the central
charge varies over a moduli space, is the dynamics studied in the dimension chapters and
later constructions. Finally, the chapter does not derive supersymmetry preservation
from external construction data, and it does not develop the Euclidean-spinor and
localization-contour conventions that later index and partition-function chapters need;
those are deferred to the first localization-using volume. The exit capability is this
chapter’s: align the supersymmetry notation through the master tables, read off the
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R-symmetry, central-charge, and BPS roles, and translate a field-theory SUSY label
into its real-supercharge count.

Exit checklist. After this chapter the reader can

1. translate any field-theory supersymmetry label in the master tables into a real
supercharge count;

2. follow the 4Q), 8@, and 16Q) dimensional ladders under ordinary circle reduction;
3. identify the R-symmetry, central-charge, and BPS role attached to a row;

4. use the SU(2)/SU(3) embedding example to decide whether the standard D-brane
orbifold probe has 8Q / 4d N =2 or 4Q / 4d N = 1;

5. state which classification results are being cited rather than proved.

Status and sources

The dimensional ladder and master tables use the Lorentzian spinor and real-supercharge
conventions introduced in this chapter.

§1.1.1 The super-Poincaré algebra. For the displayed adjoint anticommutator (I.1.1), positivity
follows in a unitary representation by (¥|{Q, QT}«) = ||Q¥|* + ||QT+||*> > 0 [MATH]; this
elementary implication is proved here. The existence and uniqueness of the graded extension
under nontrivial-scattering hypotheses, and the conventional spin-< 2 ceiling, are imported
classification results. The sources are Coleman and Mandula (1967) for the bosonic no-go,
Haag et al. (1975) for the graded extension, and Nahm (1978) for the classification and ceiling.
The scalar central term (I.1.2) is algebraic once that extension is assumed; the existence of a
charged state is a separate physical question.

§1.1.2 The minimal spinor and the count. For finite-dimensional real Clifford modules in the
displayed Lorentzian convention, the reality types in (I.1.4) are a mathematical classification
[MATH]. Its proof is external, in Kugo and Townsend (1983), and is not reproduced here. The
chapter verifies the representative gamma-matrix relations and then uses real Bott periodicity:
explicit representatives d = 2,...,9 determine the eight residue classes; d = 10, 11 inherit the
reality types of d = 2,3. Multiplying each minimal real dimension by the stated multiplicity
proves the count formula (I.1.3) within those hypotheses. The calculation does not establish
which spinors or supercharges a particular physical theory realizes.

§1.1.2 R-symmetry. An automorphism commuting with Lorentz symmetry acts on the su-
percharges as in (I.1.5); this is the algebraic definition. The entries of Table 1.1.5 also assign
currents to physical theories, including the 2d (0,2) U(1)g versus left-moving U(1)r flavor
current, the 5d SU(2)r versus U(1); flavor current, and the UV/IR distinction for maximal
3d SYM. These assignments are physical inputs. Group rank and dimension comparisons do
not derive current algebras or enhancement.

§1.1.3 The dimensional ladder. Given a supersymmetry-preserving untwisted reduction with-
out a projection, restriction of each higher-dimensional supercharge gives the same real count
in lower dimensions. The count identities in Table 1.1.1 and (I.1.6)—(I.1.8) are conditional
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arithmetic [MATH]; supersymmetry preservation is a physical premise. The displayed on-shell
equality d — 2 = %Qmin in (I.1.9) is a degree-of-freedom calculation, not by itself an existence
theorem for interacting SYM. The count does not establish the full 10d-to-2d reduction or derive
the separate 6d (2,0) chiral branch. The D3-orbifold example uses the displayed SU(4) spinor
branching; applying that branching to a D3 probe requires the orbifold projection of Douglas
and Moore (1996) for C?/T" and Douglas, Greene, et al. (1997) for C*/T. The representation
arithmetic is conditional on those physical premises. Reducing the ten-dimensional gauge-field
components gives 10 — D scalars; identifying their rotations as a theory’s UV R-symmetry is
a further physical claim. The classical SYM reduction and its Spin(10 — D) symmetry are
described in Section 2 of Seiberg (1998); its Section 7 treats the distinct chiral six-dimensional
tensor theory (called (0,2) there, with the opposite chirality-label convention). Section 4
explains the three-dimensional UV Spin(7) symmetry and the Spin(8) symmetry required if
the infrared limit is superconformal. The infrared existence and superconformality assumptions
remain physical inputs.

§1.1.4 Central charges and the BPS bound. For the Hermitian block (I.1.10) in a unitary
representation, det A = M? — |Z|? and the eigenvalues M = | Z| prove the conditional bound
(I.1.11) and the rank-one kernel at saturation [MATH]. This kernel calculation does not establish
a BPS spectrum. The normalization of (1.1.12) is imported from Seiberg and Witten (1994):
the block entry is v/2 times its Z. The conditional 2" oscillator count in the text explains the
16 versus 4 states for fixed charge and spin-zero Clifford vacuum; Section 4 of the same source
gives this long/short comparison. It is not computed by the one-block kernel exercise. Within
a short representation, the preserved combination annihilates a saturating state; existence and
stability of such a one-particle state remain physical claims. Section 4 of Seiberg and Witten
(1994) supports the decay condition at a wall of marginal stability. No chamber-independent
degeneracy is claimed.

§1.1.5 Superconformal algebras and the unitarity bound. Assume a unitary 4d N'=1 SCFT,
its actual superconformal R-current, a scalar primary annihilated by S, and the chosen
Q/S anticommutator (I.1.15). Positivity of the descendant norm gives (I1.1.16); a chiral
primary saturates the branch and obeys (I.1.17) [MATH]. This is the conditional argument
displayed in the chapter, with representation-theoretic context in Minwalla (1998); it is not a
derivation of the full superconformal closure or the current assignment. The cubic calculation
3R(®) = 2, followed by A = %R = 1, is conditional arithmetic. The calculation does not
establish superconformal closure or the full radial-quantization positivity argument. The finite-
dimensional superconformal classification and its 5d F'(4) row are imported from Nahm (1978).
For current selection, Intriligator and Wecht (2003) supplies 4d A’ = 1 a-maximization, Jafferis
(2012) the S® partition-function extremum for 3d N > 2 theories with an R-current (subject to
its accidental-symmetry caveat), and Benini and Bobev (2013) 2d (0, 2) c-extremization. The
distinct S* x S' superconformal index is supported by Kapustin and Willett (2011). These
imported physical principles are not proved by the cubic exercise.

§1.1.6 The master tables. Tables 1.1.4-1.1.6 map the selected labels and later chapter homes.
The count column inherits the stated spinor and reduction premises; the multiplets, protected
tools, and later homes are navigation, not a single theorem.

Evidence scope. Here [MATH] labels only the explicitly conditional Clifford-module classifi-
cation and algebraic implications just named. The other classifications and physical premises
are imported from the cited sources.
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Further reading

For the super-Poincaré algebra and the uniqueness theorems, standard textbook treat-
ments are Weinberg (2013) and Terning (2006) and the review Sohnius (1985); the
founding papers are Golfand and Likhtman (1971), Volkov and Akulov (1973), and
Wess and Zumino (1974). Central charges and the BPS bound originate with Witten
and Olive (1978). Compact pedagogical introductions at the level of these notes are
Martin (1998), Bilal (2001), Lykken (1996), and Argyres (2001), and the superspace
apparatus is catalogued in Gates et al. (1983).

Modern treatments of superconformal algebras and their representations across
dimensions are given in Eberhardt (2021); the geometry of square-zero supercharges
and the resulting classification of twists are developed in Eager et al. (2021) and Elliott
et al. (2022). A recent computation-oriented survey of large-N limits across 3d, 4d, and
5d supersymmetric field theories is Santilli (2025).
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Chapter 1.2

Common SUSY-QFT
grammar: maultiplets, local

terms, vacua, anomalies

Reader contract. A field may sit in a chiral multiplet, but that name alone does
not tell us which interactions it admits or which vacua it produces. The supercharges
and R-symmetry fixed in Chapter 1 specify the algebra; the multiplets and local terms
supply a theory in which that algebra acts. To find a vacuum we then solve the local
equations, identify gauge-equivalent solutions, and ask which operators and anomalies
persist beyond a chosen Lagrangian frame.

The same sequence works as a reading guide when a convenient Lagrangian is absent.
We develop it through small calculations: eliminating an auxiliary field, taking a gauge
quotient, constructing a ring of vacua, and tracing fermion charges. Each example fixes
a shared physical question that the later dimension chapters answer with their own
local tools.

What this chapter delivers

A local supersymmetric description has three linked parts: its multiplets and allowed
terms, its vacuum equations and gauge equivalences, and its protected operators and
symmetry responses. We calculate each part in a small example and show how it changes
when the spacetime dimension changes. The detailed tools then belong to the dimension
chapters: E/J systems and GLSMs live in 2d, Chern—Simons terms and monopoles in 3d,
a-maximization and Seiberg-type technology in 4d, prepotentials and instanton operators
in 5d, tensor-branch and Green—Schwarz anomaly technology in 6d.
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I.2.1 Multiplets are representations with local de-
scendants

A supersymmetric field theory begins with an ordinary spacetime and a super-Poincaré
algebra, but the fields do not appear one at a time. They appear in representations of
the algebra. We call such a representation a multiplet. The word is intentionally neutral:
a multiplet can be off-shell in a convenient formalism, on-shell in a more economical
one, or non-Lagrangian if the theory is known by protected data rather than by a field
list. What survives across all these cases is that supersymmetry relates bosons and
fermions and packages their local descendants into a common object.
The smallest useful distinction is between three pieces of data.

1. The spacetime dimension and the amount of supersymmetry, fixed by Chapter 1.
2. The multiplet type, such as chiral, vector, hyper, tensor, or Fermi.

3. The local terms allowed by supersymmetry: kinetic terms, superpotential-type
terms, moment-map or D-type terms, and in special dimensions topological
couplings.

For example, a four-dimensional N' = 1 chiral multiplet is not the same representation
as a two-dimensional (0,2) chiral multiplet, even though the same word “chiral” is used.
The label is meaningful only after the algebra and dimension have been fixed.

Table 1.2.1 is not a classification theorem. It is a reading aid. A dimension chapter
may refine a row, split it, or replace it by a more natural language. The reading rule
is that a multiplet name is not a promise of a universal component formula. It is a
promise that the later chapter will state which algebra is acting and what local data
the multiplet carries.

A minimal superspace slogan

Superspace is a powerful notation, but we will use only its slogan here. One introduces
anticommuting coordinates 6 so that some supersymmetry transformations become
translations in 6. A constraint on a superfield then defines a multiplet, and an integral
over part or all of the 8-space defines a supersymmetric local term.

For a four-dimensional A/ = 1 Lagrangian, the familiar schematic form is

L= /d49 K(®TeV, ®) + (/ d20W (®) + /d29 H;Z_ TrWeW, + c.c.> o (1.2.1)
Here ® denotes chiral multiplets, V' vector multiplets, K a Kéhler potential, W a
holomorphic superpotential, and 7 a complexified gauge coupling. The two integration
measures in Equation (1.2.1) distinguish full-superspace D-type terms from chiral-
superspace F-type terms. In particular, the same chiral measure carries both the
superpotential and the holomorphic gauge kinetic coupling; their component equations
play different physical roles.
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Multiplet Typical use

Book-level rule

Carries holomorphic local data. Its detailed
component content is dimension-dependent.

Carries gauge redundancy and a moment-
map/D-type constraint when a Lagrangian
description exists; a 3d N = 2 vector also
contains a real scalar after reduction.

Usually best viewed as paired chiral data
from a smaller-SUSY perspective; its quater-
nionic structure is dimension-specific.

Essential in 6d. Tensor branches and Green—
Schwarz terms are owned by the 6d chapter.

Chiral complex scalar plus
fermions in 4d N =
1, and related lower-
dimensional systems

Vector gauge field plus super-
partners

Hyper extended-SUSY mat-
ter

Tensor higher-form field
strength plus partners

Fermi left-moving fermionic

multiplet in 2d (0,2)
language

Carries E- and J-type data. Here we name
the words; the 2d chapter does the real work.

conserved currents and
stress tensor

Current multi-
plet

Encodes global symmetries, R-currents,
anomalies, and protected observables.

Table 1.2.1: Multiplet types and the book-level reading rule. The table is a reading aid,
not a classification theorem.

The available measures and multiplets change with dimension. In 2d (0,2), the
natural language uses chiral and Fermi multiplets with E- and J-functions. In 3d, Chern—
Simons couplings and monopole operators become central. In 5d, a cubic prepotential
controls the Coulomb branch. In 6d, tensor multiplets and anomaly polynomials organize
the story. The common question is which local term the chosen superalgebra permits
and what equation or protected coupling it produces.

Off-shell convenience versus physical content

The reader will often meet phrases such as “off-shell multiplet” and “auxiliary field”.
We use them in a pragmatic way. An off-shell description realizes the supersymmetry
transformations without imposing the equations of motion, usually by adding auxiliary
fields. This can make local terms compact to write and vacuum equations mechanically
visible. It is not, by itself, the physical definition of the theory.
The Wess—Zumino example in Equation (I.2.3) has an auxiliary field F'. Before
eliminating it, the bosonic part contains
2 ow oW
|F|*+ F 30 + F 05

The equation of motion sets F' = —9W /06, equivalently F' = —9W /¢, and the positive
potential Vi = |0W|? follows. The auxiliary field makes the positive potential and

(1.2.2)
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its zero locus visible algebraically. It has no propagating degree of freedom. Indeed,
writing the displayed terms as |F 4+ Wy|? — |[Wy|? shows both the stationary value of F
and the sign of the potential.

This distinction becomes useful later because different dimensions have different
off-shell technologies. Four-dimensional A" = 1 superspace is economical. Extended
supersymmetry can force one to use a smaller visible subalgebra, harmonic or projective
superspace, or no compact off-shell formalism at all. Volume 0 will not standardize
those choices. It will standardize the questions: what are the multiplets, what local
terms are allowed, which auxiliary or protected equations follow, and what physical
data remain after quotienting redundancies?

Smaller-SUSY language is often a chart

A common move is to describe a theory with a smaller visible supersymmetry than the
theory actually has. A four-dimensional AN/ = 2 vector multiplet can be described, in
N = 1 language, by a vector multiplet plus an adjoint chiral multiplet. A hypermultiplet
can be described by a pair of chiral multiplets in conjugate representations. This is
a chart on the local grammar, not a statement that the extra supersymmetry has
disappeared.

The same idea appears after dimensional reduction. A component that was a gauge
field in a higher dimension can become a scalar in a lower dimension. The multiplet
name then changes with the algebra. This is why the volume keeps Chapter 1 and
the present bridge separate: Chapter 1 says how the supercharges and R-symmetries
reduce; this chapter says how the local objects are named once a dimension and visible
algebra have been chosen.

[.2.2 F-terms, D-terms, and the first vacuum equa-
tions

In a Lagrangian frame, supersymmetric vacua are often found by eliminating auxiliary
fields. This is the most useful entry point for the later chapters, because it turns a local
term into an equation. We record the minimal pattern.

Consider a single four-dimensional AN’ = 1 chiral multiplet ® with scalar component
¢ and superpotential

W (®) = %@2 + %@3. (1.2.3)
The auxiliary field F' is eliminated by
oW ow |? >
F=—"—, Ve(9) = | =—| = |meo+ rp?|". 124
5 V@) = | 5| = lmo+ | (124)
A supersymmetric vacuum in this sector solves
ow
— = 0. 1.2.5
50 (1.25)
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If mA # 0, the equation has two isolated solutions, ¢ = 0 and ¢ = —m/A. The potential
vanishes at both, so the holomorphic derivative identifies the supersymmetric vacua in
this ungauged example. An F-flat equation is the vanishing of that derivative, or of the
corresponding local equation in another dimension.
For a gauge theory with chiral fields ¢; of charges ¢; under a U(1), a D-type auxiliary
field gives
2
g
D= zi:(h'|¢i|2 -G Vp = ?DQ. (1.2.6)
Here ( is a Fayet—Iliopoulos parameter when the dimension and supersymmetry allow
it. The D-flat equation is

Z%‘\@F =¢. (1.2.7)
i
For a general compact gauge group the same statement becomes a moment-map equation

11(¢) = Ceentral- (1.2.8)

The level (eentral must lie in the gauge-invariant central part of the Lie algebra dual.
For a semisimple nonabelian factor the corresponding level is zero. Thus one often
writes ¢ = 0 for nonabelian generators and g1y = ¢ for abelian trace factors. The
exact normalization of p depends on conventions. The invariant content is that D-type
terms impose real moment-map equations before one divides by gauge equivalence.

Common misconception: F-terms and D-terms are specific local terms

“F-term” and “D-term” do not mean “everything holomorphic” and “everything non-
holomorphic” in a dimension-independent way. They mean specific supersymmetric local
terms in a specified algebra. We use the four-dimensional A" = 1 notation only as a
compact example, not as a universal formalism.

The quotient is part of the equation

Solving the equations is not yet the vacuum space. Gauge-equivalent solutions represent
the same physical vacuum. A basic U(1) example makes the point. Let @ and @ have
charges +1 and —1, with no superpotential and ¢ = 0. The D-flat equation is

QP — Q1> =o. (1.2.9)
Modulo the U(1) action
(Q,Q) = (€Q,e7Q), (1.2.10)
the gauge-invariant coordinate is _
M = QQ. (I.2.11)

For the complexified action, a monomial Q“@b7 with a,b > 0, transforms by A*~? for
A € C*. An invariant polynomial therefore contains only monomials with a = b, each
equal to M. Thus the polynomial invariant ring is C[Q, Q] = C[M]. The D-flat
condition fixes the difference of the two magnitudes, while the gauge action removes
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their relative phase. Their product retains the remaining complex magnitude and
phase, so the quotient is parameterized by M € C. At M = 0 both fields vanish. The
coordinate is obtained only after imposing the equation and dividing by the gauge
action.

A slightly different U(1) example explains why the sign of a real parameter can
change the description. Let X; and X5 both have charge +1 and take > 0. The D-flat
equation

X0 ? + | Xaf* = ¢ (1.2.12)

modulo the common phase gives P'. At ¢ = 0, the quotient collapses to the origin in
the gauge-invariant affine description. The later 2d GLSM chapter will make this kind
of statement precise using its own language. Here we only keep the reading rule: an
FI-like parameter can separate phases, and a quotient by gauge equivalence is part of
the vacuum construction.

Complex quotient language

There is an equivalent algebraic way to package many of these examples. Instead of
solving the real moment-map equation and dividing by the compact gauge group, one
often solves the holomorphic F-flat equations and divides by the complexified gauge
group, with a stability condition determined by the FI parameter. For the Xi, X,
example with ¢ > 0, the complexified group is C* acting by

(Xl,XQ) — ()\X1,>\X2), AeCr. (1213)

The stable locus removes the origin because it cannot satisfy the positive D level ¢ > 0.
The resulting quotient is
(C? — {0})/C* ~ P (1.2.14)

This is the same physical quotient as the D-flat sphere modulo U(1). The bridge does
not develop geometric invariant theory. It only records why the same vacuum may be
written in a differential form, as a moment-map quotient, or in an algebraic form, as
equations modulo a complexified redundancy.

The distinction matters because the later chapters use both languages. A 2d GLSM
phase is usually clearest in quotient language. A 3d Coulomb branch may require
quantum coordinates that are not visible in a naive classical quotient. A 4d chiral ring
is often presented algebraically, while its unitary vacuum interpretation remembers
D-flatness. These are not three different theories. They are three controlled coordinate
systems on the same local problem when the assumptions of the chosen frame apply.

A superpotential ideal

The simplest F-term ideal already shows how relations enter a protected ring. Take
three chiral multiplets X,Y, Z and

W=XYZ. (1.2.15)
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The F-flat equations are

YZ =0, XZ =0, XY =0. (1.2.16)
The classical chiral ring in this frame is

Rxyvz =C[X,Y,Z]/(XY,XZ YZ). (I1.2.17)

Any point on one axis makes two fields vanish, so every pairwise product vanishes.
Conversely, the three relations force at most one of XY, Z to be nonzero at a point.
The vacuum set is therefore the union of three coordinate axes meeting at the origin.
The relations reveal both the separate components and their singular intersection.

I.2.3 Branches, protected rings, and local coordinates

Supersymmetric vacua often form families. A connected component or irreducible
piece of such a family is called a branch. The name of a branch is physical shorthand,
not a theorem by itself. A Higgs branch is usually visible in a frame where charged
matter has expectation values. A Coulomb branch is usually visible in a frame where
vector-multiplet scalars, dual photons, or related abelianized data parameterize the
vacuum. A mixed branch contains both kinds of data.

The word “usually” matters. Dualities can exchange descriptions, and strong-
coupling physics can introduce coordinates not visible in a weakly coupled Lagrangian.
A branch label therefore records how the branch is seen in a chosen frame. It is not an
invariant name that every dual frame must use in the same way.

Label Typical weak-frame sig- Reading rule
nal

Higgs branch charged matter expectation Use the label when matter coordinates
values and gauge symmetry or gauge-invariant composites are the
broken partly or fully natural local coordinates.

Coulomb vector-multiplet scalars, Use the label only after the dimension-

branch abelianization, dual photons, specific chapter states the appropriate

monopole or instanton coordi- coordinates.
nates in suitable dimensions

Mixed branch simultaneous matter and Treat as an intersection or fibration
vector-multiplet coordinates  when the later chapter supplies the local

structure.
Conformal exactly marginal deforma- We name it; the dimension chapter sup-
manifold tions modulo redundancies plies the protected marginality tests.

Table 1.2.2: Branch labels and their frame-dependent weak-coupling signals.

Protected chiral or BPS operator rings are a second way to describe vacuum data.
In a Lagrangian example, one begins with gauge-invariant polynomials in fields and
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divides by relations generated by F-flat equations. If
R = Clz,y,2]/(zy), (1.2.18)

then the relation zy = 0 says that the affine variety is the union of two coordinate
planes meeting along the z-axis. A coarse Hilbert series is

1 —¢?

Hrlt) = g5

(I1.2.19)
This formula is included only to normalize the vocabulary. Volume VI uses Hilbert-series
and perfect-matching technology in a sharper way, and later parts of the project use
protected rings as computational tools. Volume 0 only needs the reader to recognize
that a ring presentation consists of generators, relations, and gradings.

What a Hilbert series is allowed to mean here

A Hilbert series is a counting device for graded operators. In the toy ring R =
Clz,y, z]/(zy), assign degx = degy = degz = 1. The polynomial ring has generating
function (1 — ¢)~3. Multiplication by xy injects the degree-shifted polynomial ring into
Clz,y, 2], so the ideal contributes t?/(1 — t)3. Subtracting it gives Equation (1.2.19).
That is the entire level of detail needed in this chapter.

The later chapters will be more careful. A physically meaningful Hilbert series may
refine the grading by flavor fugacities, impose gauge invariance through an integral
or a Molien sum, or include quantum coordinates. It may also fail to capture the
full geometry if the chosen ring is not the right protected object. The displayed
(1 —#%)/(1 —t)? form follows from the single nonzero-divisor relation xy; it does not
apply unchanged to an arbitrary ideal. The resulting coefficients 1,3,5,7,... count
independent operators at successive degrees in this ring.

Common misconception: not every vacuum component is a Higgs branch

The chapter does not identify every vacuum component with a Higgs branch. A
Higgs/Coulomb/mixed label depends on which multiplets provide the coordinates in
the chosen description, and in some dimensions the natural Coulomb coordinates are
intrinsically quantum.

When no Lagrangian is available

Some supersymmetric field theories are not best introduced by a weakly coupled
Lagrangian. The same questions still apply. A theory can be specified, partly or wholly,
by protected data:

superalgebra and R-symmetry,

global symmetry and anomaly data,
protected operators and rings,
deformations, defects, and boundary data

(1.2.20)

gprotected =
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This list is not a replacement for dynamics. It is a way to read the later chapters without
assuming that every supersymmetric QFT has a convenient elementary-field Lagrangian.
In particular, non-Lagrangian four-dimensional A/ = 2 theories and six-dimensional
SCFTs are not exceptions to the grammar; they are cases where the grammar is applied
to protected observables and deformation data rather than to a microscopic component
action.

There is a discipline to this. Calling a theory non-Lagrangian should not license
vague prose. One should still be able to say which supersymmetry algebra is realized,
which global symmetries act on protected operators, which deformations are allowed,
which anomalies are known, and what evidence supports an identification with another
description. A later chapter may use a curve, a category of defects, a BPS spectrum, or
an anomaly polynomial as primary data. These can provide field-theoretic data once
their symmetry and observable content is specified.

I[.2.4 Symmetries, currents, and anomaly traces

Supersymmetric theories come with several kinds of symmetries. The most important
distinction is between gauge redundancy and global symmetry. A gauge symmetry is not
an ordinary physical symmetry acting faithfully on the Hilbert space; it is a redundancy
in the description. A global symmetry acts on operators and states. An R-symmetry is
a global symmetry that also acts on the supercharges. A flavor symmetry commutes
with the supercharges.

This distinction controls anomaly language. A gauge anomaly is a consistency
obstruction for a dynamical gauge symmetry unless it is cancelled, for example by a
local counterterm, by anomaly inflow, or by a Green—Schwarz-type mechanism when
such a mechanism exists in that dimension. A 't Hooft anomaly of a global symmetry
is protected response data: it must match across dual descriptions and becomes an
obstruction only if one tries to gauge that global symmetry. An R-symmetry anomaly
can be both a diagnostic and, in special dimensions, part of an extremization principle.

For a four-dimensional chiral fermion in representation p of a symmetry group, the
perturbative cubic anomaly is measured schematically by

Acbe = Trleft fermions p(Ta){p(Tb)v p(TC)}~ (1'221)

For a mixed R-flavor-flavor anomaly one similarly traces the R-charge of the fermion
times the two flavor generators:

Arrr = Trleft fermions Rw ,O(Ta)p(Tb) (1222)

The subscript 9 is deliberate. In a four-dimensional A" = 1 chiral multiplet, if the scalar
has R-charge Ry, then the fermion has R-charge

Ry =Ry —1. (1.2.23)

Anomaly traces are fermion traces. Forgetting this shift is one of the most common
ways to get the wrong answer.
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Gauge cancellation in a vectorlike fixture

As a minimal four-dimensional fixture, take an SU(N,) gauge theory with a chiral
multiplet @ in the fundamental representation and a chiral multiplet @ in the antifun-
damental. The left-handed fermion in () contributes the cubic gauge anomaly coefficient
A(N), while the left-handed fermion in ) contributes A(N) = —A(N). The pair is
therefore vectorlike with respect to the gauge group:

AN) + A(N) = 0. (1.2.24)

For conjugate generators T% = —(T%)7, the cubic symmetric trace gains three minus
signs, giving the stated opposite coefficients. For SU(2) the perturbative cubic coefficient
of each representation vanishes separately. This is not a statement about the flavor
anomalies of the same fields. The flavor symmetry can still have nonzero 't Hooft
anomalies, and those anomalies are meaningful infrared data. The same fermions
participate in both computations; what changes is whether the traced generators belong
to a gauge redundancy or to a global symmetry.

This fixture also explains why the word “matter” is too imprecise for an anomaly
computation. Scalars contribute to the multiplet and to the vacuum coordinates, but
perturbative chiral anomalies are fermion traces. Gauge representations, chirality, and
R-charge shifts have to be read at the fermion level.

Common misconception: gauge anomalies versus 't Hooft anomalies

A gauge anomaly and a ’t Hooft anomaly of a global symmetry play different roles. Gauge
anomalies must be removed for the description to be consistent. 't Hooft anomalies are
protected response data; they are allowed because they are observable constraints, and
they must match across dual descriptions.

A minimal anomaly-matching fixture

Suppose two descriptions claim to flow to the same infrared theory. If they have the
same non-anomalous global symmetry G g, then the 't Hooft anomalies for G and for
any preserved R-symmetry must match. In a four-dimensional N' = 1 frame the two
basic fermion anomaly traces are

TTR=Y Ry, TrR*=) Ri. (1.2.25)
" Y

The trial central charge built from these traces is
3 .
awial(R) = o (3TrR* -~ TrR). (1.2.26)

This equation is here only as vocabulary. The actual a-maximization principle belongs
to the 4d chapter, where four-dimensional dynamics is the subject. We record the
ingredients: a candidate R-symmetry, a list of fermions, and anomaly traces. One
caution is worth stating now. Matching anomalies is a necessary consistency check on a
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proposed duality, not a proof of it. Two theories can share all their 't Hooft anomalies
and still be different; the dimension chapters supply the further evidence a duality claim
requires.

The same caution applies in other dimensions. Two-dimensional gravitational and
flavor anomalies are naturally chiral and lead into c-extremization in (0,2) theories.
Three-dimensional parity anomalies and contact terms are tied to Chern—-Simons levels.
Six-dimensional theories organize anomalies in an eight-form polynomial, often with
tensor-branch Green—Schwarz cancellation. These are not variants of Equation (I1.2.21)
with the dimension label changed. They are distinct technologies whose shared concept
is anomaly as protected local or global data.

Common misconception: the R-symmetry is not “whatever U(1) is convenient”

R-symmetry is not “whatever U(1) is convenient”. It is the symmetry that acts on the
supercharges, and in interacting theories the exact infrared R-symmetry can mix with
flavor symmetries. We name this fact; the dimension chapter performs the relevant
extremization or replacement principle.

Background fields as a unifying language

A clean way to remember the gauge/global distinction is to couple global symmetries
to nondynamical background fields. If the background field is made dynamical, the
symmetry has become a gauge redundancy and the anomaly must be cancelled. If the
field remains a background, the anomaly is a well-defined response of the quantum
theory. This response can be encoded as a phase of the partition function, a contact
term, or an anomaly polynomial, depending on dimension.

This language lets the same bridge sentence cover several later cases without
pretending they are identical. In 2d, a chiral imbalance of left-moving and right-moving
fermions produces gravitational and flavor anomalies. In 3d, integrating out massive
fermions can shift Chern—Simons contact terms, and the parity anomaly constrains
allowed backgrounds and levels. In 4d, cubic and mixed ’t Hooft anomalies constrain
dual descriptions and feed R-symmetry tests. In 6d, the anomaly polynomial and Green—
Schwarz terms are central data. The common statement is only this: anomalies are
local or global obstructions/responses attached to background or dynamical symmetry
fields, and the dimension chapter tells which mathematical object represents them.

I.2.5 Deformations and parameters

The same local grammar also organizes deformations of a theory. At a specified fixed
point, a deformation by an operator of scaling dimension A is relevant when A < d,
marginal when A = d, and drrelevant when A > d. An exactly marginal coupling
lies along a conformal manifold after quantum effects and redundancies are taken into
account. A mass parameter is a coefficient of a mass deformation; when a suitable
flavor symmetry and supersymmetric background multiplet exist, it can be packaged as
a background value. A coupling is a coefficient of a local term. An FI parameter, when
available, is a parameter in a moment-map equation.
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We use this vocabulary without asserting that the same parameter exists in every
dimension. This is especially important for supersymmetric field theories in dimen-
sions above four, where Yang—Mills couplings are dimensionful. With the standard
normalization (1/g%) [ F?, the coupling has [g?] = 4 — d, while the inverse coefficient
has [1/g%] = d — 4. Thus the existence of a UV fixed point is a dynamical question,
not a consequence of the local term alone. It is also important in two and three
dimensions, where real masses, FI terms, twisted masses, Chern—Simons levels, and
monopole operators have their own protected roles.

‘Word Bridge meaning Where details live

Superpotential de- Holomorphic local deforma- 2d, 3d, and 4d chapters in their own

formation tion of chiral data notation

Mass parameter Background value associated Dimension chapters, especially 3d
to a flavor symmetry and 4d examples

FI parameter Moment-map parameter 2d GLSMs and 3d gauge dynamics

when the algebra allows it

Exactly marginal Protected marginal deforma- 4d conformal-manifold discussion
coupling tion modulo redundancies

Topological level Quantized coefficient such as  3d chapter
a Chern—Simons level

Tensor-branch pa- Scalar expectation value in  6d chapter
rameter tensor multiplet data

Table 1.2.3: Deformation and parameter vocabulary, and the chapters that own the
technical details.

Common misconception: a deformation is not specified by its name alone

A deformation is not specified by its name alone. One must say which operator is being
added, which symmetry protects or forbids it, what its dimension is, and whether the
parameter is continuous, quantized, or background-field data.

Relevant, marginal, and protected are different adjectives

We keep three adjectives separate. A deformation is relevant, marginal, or irrelevant
according to the scaling dimension of the operator at the fixed point under discussion.
It is supersymmetric if it can be written as an allowed supersymmetric local term. It
is protected if supersymmetry and other symmetries constrain its quantum behavior
strongly enough that a finite computation or index captures it.

These adjectives often correlate, but they are not synonyms. A superpotential mass
term can be relevant and supersymmetric. A gauge kinetic term may be marginal in
four dimensions but dimensionful in five. A Chern—Simons level in three dimensions is
supersymmetric and quantized, but it is not a continuous exactly marginal parameter.
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A tensor-branch coefficient in six dimensions is not a four-dimensional gauge coupling
in disguise.
The operational rule is to ask four questions:

1. What operator or background multiplet is being turned on?

2. What symmetries, including R-symmetry, allow the term?

3. What is the mass dimension of the parameter at the point being studied?
4. TIs the parameter continuous, discrete, quantized, or a background choice?

This rule prevents the bridge from importing a four-dimensional intuition into every
dimension.

Masses as background multiplet data

Mass parameters are a useful place to see the local/global vocabulary at work. A flavor
symmetry current lives in a current multiplet. Coupling that current multiplet to a
nondynamical background vector multiplet and giving the background scalar a value
produces a mass parameter, when the dimension and supersymmetry allow such a
coupling. In a weak four-dimensional A" = 1 frame, a holomorphic mass can appear in
a superpotential term B

Winass = m QQ. (I.2.27)

In lower dimensions, real masses and twisted masses are often more natural. This
chapter does not equate these. It records the shared logic: a mass is not merely a
number in a Lagrangian; it is usually tied to a flavor symmetry, a background multiplet,
and a choice of preserved supersymmetry.

This statement has dimension-specific realizations. Holomorphic masses in a
four-dimensional N/ = 1 frame are naturally superpotential or chiral-spurion data,
whereas real masses in three dimensions and twisted masses in two dimensions are
often background-vector-multiplet scalar data. We record the shared flavor-symmetry
organization without identifying these mechanisms.

This viewpoint is especially useful when comparing two descriptions. If a duality
maps a flavor symmetry G on one side to the same symmetry on the other, its mass
deformations should map as background values for Gp. If an FI parameter is present, it
should map according to the topological or gauge symmetry structure of that dimension.
The details are dimension-specific, but the elementary sentence is stable: deformations
are organized by the multiplets and symmetries to which their parameters belong.

I[.2.6 The routing table for the dimension chapters

The Wess—Zumino derivative and the quotient examples answered two common questions,
but a new dimension changes which multiplets and protected coordinates can answer
them. Table 1.2.4 identifies the additional tools needed in each case.

The examples differ because each dimension has characteristic operators and cou-
plings. In 2d a Fermi multiplet brings E' and J data into the vacuum problem. In 3d
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Dim Owns This chapter says

2d (2,2) and (0,2) multiplets, Chiral, vector, and Fermi multiplets
GLSMs, FE/J data, elliptic are local representations; E and J are
genera, c-extremization dimension-specific local data.

3d Chern—Simons terms, parity Topological terms and disorder operators
anomaly, monopole  opera- are part of the local/protected grammar
tors, mirror symmetry, F- in 3d.
maximization

4d N = 1 chiral/vector grammar, F-terms, D-terms, chiral rings, and
Seiberg duality, a-maximization, anomaly traces have a familiar compact
N = 2 Seiberg—Witten data, notation.
class S

5d Coulomb-branch prepotentials, Couplings and Coulomb coordinates are
instanton particles/operators, en- dimensionful and can signal UV fixed-
hanced flavor symmetry, 5d point data.
SCFT limits

6d tensor branches, anomaly poly- Tensor multiplets and anomaly data are
nomials, Green—Schwarz cancella- essential; this chapter does not compute
tion, BPS strings the eight-form.

7d-10d high-dimensional supersymmet- The common words still apply, but these

ric field theories used as bound-
ary/interface or reduction inputs

chapters are compact and field-theory-
first.

Table 1.2.4: The routing table: which dimension chapter owns which technology, and
what the bridge alone fixes.

monopole operators may supply protected coordinates absent from a polynomial ring of
elementary fields. In 4d the same fermion traces used above constrain exact R-symmetry
and proposed dualities. In 5d a prepotential and instanton particles enter the Coulomb
description, while 6d tensor branches require anomaly-polynomial and Green—Schwarz
data. The shared questions remain useful precisely because their answers change.

This is also the reason for the title “supersymmetric field theories” rather than a
gauge-centered title. Gauge theories provide many of the most explicit frames, but
they are not the whole subject. The dimension chapters must be able to discuss sigma
models, Landau—Ginzburg models, non-Lagrangian SCFTs, boundary/interface systems,
and compact higher-dimensional field theories without pretending that every example
is best introduced by a gauge field and charged matter.

Common misconception: non-Lagrangian does not mean non-field-theoretic

Non-Lagrangian does not mean non-field-theoretic. A theory can be defined or constrained
by symmetry, anomalies, protected rings, defects, and deformation data even when no
weakly coupled elementary Lagrangian is the right starting point.
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Near-misses that the bridge forbids

This chapter is as much about preventing false identifications as about introducing terms.
A four-dimensional F-term and a two-dimensional (0,2) J-term are related by family
resemblance, but they are not the same object with a new name. A three-dimensional
monopole operator is a protected disorder operator, not merely a scalar expectation
value that was forgotten in the elementary field list. A five-dimensional instanton
particle is tied to the topological current and UV completion data, not to the four-
dimensional instanton correction story by a change of notation. The six-dimensional
tensor branch has its own anomaly-cancellation mechanism, not a D-term quotient
written in a larger font.

The appropriate first question is therefore specific to the object. For a local term,
identify the available supersymmetric measure or protected coupling. For a vacuum,
identify both its equations and the equivalence relation. For an anomaly, decide whether
the symmetry is dynamical or background and which anomaly object exists in that
dimension. These choices determine which calculation can follow; a change of dimension
is not merely a change of notation.

I1.2.7 Theory cards: the reading format

For later use it is helpful to compress the shared vocabulary into a standard “theory
card”. This is not a mathematical definition of QFT. It is a reading format. When a
dimension chapter introduces a theory 7, the first pass should identify

T: (d,Q,GRr; Mocal; Zterms; Vvacs Dprotected)~ (I.2.28)

Here d is the spacetime dimension, Q@ the supersymmetry algebra data from Chapter 1,
G R the R-symmetry, 9Moca1 the multiplet or protected local-data list, Ziems the allowed
local interactions, Vy,c the visible vacuum equations and quotient, and D protected the
protected data used for comparison.

The card format keeps examples honest. If a theory is Lagrangian, the local-data
entry may be a literal field list. If a theory is non-Lagrangian, the local-data entry
may instead be a protected operator spectrum, an anomaly package, or a deformation
pattern. If a theory has a gauge-theory frame in one regime, the card records that
frame without declaring it to be the unique definition of the theory. If two descriptions
are dual, their cards need not have identical local-data entries, but their protected data
and deformation responses must be compatible.
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Card entry Question Examples of acceptable answers

Algebra Which SUSY algebra and R- 4d N =1 with U(1)g; 2d (0, 2) with
symmetry? U(1)g; 6d (1,0) with SU(2)g.
Local data What carries the fields or Chiral and vector multiplets; Fermi
protected observables? multiplets; tensor multiplets; cur-
rent multiplets; protected operator
data.
Local terms What interactions are al- Superpotential, D-term, FI term,
lowed here? Chern—Simons level, prepotential

term, Green—Schwarz coupling, each
only in its proper dimension.

Vacua What equations and equiva- F-flat equations, moment-map equa-
lences are visible? tions, complex quotient, quantum
Coulomb coordinates, branch de-

composition.
Symmetries Which symmetries are re- Gauge group, flavor group, topolog-
dundancies or physical? ical symmetry, R-symmetry, higher-

form symmetry when the chapter
introduces it.

Protected data What must match or be pre- Anomaly traces, protected rings,
served? BPS spectra, indices, conformal-
manifold data, defect or boundary

data.

Table 1.2.5: The theory-card reading format: the question each card entry answers.

A sample card

Return to the simple U(1) theory with ¢ and @ of charges +1 and —1, no superpotential,
and ¢ = 0. Its elementary card is

d, Q: chosen from the dimension chapter,

Miocal : Q, @ plus a U(1) vector multiplet,

Tiorms : kinetic terms, no W, =0, (1.2.29)
Vyac Q2 — |QJ> = 0 modulo U(1),

invariant coordinate : M = QQ.

This card does not determine all dynamics. It does determine what the bridge is
allowed to say: the vacuum quotient has a coordinate M, the branch label depends on
the dimension and frame, and any anomaly statement must specify the fermions and
symmetries being traced.

The same card can be refined in several directions. A two-dimensional version may
add E/J data and GLSM phases. A three-dimensional version may add real masses, FI
parameters, and monopole operators. A four-dimensional version may add anomaly
matching and an exact R-symmetry problem. This chapter does not perform these
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refinements, but it prevents the reader from losing track of which entry of the card is
being modified.

I[.2.8 Worked dictionary: one frame, many later uses

We close with a small dictionary calculation that will be reused in several dimensions.
Take chiral fields ®;, a holomorphic superpotential W (®;), and a gauge group G. In
a Lagrangian frame, the local supersymmetric data determine the classical vacuum
equations

ow

ob;
The first equation is F-flatness, the second is D-flatness or moment-map flatness, with
nonzero levels only in central or abelian directions; the last phrase is gauge equivalence.
The protected ring in this frame is represented schematically by

0, ;u(¢) = Ceentral, modulo G. (1230)

C[gauge-invariant chiral words]

R= (OW =0)

(1.2.31)

Equation (1.2.31) is not a universal theorem. Quantum effects can deform it, monopole
or instanton operators can add coordinates, and non-Lagrangian theories can require
a different presentation. Its use is pedagogical: it identifies the ingredients that later
chapters will keep modifying.

The same frame has candidate global symmetries G, candidate R-symmetries, and
possible anomalies. To compute an anomaly one lists the fermions and traces their
charges, not the scalar charges directly. To test a duality one compares protected data:
symmetries, anomaly traces, operator maps, branch dimensions, and deformations.
To study a family of vacua one decides which coordinates remain light and which
equivalences have already been divided out.

Reading a new theory

When later chapters present a new supersymmetric field theory, read it in the following
order. First identify the algebra: dimension, number of supercharges, and R-symmetry.
Second identify the visible multiplets or, if the theory is non-Lagrangian, the protected
data standing in for multiplets. Third list the local supersymmetric terms. Fourth derive
the vacuum equations or protected-ring relations that are visible in the chosen frame.
Fifth separate gauge redundancies from global symmetries. Sixth record anomalies and
other protected quantities that have to survive along renormalization-group flow.

This order keeps distinct operations from being conflated. If one starts from a branch
name before identifying the multiplets, one can call a quantum Coulomb coordinate
a Higgs coordinate by accident. If one starts from scalar R-charges before shifting to
fermion R-charges, the anomaly trace is wrong. If one writes a quotient before stating
the stability condition or FI chamber, one may collapse the wrong locus. If one treats
a 't Hooft anomaly of a global symmetry like a gauge anomaly, one may incorrectly
discard physical data.
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Table 1.2.5 identifies the data; Table 1.2.6 orders the questions needed to use them.
For example, the symmetry role must be fixed before its anomaly can be interpreted,
and the quotient must be specified before a vacuum coordinate is counted.

Checkpoint

Action before moving on

Mistake it blocks

Algebra fixed

Name the dimension, super-
charges, and R-symmetry from
Chapter 1.

Treating the same multiplet word
as dimension-independent.

Local frame chosen

Say whether the data are elemen-
tary fields, protected data, or
both.

Importing full superspace or a
gauge-theory frame when not
given.

Equations and quo-
tient

Write the visible equations to-
gether with the quotient or sta-
bility condition.

Forgetting gauge equivalence or
complexified stability.

Protected coordi-
nates

State whether ring, index, BPS,
monopole, or instanton data add
coordinates.

Assuming all coordinates are ele-
mentary fields.

Symmetry role sep-
arated

Mark each symmetry as gauge,
flavor, topological, or R before
tracing anomalies.

Cancelling a 't Hooft anomaly of
a global symmetry or matching a
gauge redundancy.

Handoff chosen

Route to the dimension chapter
only after the previous entries
are fixed.

Running extremization, monopole,
or tensor-branch machinery too
early.

Table 1.2.6: The handoff checklist for entering a dimension chapter. It is the operational
use of Table 1.2.5, not a second theory-card schema.

The card records a theory’s available local and protected data; the checklist asks

which of those data enter a proposed calculation. The answer will look different in 2d,
3d, 4d, 5d, 6d, and 7d-10d. The grammar is common; the physics is dimensional.

Exit checklist

The chapter has done its job if the reader can perform the following translation without
importing dimension-specific machinery too early.
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Prompt Expected translation

“Write the F-flat equations.” Differentiate the holomorphic local term in the
appropriate multiplet language.

“Take the vacuum quotient.” Solve the equations and divide by gauge equiv-
alence, or describe the invariant coordinate
ring.

“Name the branch.” State which local coordinates define the branch
in this frame; do not assume the label is duality-
invariant.

“Check the anomaly.” Trace over fermions, distinguish gauge consis-
tency from global protected data, and use the
dimension’s anomaly technology.

“Route the topic.” Put E/J, GLSM, Chern—Simons, monopoles,
extremization, Seiberg—Witten, prepotentials,
tensor branches, and anomaly polynomials in
their dimension chapters.

Status and sources

This chapter uses the spinor and real-supercharge conventions of Chapter 1.

§1.2.1 Multiplets. A multiplet is a representation of the super-Poincaré algebra; a multiplet
name is dimension- and algebra-dependent, not a universal component formula (Table 1.2.1).
The four-dimensional chiral and vector entries use Wess and Bagger (1992); the two-dimensional
(0,2) Fermi entry uses Distler (1995); the six-dimensional tensor entry uses Bergshoeff et al.
(1996).

§1.2.2 F-terms, D-terms, and vacua. The F-flat equation 8W/9¢ = 0, the D-flat / moment-
map equation p(@) = (central, and the gauge quotient, in the four-dimensional N = 1 notation
used as a compact example, with the U(1) meson M = Q@ and the C*-quotient P* (Wess
and Bagger (1992) for the superspace grammar; Witten (1993) for the positive-FI quotient
example). Under the displayed charges, Q@ is neutral and generates the invariant polynomial
ring. [MATH] by the integer weight condition. The identification of the D-flat quotient with
that affine coordinate is derived above. The two-charge-one positive-level S?/U(1) ~ P!
quotient is a separate conditional argument. [MATH]. The XY Z F-term ideal is given in
(1.2.17). Computing the moduli space requires the gauge quotient as well as F' =0 and D = 0.
The compact-group moment-map statement has a wider scope than the cited two-dimensional
GLSM example.

§1.2.3 Branches and protected rings. A branch label is frame-dependent shorthand (Ta-
ble 1.2.2); a protected ring is generators modulo F-flat relations, counted by a graded Hilbert
series at the dictionary level only (Benvenuti et al. (2010) for the Hilbert-series language;
Gaiotto (2009) and Seiberg (1996) for examples beyond elementary Lagrangians). For the
degree-one toy ring C[z,y, z]/(zy), multiplication by the nonzero polynomial zy is injective,
so subtracting its shifted polynomial-ring series gives (1 — t?)/(1 — t)%. [MATH]. The ring-to-
series implication follows from this multiplication map. The branch names and the schematic
protected-data list are supported by selected four- and six-dimensional examples, not by a
universal classification.
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§1.2.4 Symmetries, currents, and anomaly traces. The gauge / 't Hooft distinction; anomaly
traces are fermion traces with the Ry = R, — 1 shift; the vectorlike cancellation A(N)+ A(N) =
0; the trace data Tr R, Tr R? and airia named as vocabulary only (Intriligator and Wecht
(2003) for the a-maximization ingredients; Seiberg (1995) 't Hooft matching across duals).
The two-fermion example illustrates the R-shift and trial-a arithmetic. For a conjugate pair
of four-dimensional left-handed SU(N.) representations, the cubic symmetric trace changes
sign under conjugation, so the perturbative local coefficients sum to zero. [MATH] for that
representation-theoretic implication; it says nothing about global anomalies. Gauge anomaly
cancellation is a consistency condition. ’t Hooft anomaly matching constrains a proposed
duality.

§1.2.5 Deformations and parameters. Relevant / marginal / exactly-marginal / mass / coupling
/ FI vocabulary (Table 1.2.3), with the dimensionful-coupling analysis [g?] = 4 — d flagging
that a UV fixed point is dynamical. Given [F] = 2 and a dimensionless action, [1/g%] 4+ 4 = d,
hence [g?] = 4 — d. [MATH] for this dimensional implication only.

§§1.2.6-1.2.8 Routing, theory cards, and the reading sequence. The routing table (Table 1.2.4)
assigning F/J+GLSM+c-extremization to 2d, Chern—Simons+monopoles+ F-maximization
to 3d, a-maximization+Seiberg—Witten-+class S to 4d, prepotentials+instanton operators to
5d, tensor branches+anomaly polynomials to 6d; the theory-card format (Table 1.2.5) and
the reading sequence (Table 1.2.6). These are reading and routing choices, not mathematical
theorems (Gadde et al. (2014) a forward pointer for the 3d protected-data vocabulary). The
theory card (1.2.28) also applies to theories without a conventional Lagrangian. The examples
do not establish a general fixed-point deformation classification.

Further reading

The chiral, vector, and current multiplets and the superspace formalism are developed
in Wess and Bagger (1992); the founding superfield papers are Salam and Strathdee
(1975) and Ferrara et al. (1974). The supercurrent and the supersymmetry multiplets
of conserved currents are treated in Komargodski and Seiberg (2010), and rigid su-
persymmetry on curved backgrounds in Festuccia and Seiberg (2011) and Dumitrescu
(2017). Non-renormalization from holomorphy is explained in Seiberg (1993), the
four-dimensional a-theorem constraining renormalization-group flows in Komargodski
and Schwimmer (2011), and supersymmetry breaking as a general phenomenon in Luty
(2005).

Modern extensions of the symmetry-and-anomaly dictionary to higher-form and
higher-group symmetries are reviewed pedagogically in Gomes (2023) and Bhardwaj
et al. (2024).
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Chapter 1.3

4d N =1 supersymmetric field
theories

The physical route. In four-dimensional supersymmetric gauge theory, holomorphy
turns ultraviolet couplings into information about strongly coupled vacua. A mass
threshold changes the power of the dynamical scale; the same scale then enters gaugino
condensation and the quantum constraints of SQCD. Global symmetries give a second
route into the infrared. Their fermion anomalies fix admissible R-symmetries, determine
conformal central charges, and supply necessary checks of Seiberg duality. We develop
these connections from the multiplet and vacuum language of Chapters 1 and 2. The
calculations progress from scale matching and the chiral ring to pure super Yang—Mills,
exact R-charges, a-maximization, the SQCD phases, and a rank-condition example of
metastable supersymmetry breaking. The given dPy quiver illustrates how the same
field-theory calculations apply when a D-brane construction supplies the matter content.

What this chapter delivers

The holomorphic data of a 4d N' = 1 theory, the superpotential and the gauge coupling,
and the dynamically generated scale A with its threshold matching (§1.3.1); the chiral
ring and non-renormalization (§I.3.2); pure super Yang—Mills, gaugino condensation,
and the Witten index (§1.3.3); the U(1) g symmetry, the NSVZ beta function, and the
superconformal R (§1.3.4); ’t Hooft anomaly matching and the Konishi anomaly as
tools, with the SQCD traces run explicitly (§1.3.5); a-maximization, the prototype of
the extremization through-line, with SQCD, adjoint SQCD, and the dP¢y quiver worked
(§1.3.6); SQCD across the flavor window, the Affleck-Dine-Seiberg runaway, the quantum-
deformed moduli space, s-confinement, and Seiberg duality with five explicit anomaly
traces (§1.3.7); and the Witten-index criterion for dynamical supersymmetry breaking
with a worked rank-condition example (§1.3.8).
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I.3.1 Multiplets, holomorphy, and the dynamical
scale

The number of supercharges explains which dimensional reductions can reuse this
language. A 4d N = 1 theory has four real supercharges, as do 3d N' = 2 after circle
reduction and 2d N = (2, 2) after torus reduction. In four dimensions its R-symmetry
is U(1)g. The reduced theories retain four real supercharges, while their local terms,
anomalies, and extremization principles take dimension-specific forms.

A 4d N = 1 theory is built from two multiplets fixed in Chapter 2. A chiral multiplet
® carries a complex scalar, a Weyl fermion, and an auxiliary field F'. A vector multiplet
V' carries a gauge field, a gaugino, and an auxiliary field D. The F-terms and gauge
kinetic terms are specified by holomorphic functions. The superpotential W depends
on the chiral superfields, while the gauge coupling and theta angle combine into

0 47
T = 5o + 7 (1.3.1)
The classical supersymmetric vacua solve the F-flat equations F; = 0W/9¢; = 0 and
the D-flat (moment-map) equation D = 0 modulo gauge equivalence, as in Chapter 2.
For SQCD below the gauge group is SU(N.). The D-brane quiver example starts with
[L; U(N;); we isolate its interacting SU(NN) factors when computing central charges.
Holomorphy makes the coupling’s one-loop running especially useful. It produces a
scale invariant under changes of renormalization point and relates the scales on opposite
sides of a massive-flavor threshold. The vanishing of its one-loop coefficient will also
mark the upper edge of the SQCD conformal window.

The one-loop coefficient and the dynamical scale. A non-abelian gauge theory is
not scale invariant at one loop. Its running coupling is set by the one-loop coefficient

by = 3T(adj) — > T(r;) = 3N, — Y _T(ry), (1.3.2)

the gauge contribution 37'(adj) = 3N, for SU(N,) (the adjoint Dynkin index is T'(adj) =
N, in the normalization 7(0J) = 1) minus the Dynkin indices T'(r;) of the matter chiral
multiplets. For SU(N.) with Ny fundamental flavors the matter is Ny quarks @ in the

fundamental plus Ny antiquarks @ in the antifundamental, so 2/N¢ fundamental chiral
fields, each of index T(0) = 1. The matter contributes 2Ny - 1 = Ny, and

by = 3N, — Ny. (1.3.3)

The count is 3N, — Ny, not 3N, — 2Ny: it is the sum of Dynkin indices (a half each),
not a count of fields. Getting this wrong by a factor of two on the matter is the most
common arithmetic slip in the whole subject, and it moves the top of the conformal
window. A few worked values fix the formula, each (I.3.2) read with the right Dynkin
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indices,

bO|SU(3),N‘f:O = 9’ bO|SU(3),Nf:6 - 9 — 6 = 3’
bo’SU(S),Nf:Q =0, o‘adj’N o = 3Ne — N =2N,,
bO|N:4 = 3Nc - 3Nc =0. (134)

The one-loop coefficient vanishes at Ny = 9. It also vanishes for A" = 4 (three adjoint
chirals), where no holomorphic one-loop scale is generated. The stronger statement that
N = 4 super Yang-Mills is exactly conformal follows from the extended supersymmetry
and is not derived here.

Dimensional transmutation now trades the dimensionless coupling for a dimension-
ful, renormalization-group-invariant, holomorphic scale. The one-loop running of the
holomorphic coupling is exact in the holomorphic scheme; the Wilsonian superpotential
has no perturbative renormalization. With the coefficient by defined above,

(1) = 7(po) + % In—, (1.3.5)

whose imaginary part gives the one-loop coupling relation in this normalization,

- Il

We package this running into a single dimensionful object, written in the form that
avoids a branch ambiguity,

AV = pboe2miTh) (1.3.7)

with p the sliding scale. (The equivalent A = pe2m7/bo is the same object once a
bo-th root is chosen; we keep the power form (I.3.7) in the main text because it is
single-valued.) The combination is built so that the explicit u dependence cancels the
running of 7. Differentiating the logarithm of (1.3.7),

dln A
0 dlnp

= by + 2mi

a4 oo (—bo> =0, (1.3.8)
nu

211

where the explicit 0 contributes +by and the running (I.3.5), which has dr/dIn pu =
—bo/2mi, contributes —bg. So dln A/dlnp = 0: along the one-loop trajectory A does
not move. This A is the renormalization-group-invariant strong-coupling scale, the
variable in which gaugino condensation, the Affleck—Dine—Seiberg superpotential, and
Seiberg duality are all written. It is genuinely nonperturbative data: A ~ ,ue_S’TQ/ (bog®)
is exponentially small in 1/¢? and invisible to any finite order of perturbation theory.

At the upper edge Ny = 3N, the coefficient by vanishes. The one-loop holomorphic
scale construction (1.3.7) then degenerates (A” = 1 carries no scale). This marks the
asymptotic-freedom boundary of §1.3.7; it does not justify assigning a finite infrared
confinement scale to that theory.

Threshold matching: integrating out one flavor. The holomorphic scale obeys
a simple matching rule when a heavy flavor is removed, and that rule is a clean first
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computation. Take SU(N.) with Ny flavors and give the last flavor a mass by adding
AW =mQn;, @ N, to the superpotential. Below the mass m the heavy quarks decouple
and the theory is SU(N.) with Ny — 1 light flavors, governed by its own scale Ay, 1.
Holomorphy of the gauge coupling, with the threshold at © = m, demands that the two
holomorphic scales agree across the threshold:

3N.—(Ns—1 3N.—N
AN N = g AR (1.3.9)
Read the exponents,
by =3N, — (Ny—1)=0by'+1, b =3N,.— Ny, (1.3.10)

so the exponent shifts up by exactly one, and that one is exactly 27(00) = 2 - % =1,
the total Dynkin index of the removed pair (Q Nf,@ ~;). The factor of m on the right
carries the one extra power of mass dimension that the higher exponent on the left
needs, so the equation is dimensionally homogeneous: [A?\i}ftll] =[An f,l]b3'+1 matches
[m][ANn f]be". The relation (1.3.9) is what makes A a scale relation one can carry through
the entire flavor window: removing a flavor raises the exponent by the removed index
and inserts a factor of the mass.

Worked numbers. Take N, = 3. The Ny = 6 theory has b(})1i =9 —6 = 3, and after
integrating out one flavor the Ny = 5 theory has bl =9 — 5 = 4. The matching (1.3.9)
reads

A= mA = A = mADY (L3.11)

a clean fourth root. As the mass m is raised toward the ultraviolet, A5 — oo relative to
Ag, the statement that removing matter makes a theory more strongly coupled at a
fixed scale. Iterating down to Ny = 0 (all flavors massive) recovers pure SU(3) super
Yang-Mills with by = 9,

Adyyy = my -+ mg AL, (1.3.12)

the matching that will tie the SQCD scale to the gaugino condensate of §1.3.3.
If one assumes equal scales Ay, 1 = An, = A without matching at the massive
threshold, (1.3.9) would require

ABNem(WNs=1) — g ABNe=Ns sy — AL (1.3.13)

Both sides have the same mass dimension. The equal-scale assumption fails for generic
m # A, although it happens to satisfy the matching equation at m = A. The threshold
mass cannot be omitted from the general relation. This threshold rule is the 4d N =1
analog of the scale-matching the 4d N’ = 2 chapter performs for its own (different)
scale, and the two should never be conflated: that chapter’s scale runs with an A/ = 2
one-loop coefficient and is matched to this one only across an A/ = 1 mass deformation,
as §1.3.3 explains.
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Common misconception: the gauge algebra fixes the theory

The Lagrangian fixes only the gauge algebra. The global form of the gauge group is extra
data. The algebra su(2) is realized by SU(2) and by SO(3) = SU(2)/Z2, and these are
different quantum theories: they admit different spectra of genuine line operators (which
Wilson and ’t Hooft lines are present), equivalently a different discrete one-form symmetry
and different allowed ’t Hooft fluxes. Two theories with the same algebra and the same
local action can be globally distinct. The classification of global forms by genuine line
operators is developed in Part III. The Lagrangian, by itself, does not fix the theory.

I.3.2 The chiral ring and non-renormalization

The protected backbone of a 4d N/ = 1 theory is its chiral ring. A chiral operator is one
annihilated by all the Q supercharges. Two chiral operators that differ by a Q-exact
piece have the same correlators in any supersymmetric configuration, so the chiral
operators are counted modulo Q-exact terms. The product of two chiral operators
is again chiral, and the product is commutative in the ring (the operators can be
separated and their ordering is Q-exact). The chiral ring is therefore a commutative
ring of protected operators, graded by the abelian charges. Classically, in a tree-level
Lagrangian frame its F-term quotient is the ring of gauge-invariant chiral words modulo
the ideal generated by OW = 0, exactly the schematic R = C|chiral words]/(0W') of
Chapter 2. Quantum dynamics can deform these relations, as at Ny = N, below.

Generators: mesons and baryons. For SU(N.) SQCD with Ny flavors the gauge-
invariant chiral generators are built by contracting color indices. The meson is the
simplest, ' o
MY = Q',Q%, (1.3.14)
an Ny x Ny matrix in flavor indices 4, j with the color index a contracted. When the
ranks allow it (Ny > N,) one can also antisymmetrize N. quarks on their color indices
with an epsilon tensor to form baryons,
v = cnave Qin QY (13.15)

al...

and an analogous B from the antiquarks. These generators are graded by the global

charges; with B(Q) = +1, B(Q) = —1 and the R-charges adding from the constituents,

B(M)=0, B(B)=N,, B(B)=-N,,
2R(Q) =2(1 - g;), R(B) = N.R(Q). (1.3.16)

The classical chiral ring is the polynomial ring in M, B, B modulo the relations forced
by the epsilon identities. These relations are not optional: they encode the geometry of
the classical moduli space. A clean example is Ny = N., where the single baryon and
antibaryon and the N, x N, meson obey

det M — BB = 0, (1.3.17)
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the statement that the meson, baryon, and antibaryon are not independent: a single
holomorphic relation cuts the chiral ring down to the moduli space of a rank-N,. matrix
with its baryonic completion. We will see this relation deform quantum-mechanically in
§L.3.7.

A dimension count makes the chiral ring concrete. Consider SU(N.) with Ny > N,
flavors on its classical Higgs branch. The scalars are 2Ny N, complex quark components;
the D-flat condition and the gauge quotient remove dim SU(N,) = N2 — 1 complex
directions (the broken generators), so the generic Higgs branch has complex dimension

dime Mygiges = 2NfN. — (N2 — 1), (1.3.18)

and the gauge-invariant generators (the mesons, with the baryons when Ny > N,)
coordinatize exactly this space modulo their classical relations. At Ny = N, for
instance, the two counts agree,

N2 —(NZ-1)=NZ+1= NZ+2-1 |, (1.3.19)
moduli-space dim M + B, B — relation

the N]% = N2 meson components plus the two baryons minus the one relation (1.3.17).
The chiral ring and the moduli-space dimension agree, the cross-check the later quiver
calculations use. For the C3/Z3 quiver of §1.3.6 the chiral generators are instead the
gauge-invariant closed loops of bifundamentals, Tr (X X%, X5,), the cubic mesonic
operators whose ring is the coordinate ring of the singular cone the D-brane probes.

Non-renormalization. Holomorphy plus the broken flavor symmetries give the non-
renormalization theorems. The Wilsonian superpotential receives no perturbative
corrections: treating each coupling as a background chiral spurion and demanding
holomorphy in those spurions, together with the flavor and R-symmetries and the
weak-coupling limit, forbids any perturbative shift of W. The holomorphic gauge
coupling runs only at one loop in a holomorphic scheme. The physical, canonically
normalized coupling does run to all orders, but its running is fixed exactly by the
NSVZ formula of §1.3.4, not by an independent series. These are statements we use
throughout; their proofs are developed in Part III with the rest of the SQCD dynamics.
The lesson to carry forward is that the holomorphic data, W and 7, are rigid. The
resulting F-term relations make the chiral ring a computable description of protected
holomorphic operators.

I.3.3 Pure super Yang—Mills: gaugino condensation
and the index

The simplest 4d N’ = 1 dynamics has no matter at all: pure SU(N,.) super Yang-Mills,

just the vector multiplet. It is the cleanest place to see A, the R-symmetry, and the

index work together, and it is the worked instance the breaking criterion of §I1.3.8 rests
on.

The classical R-symmetry and its anomaly. Classically pure SYM has a U(1)gr
acting on the gaugino A, which has R-charge one (the field-strength superfield W, has
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R~charge one, the gauge-kinetic chiral superfield Tr W, W has R-charge two). The
Adler-Bell-Jackiw (ABJ) anomaly breaks this continuous U (1) to a discrete subgroup.
The anomalous divergence of the R-current is proportional to 27 (adj) = 2N, times the
instanton density, so a U(1)g rotation by « shifts the theta angle by 2N, a. Rotations
that shift # by a multiple of 27 are unbroken, which leaves

This Zsy, is an exact symmetry of the quantum theory.

Gaugino condensation and the N, vacua. The strong dynamics forms a gaugino
condensate, a nonzero vacuum expectation value of the lowest component of the gauge-
kinetic chiral operator,

(M) ~ A3e2mik/Ne, k=0,1,...,N,— 1. (1.3.21)
The operator A\ has R-charge two, so a Zsn, generator acts on it by
M\ @202/ N N\ = o 2mi/Ne \ ) (1.3.22)

which fixes the condensate only for the subgroup Zs C Zoy, (the elements that fix a
charge-two operator), so Zsy, is spontaneously broken down to Zs. The broken discrete
symmetry relates
|Zan,| 2N,
|Zs| 2

= N, (1.3.23)

inequivalent vacua, the N, distinct roots of A3V displayed in (1.3.21).

None of these vacua breaks supersymmetry. The condensate is not a supersymmetry-
breaking order parameter: A\ is the lowest component of a chiral operator, its vacuum
expectation value is consistent with a zero-energy state, and supersymmetry is unbroken
in each of the N, vacua. The condensate labels the distinct vacua produced by the
discrete R-symmetry breaking; it does not indicate broken supersymmetry. (Phrasing
this as “an F-flat configuration that breaks an R-symmetry” is the careful statement;
calling the condensate itself a supersymmetry-breaking order parameter is the trap.)

The Witten index. The count of supersymmetric vacua is the Witten index,
Tr(-1)F = N, # 0, (1.3.24)

consistent with the |Zan,|/|Z2| = N. condensate vacua. The index is a deformation
invariant, so the same number must emerge from a completely different (and weakly
coupled) computation. Compactify the theory on a spatial three-torus of small volume.
The gauge field then has flat connections labelled by commuting holonomies around the
three cycles, and for SU(N,) quantization of the flat-connection zero modes gives index
N, (the dual Coxeter number, which for SU(N.) equals N.). The weak-coupling count
and the strong-coupling gaugino-condensate count agree, as the deformation invariance
of the index demands. A nonzero Witten index forbids dynamical supersymmetry
breaking, so pure super Yang-Mills confines with V. gaugino-condensate vacua and
unbroken supersymmetry.
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Optional: the glueball superpotential. The same N, vacua follow from the
Veneziano—Yankielowicz effective superpotential for the glueball chiral superfield S =

— 353 Tr W W (whose lowest component is ~ AX),

SN

Its F-term equation locates the vacua,

N. .
agfg‘[ = —ln;—N =0 = SNe = ANe — () = A3 2R/ (1.3.26)

the N, roots recovering (1.3.21). Substituting back,

Wy ((S)) = Na(S) = N, A e?mik/Ne (1.3.27)

so the different values of the effective superpotential distinguish the N, vacua and agree
with the discrete-symmetry count. We use it only to locate the vacua; the full glueball
effective action and its derivation are developed in Part III.

Tying the SYM scale to SQCD. The pure-SYM scale is not an independent input:
it is the result of successively removing the SQCD flavors. Iterating (I.3.9) from Ny
flavors down to zero, giving each flavor a mass mg,

N 3N.—N
Aggf\/[ = (Ha:fl ma) ANf f7 (1328)

the exponent on the left being bo|n;—0 = 3N.. The gaugino condensate of the resulting
pure SYM is proportional to the N.-th root of (I.3.28),

1/Ne  (3N.—N;)/N.
(AN ~ Adyy = (Hama) AN NN (1.3.29)

expressed entirely in the SQCD data and the masses. This is the A/ = 1 holomorphic-
scale relation that the next section’s R-symmetry and the duality of §1.3.7 both rely on,
and it is the construction the scale-matching pointer below contrasts with the N' = 2
case.

A scale-matching pointer, stated carefully. It is tempting to read the N’ = 2
Seiberg-Witten scale of the 4d N' = 2 chapter as this same N/ = 1 condensate. It
is not. The N' = 2 scale is generated by N' = 2 dimensional transmutation, the
running of the AV = 2 gauge theory, with its own one-loop coefficient. The two scales
are related only after an A/ = 1 mass deformation: giving the N' = 2 adjoint chiral
a mass and integrating it out (a threshold matching of the type (I1.3.9), but across
the N = 2 — N = 1 decoupling) leaves pure N' = 1 super Yang—Mills, and the
holomorphic matching of scales across that decoupling ties the two together. The
4d N = 2 chapter develops the N' = 2 side. Here we only flag the seam: do not equate
the N' = 2 transmutation scale with the ' = 1 condensate before the mass deformation
is performed.
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I.3.4 R-symmetry, NSVZ, and the superconformal R

A U(1)r R-symmetry is part of the superconformal algebra at a fixed point, as Chapter 1
showed. The relevant convention is the fermion R-shift of Chapter 2. The gauge-kinetic
superfield has R-charge two, so the gaugino fermion has R = 1. A chiral multiplet
whose scalar carries R-charge R, has its fermion at

Ry, = Ry —1. (1.3.30)
Anomaly traces are fermion traces, and forgetting this shift is the most common way to
get the wrong answer. We will use it on every trace in this chapter.

The NSVZ beta function. The exact running of the physical (canonically normalized)
coupling is the NSVZ beta function,

~ g% 3T(adj) — 3, T(r:i) (1 — )
1672 g% T(adj) ’
1 - 22\
82

Blg) = (1.3.31)

with +; the anomalous dimension of the chiral field in representation r;. The numerator
generalizes by of (I.3.2) by the matter anomalous dimensions; the denominator is
the all-orders correction from the holomorphic-versus-physical rescaling. Its origin
is one computation: the holomorphic coupling runs only at one loop, but passing
to the canonically normalized coupling requires a field rescaling whose Jacobian is
anomalous (a Konishi-type anomaly), and that anomaly is exactly the geometric series
1/(1 — ¢*T(adj)/872). The one-loop running plus the rescaling anomaly is the full
physical beta function, with no independent higher-loop input. At a fixed point the
beta function vanishes, and since the denominator is finite the numerator vanishes:

37T (adj) = ZT(ri)(lf%). (1.3.32)

This fixes the ~; at the fixed point, and the fixed-point R-charge of a chiral field follows
from the superconformal relation

R, = %(1 + %%), (1.3.33)

which encodes a chiral primary of dimension
A, =1+ %'yi = %Ri at the fixed point. (1.3.34)

A free field has v; = 0 and R; = %; an interacting fixed point shifts v; away from zero
and R; away from %, and (1.3.33) is the dictionary between the two. Reading (I.3.32)
and (I1.3.33) together: the NSVZ condition is one equation in the anomalous dimensions,
the R-dictionary turns it into one equation in the R-charges, and for SQCD it is the
same condition as gauge-R anomaly freedom.

The SQCD quark R-charge, derived. For SU(N.) SQCD with Ny flavors the
flavor symmetry forces all the quarks to share one R-charge, R(Q) = R(Q) = Rg.
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The NSVZ condition (I.3.32) is then equivalent to the freedom of the mixed gauge-R
(ABJ) anomaly, SU(N.)2U(1)g = 0. That anomaly receives the gaugino contribution
T(adj) at Ry = 1 and, from each of the 2N; fundamental quark fermions, T'(0) at
Ry=Rg—1:

T(adj) + N;T(O)(Rg —1) + N;T(O) (Ra —-1) = 0. (1.3.35)
With T'(adj) = N, T(0) = 3, and Rq = R@’ this collapses to
N. + Ny(Rg—1) = 0, (1.3.36)
S0 N
R@Q) = 1- Ff (1.3.37)

the symmetry-determined superconformal R-charge of the SQCD quark, and the quark
fermion carries Ry, = R(Q) —1 = —N./Ny. This is the data the 't Hooft anomalies of
§1.3.5 and the central charges of §1.3.6 are built from.

The naive guess R(Q) = % does not solve (1.3.35) except at the special point

Ny =2N,,

RQ)y,on, =1~ 38 =3 R(Q

— 3_241
Nc=3,N;=5 1-5=% 7 2 (1.3.38)
And R(Q) = 0 (a “free massless quark, no R-charge”) leaves the gaugino’s +N,
uncancelled in (I1.3.36). The superconformal R is forced; it is not whatever value looks
symmetric.

What the superconformal R is. The superconformal R is a specific object, not
a free choice: it is the one linear combination of the classical R-symmetry and the
abelian flavor symmetries that sits inside the superconformal multiplet. The naive
ultraviolet assignment (R = 2 or equal R-charges) is generally not it unless a symmetry
forces it. On a chiral primary the dimension is locked to this R by A = %R, the
saturated unitarity bound of Chapter 1, computed with the superconformal R, never
the ultraviolet one. Symmetry does the work when the candidate R is unique up to
constraints, as in SQCD (one flavor symmetry and one anomaly condition) or a quiver
(a discrete symmetry forcing a symmetric assignment). When the candidate R has a
free parameter, as in adjoint SQCD, the selection is the extremization of §1.3.6, and
the answer is generally not a naive guess.

I1.3.5 ’t Hooft anomalies and the Konishi anomaly

The ’t Hooft anomalies of the continuous global symmetries are renormalization-group
invariants. They are computed from the ultraviolet fermion content, they cannot change
along the flow, and they must equal the value computed in any infrared description.
Matching them between a proposed ultraviolet and infrared (or electric and magnetic)
frame is therefore a necessary consistency test. It is necessary, not sufficient: two
theories can share every 't Hooft anomaly and still be different, so anomaly matching
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is evidence for an identification, never a proof of it. This is the gauge-versus-'t Hooft
distinction of Chapter 2 turned into a working tool.

The SQCD global symmetry and its conventions. For SU(N,.) SQCD with Ny
flavors the continuous global symmetry is

SU(Nf)L X SU(Nf)R X U(l)B X U(l)R. (1.3.39)

We declare the representation convention once and keep it for the whole chapter. The
quarks @ are a fundamental of SU(Ny)r, and a singlet of SU(Ny)rg; the antiquarks @
are an antifundamental of SU(Ny)g and a singlet of SU(Ny)r. Under U(1)p, @ has
charge +1 and @ has charge —1. The R-charges are R(Q) = R(Q) = 1 — N./Ny, so
the quark fermions carry Ry = —N./N; ((1.3.37), (1.3.30)); the gaugino is at Ry, = 1.
The full assignment is collected in Table 1.3.1.

field SU(N.) gauge SU(Ny)r SU(Ng)r U(l)s Ul)r
Q O 0 1 +1 1-No/N;
Q [m] 1 [m] -1 1-N./Ny
A (gaugino) adj 1 1 0 +1

Table 1.3.1: The electric SU(N.) SQCD matter content and global charges. The quark
and antiquark fermions carry Ry = R(Q) — 1 = —N,./Ny; the gaugino fermion carries
Ry, = +1. The SU(Ny)r acts on QNQ as an antifundamental, which fixes the sign of its
cubic anomaly.

The cubic flavor anomalies, with the L/R split. Ounly the N, colors of a quark
are charged under a flavor group, so a cubic flavor anomaly counts colors. Because Q is
a fundamental of SU(Ny)r and @ is an antifundamental of SU(Ny)r, the two cubic
anomalies have opposite signs:

SU(N¢)} = +N,,  SU(N;)% = —N,, (1.3.40)

each from the N, colors of the corresponding quark multiplied by the cubic index of
a (anti)fundamental (£1). (Had one conjugated @ into a fundamental of SU(Ny)g
instead, both signs would be +N.; we use the antifundamental convention of Table 1.3.1
throughout.) Splitting the two flavor groups is not cosmetic: the sign is exactly what
the Seiberg dual must reproduce, and a single “SU(N¢)? = N.” obscures which group
is which.

The R-traces, run explicitly. The gravitational and cubic R-anomalies are pure
fermion traces over Ry and Rj,. The gravitational trace Tr R sums the N7 — 1 gaugino
components at Ry, = 1 and the 2Ny N, quark fermions at Ry, = —N./Ny:

Ne

TrR = (N2—1)-1 + 2N¢N, (—
Ny

) = (N2 —1)=2N? = —(NZ +1). (L3.41)
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The cubic trace Tr R? uses the same fermions at the cube of their R-charge:

3
TrR® = (N2 —-1)-1° + 2N;N, (—x) = (N2-1)- =£. (1.3.42)
f

The mixed flavor-R trace counts only the quark charged under the flavor group, with

the fundamental index T'(0J) = 1:

N, N2
SUMR U = Ne-d- ()

_ = — 1.3.43
¥ e (1.3.43)
and the same value (with the antifundamental of Q) for SU(N £)%U(1)g. Two more
mixed traces complete the list the duality will test. The flavor-baryon trace counts the
colors with the baryon charge +1,

SUNp);U1)p = Ne-3-(+1) = N7 (1.3.44)

and the cubic-baryon-R trace is

ULEUQ)R = 2NsN, - (+1)?- (—]]\\;f) = —2N2, (1.3.45)

summing both quark species (the gaugino is U(1) g-neutral). These are the anomalies
the Seiberg dual of §1.3.7 must reproduce trace by trace, and the central charges of
§1.3.6 are built from (I1.3.41) and (1.3.42) directly.

Worked numbers. At N. =3, Ny = 6 the quark fermion R-charge is —N./N; = —%,
SO

TrR|, ,=(9-1)-2-6-3-1=8-18=-10=—(N2+1),

Tr R3 8—-36-2=8-5=1 (1.3.46)

|3,6 -
confirming (1.3.41) and (1.3.42). These two numbers feed directly into the central
charges of the next section.

The Konishi anomaly. The Konishi anomaly is the operator equation that ties the
matter sector to the gauge field strength. Classically the Konishi current ®e¥® is
conserved up to the superpotential; quantum mechanically it acquires a gauge-anomaly

divergence,
_ o= ow T(r)
D*(®e"®) = & ——
(Be” ) 0P + 82
We normalize D? so that the classical piece reads ® 9W/0®; its coefficient is convention-
dependent, while the load-bearing anomaly coefficient T'(r)/87? is not. That anomaly
coefficient multiplying Tr W, W* is the same gauge Dynkin index T'(r) that enters the
mixed gauge-R (ABJ) anomaly fixing R(Q) above. That shared index is what makes
the Konishi equation consistent with the R-charge calculation: the per-flavor matter
contribution to the gauge-R anomaly is T'(0) times the quark fermion R-charge, with

Te W, W, (1.3.47)
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T(O) = %, not 1. To see the consistency as arithmetic, sum the Konishi equation over

the 2N fundamentals. The matter contribution to the divergence of the R-current,
plus the gaugino’s T'(adj) = +N,, gives

2N; T(0) Ry(Q) + T(adj) = 2Ny -3+(=§2) + N = =No+N. = 0, (13.48)
————— e f
matter gaugino

exactly (I1.3.35). The Konishi and gauge-R Ward identities are distinct. Their gauge-
anomaly terms involve the same representation index T'(00) = %, which makes the
displayed coefficients consistent. The Konishi anomaly feeds the matter anomalous
dimensions and the chiral-ring relations. We state it as the operator equation and give

its derivation in Part III.

Common misconception: anomaly matching is necessary, not a proof

Equal ’t Hooft anomalies are a necessary condition for two theories to flow to the same
infrared physics, never a sufficient one. Two distinct theories can carry identical anomaly
polynomials. When a proposed duality passes the anomaly match, that is real evidence,
weighed together with the chiral-ring and flavor-symmetry matches, but it does not by
itself prove the duality. The proof, where one exists, is a separate argument taken up in
Part III.

1.3.6 a-maximization: the extremization prototype

The two conformal central charges of a 4d N' = 1 fixed point are built from the same
fermion traces over a trial R-symmetry,

. 1 .
a(R) = %(3 Tt R® — Tr R), c(R) = ﬁ(9 TrR®* — 5Tt R), (1.3.49)

with the gaugino at R = 1 and a chiral fermion at Rs; — 1, the prescription of Chapter 2.
The exact superconformal R is the trial R that locally maximizes a. It is a that
is extremized, not ¢, and the extremum is a maximum, not a minimum. This is
the prototype of the extremization through-line of Volume 0: the 2d chapter does
c-extremization as the two-dimensional analog of this section, and the 3d chapter does
F-maximization as the three-dimensional analog. Both point back here.

These central charges are not arbitrary combinations: a and ¢ are the coefficients of
the Euler and Weyl-squared terms in the trace anomaly of the stress tensor on a curved
background, and supersymmetry ties them to the 't Hooft anomalies of the R-current
through (1.3.49). A single free chiral multiplet has its fermion at R = —1, and a free
vector multiplet has its gaugino at R = 1, giving the standard free-field values

chiral: TrR = —%, Tr R3 = —?17 — q = é7 c= 2714’
vector: TrR=1, TTR*=1 = a=3, c=1 (1.3.50)

These free-field values check the sign and normalization of any trace. They also exhibit
a # c already at free-field level, so the inequality is the rule, not a pathology.
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The maximization is constrained, not free. A trial R ranges over the abelian
symmetries that respect gauge-anomaly freedom (the mixed gauge-R, or ABJ, condition
SU(N.)2.-U(1)r = 0) and that assign R-charge two to every superpotential term,
together with any flavor symmetry one chooses to impose. Parametrize the trial R as
Ry = Ry + ) ; s1 Fr, with Ry a reference R-charge, Fy the abelian flavor charges, and
sy the free mixing parameters; the constrained extremization is

2

g—sal =0, &j ;SJ < 0 (negative definite), (1.3.51)
a stationarity equation in the mixing parameters with the Hessian condition selecting
the maximum. The cubic and gravitational 't Hooft anomalies Tr R? and Tr R are the
data that build a and ¢; they are not constraints that must vanish. One further condition
matters. An operator whose dimension would fall below the unitarity bound decouples as
a free field, and the maximization must be redone without it. The accidental-symmetry
correction is developed in Part III.

Worked instance: SQCD

Take SU(N.) SQCD in the conformal window. Here symmetry already fixes the trial R:
one quark R-charge, one anomaly condition, giving R(Q)) =1 — N./N; as in (1.3.37),
so the quark fermion carries Ry, = —N./N;. The two traces are already computed,
(1.3.41) and (1.3.42),

N

TrR=—(N?>+1), TrR®=(N2-1) N

(1.3.52)

and (I.3.49) then gives a and ¢ as explicit rational functions of (N., Ny). Substituting
(1.3.52),

3 6NA 3 6NA
N.,Ni)=—|3(N2—-1)— —S£ +(N?+1)| = — |[4N? -2 — =
1 18 N4 1 18 N4
N, Nfj)=—|9(N?-1)— € 4+ 5(N?+1)| = —|14N? —4— c|.
(1.3.53)

These are distinct rational functions: a # ¢ in general. Subtracting the two formulas of
(1.3.49) gives
a—c = £ TrR, (1.3.54)

so the central charges coincide precisely when Tr R = 0 (for example N = 4 super Yang—
Mills), a special property, not a generic feature. For the explicit case N, = 3, Ny =6,
with Tr R = —10 and Tr R® = I from (1.3.46),

3 3 41 123
a3,6) =356 3 +10) =555 =51
1, 1 163 163
c(3,6) = 3—2(9 I +50) = B 5 "6l (1.3.55)
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Both are finite, positive, and unitary, and % 16% exhibits a # ¢ on a concrete case.

Running the same arithmetic across the N. = 3 conformal window (% < Ny <9) gives
Table 1.3.2: a < c in every entry (consistent with 3 < a/c < 2), and a/c drifts from
0.686 at the bottom toward 0.798 at the top, approaching the free-field ratio as the
dynamics weakens. Each number is (I1.3.53) evaluated at the listed (N, Ny), computed
not quoted.

N; TrR TrR? a c a/c
5 -10  38/25 273/200 = 1.365 199/100 ~ 1.990  0.686
6 -10 7/2 123/64 ~ 1.922 163/64 =~ 2.547 0.755
7 —10 230/49  885/392 ~ 2.258 565/196 ~ 2.883  0.783
8 —10  175/32  2535/1024 ~ 2.476  3175/1024 ~3.101  0.798

Table 1.3.2: The SQCD central charges a,c across the N, = 3 conformal window,
computed from (1.3.53). The gravitational trace TrR = —(N2 + 1) = —10 is Ny-
independent; Tr R? =8 —2- 81 /N}% carries the Ny dependence. In every entry a < ¢
and a/c rises toward the free-field value as the window edge is approached.

Because the trial R has no free parameter here, there is nothing left to maximize:
the symmetric assignment already is the superconformal R. SQCD shows the machinery
on a case where the answer is rational and symmetry-forced.

Worked instance: adjoint SQCD, the genuine extremization

Now add one adjoint chiral field X to SU(N.) with Ny fundamentals (with no superpo-
tential, so Ry is free; turning on W = Tr X**+! instead fixes Rx = 2/(k + 1) by the
superpotential constraint and removes the free parameter, a different problem). The
trial R now has a free parameter: the adjoint R-charge Rx is not fixed by symmetry
alone. Only the ABJ condition relates the quark R-charge to it. The mixed gauge-R
anomaly now receives the gaugino, the adjoint chiral X (also index T'(adj) = N, at
Ry = Rx — 1), and the 2N fundamentals:
N¢
N, + NC(RXfl) + Nf(RQfl) =0 = RQ = 17FRX. (1.3.56)
f
With Rg slaved to Rx, one builds the constrained a(Rx) from the fermion traces.

Write rx = Rx — 1 for the adjoint fermion R-charge and rq = Rg — 1= — ]J:[’; Rx for

the quark fermion R-charge, from (I1.3.56). The gravitational trace is

TrR = (N2—1) + (N2 —=1)rx + 2N;N.rq, (1.3.57)
—_—— —_———— —_——
gaugino adjoint X quarks

and the cubic trace uses the cubes of the same fermion R-charges,

TrR® = (N2 —1) + (N2 —1)r% + 2NyNer),. (1.3.58)
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Because rq = f%; Rx is linear in Rx and rx = Rx — 1 is linear in Rx, the trace

Tr R? is a cubic polynomial in Ry, and so is the trial central charge

_ 3

a(Rx) = 33 (3TrR® — TrR). (1.3.59)
The stationarity equation
da
=0 1.3.60
i (1.3.60)

is therefore a quadratic in Rx. The trial a is cubic, but its derivative is quadratic.
Thus the stationary R-charge solves a quadratic equation, not a cubic one. (Calling
it “a root of a cubic” double-counts a degree; the cubic object is a itself, the equation
to solve is quadratic.) A quadratic with real coefficients has two real roots when its
discriminant is positive; the physical superconformal R is the one with d?a/dR% < 0 (a
local maximum) that respects the unitarity bounds. A quadratic root can be irrational
when its discriminant is not a rational square. The example below has this property.
Run it at N, = 3, Ny = 4. The gauge-anomaly constraint gives rg = —%RX, and
assembling (1.3.57) and (1.3.58) the trial central charge is

153 4 27 123

et _ 2 i
a genuine cubic. Its derivative is the quadratic
da 459 27 123
dRx 256 X T 2" T g ’ (1:362)

whose two roots are Rx = —% + %\/ 3001. The physical one is

64 4

v3001 ~ 0.5319, (1.3.63)

manifestly irrational (it carries the surd +/3001), in contrast to the symmetry-forced

SQCD value. The other root, Rx =~ —8.06, is unphysical. The second derivative
a'(Ry) = -8R — 2L <0 (1.3.64)

128 2

confirms it is a maximum, and perturbing Rx either way lowers a. The same Rx does
not extremize ¢(Rx) = 35(9Tr R* — 5Tr R) (also cubic in Rx): de/dRx|ry # 0, the
c-maximizing root sits at a different value, and the value of ¢ at the a-maximum lies
strictly below the c-maximum. This is the sharpest illustration that one maximizes a
and not c. It is the case where the extremization earns its name: the answer is selected
by the maximum of a, not read off a symmetry.

Worked instance: the dP, quiver

The C3/Z3 (local P2, or dPy) daughter that Volume V builds is a three-node [], U(N;)
quiver with nine chiral bifundamentals X, ; (a = 1,2,3) and the cubic superpotential
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W = €ape Tr X§ X0, XS, Its R-symmetry is forced two independent ways. The super-
potential carries R-charge two, and a cubic word in the bifundamentals carries R~charge
3R(X), so

R(W)=3R(X)=2 = R(X)=2. (1.3.65)

Independently, the per-node mixed gauge-R anomaly cancels at the symmetric assign-
ment. At node 7 the fields charged under that gauge factor are its gaugino (index N at
R, = 1) and the six bifundamentals touching it (three incoming, three outgoing, each
contributing N - 3 at Ry, = R(X) —1):

N +6-N-3(R(X)—1) = N[1+3(R(X)-1)] =0 = R(X)=2, (1.3.66)

independent of N. In the symmetric sector the superpotential constraint already
fixes R(X) = %; there is no remaining common-R direction along which to maximize.
The anomaly condition checks the same assignment independently. A variation that
changes all nine charges together violates R(W) = 2, so its Hessian is not a physical
a-maximization test. With the R-charge fixed, the central charge is a fermion trace
over the three nodes. Take N > 2 and the gauge group H?:o SU(N) (the interacting
factor, the overall diagonal U(1) decoupled). Each node contributes a gaugino at R =1
(dimension N2 — 1), and each of the nine bifundamentals contributes a fermion at
Ry = R(X) — 1= —% (dimension N?):
TrR=3(N?—1)-149N?(—1) = =3,  TrR® =3(N?—-1)+9N?(-1)’ = §N?_3,

(1.3.67)
and assembling (I1.3.49) the central charges of the dP( quiver as functions of the rank
are

1
3

a=2BEN-3)+3) = 3N* - = 3N (1.3.68)
with a # ¢. (At large N both grow as %N 2. the leading planar inheritance from

the N = 4 parent; the subleading constants distinguish the daughter.) The numbers
displayed here are the interacting central charges with the decoupled diagonal U(1)
removed; one must state which it is, because including the free diagonal U(1) shifts
a by the free-vector value 1373 This example joins the field-theory calculation to the
brane construction. Volume V constructs the [, U(NV;) quiver from a D-brane probe.
Its symmetric R-charge and the interacting-sector central charges then follow from the
displayed field content. The orbifold projection supplies that content; the anomaly

calculation begins with it.

Worked entry point: the Banks—Zaks fixed point

The cleanest place to see that the conformal window contains genuine fixed points is its
upper edge, where the dynamics is weakly coupled and the fixed point is perturbatively
accessible. Take large N. and Ny just below the asymptotic-freedom bound,

Nf = 3N,—eN,, 0<e<]1, (1.3.69)

50 bg = 3N, — Ny = eN, is positive but small. The two-loop beta function

g 9°

=L py— —L b + . 1.3.
b 16720 T [em2z t T (1:3.70)
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with the two-loop coefficient by negative in this regime, has its two contributions cancel
o 1672 b
2 T 00 €
g: = b ~ N (1.3.71)
a zero of § that is positive and parametrically small. This is the Banks—Zaks fixed point:
a weakly coupled, controllably computable 4d N' = 1 superconformal field theory at
the top of the window. The fixed point is found by solving the two-loop beta-function
zero, not asserted; at Ny outside the window the would-be zero (1.3.71) sits at strong
or negative coupling and is not a controlled fixed point. Because the coupling is small,
perturbation theory controls the anomalous dimensions and correlation functions. The
exact infrared R-charge is still the anomaly/a-maximization value

N, 2 €
RQ) =1--F=—--40( 1.3.72
(@ ¥ =35 toe) (13.72)
so it approaches the free value R = % as € — 0; the weak-coupling expansion is the

controlled realization of that exact R-symmetry, not a separate definition of it. The
Banks—Zaks point is therefore the controlled entry point to the conformal window: it is
where a-maximization, the NSVZ condition, and the central charges are all computable
in a small parameter, and it anchors the rest of the window by continuity.

Common misconception: a-maximization maximizes a, with constraints

The extremized quantity is a, not ¢, and the extremum is a local mazimum, not a
minimum or an unconstrained extremum. The maximization runs over trial R-symmetries
constrained by gauge-anomaly freedom (the ABJ condition SU(N,)2-U(1)g = 0) and by
every superpotential term carrying R-charge two; the cubic and gravitational 't Hooft
anomalies are the data that build the central charges, not constraints that must vanish.
The superconformal R is generally not the naive ultraviolet assignment: it equals it only
when symmetry leaves no free parameter (SQCD, the dPy quiver), and is selected by
the maximum otherwise (adjoint SQCD, where it is irrational). Operators that hit the
unitarity bound must be decoupled and the maximization redone.

The window edges and meson unitarity

The two edges of the conformal window are not arbitrary. They are fixed by the
unitarity bound on chiral operators that Chapter 1 established: a gauge-invariant chiral
primary obeys A > 1, with A = 1 exactly for a free field, and a chiral primary saturates
A= %R. At the interacting fixed point the quark superfield carries the anomaly-fixed
R-charge

RQ) = 1-— (1.3.73)

so the meson M = Qé, a product of two quark superfields, has

R(M) = 2R(Q) = 2(1f xf) A(M) = gR(M) = 3(1f NC). (1.3.74)
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Now read off the edges,

A(]\/‘[MNF%NC =3(1-3)=1, R(Q)|Nf:31vc =1- 313[\& =3 (1.3.75)

At the lower edge Ny = 3N, the meson has reached the free-field value A(M) = 1,
and below this edge it would violate the unitarity bound as an interacting operator.
Unitarity thus diagnoses the end of the interacting electric continuation: near and
below the lower edge the composite meson is becoming a free field, and the magnetic
dual, where M is an elementary field with its own kinetic term, is the weakly coupled
or infrared-free description that takes over. At the upper edge Ny = 3N, the quark
reaches its free value R(Q) = %7 matching the weakly coupled ultraviolet picture where
asymptotic freedom is marginal. Both endpoint values (1.3.75) follow by substitution.
The lower one connects the Chapter 1 unitarity bound to the SQCD window.

Exactly marginal deformations: not every conformal manifold is N' = 2

A fixed point can sit on a continuous family of fixed points, a conformal manifold, reached
by adding an exactly marginal operator. In 4d N' = 1 the classically marginal operators are
the superpotential terms of R-charge two and the gauge-kinetic term, and a combination
of their couplings is exactly marginal when the corresponding beta function vanishes.
The Leigh—Strassler analysis shows, in the standard examples, that this happens along
a subspace cut out by the vanishing of a combination of anomalous dimensions, so the
conformal manifold has dimension equal to the number of marginal couplings minus
the number of independent broken global symmetries. This is genuinely /' = 1 data:
it is not the special geometry of an N’ = 2 Coulomb branch (Chapter 5), and it has
its own marginality and anomaly constraints. The canonical example is N/ = 4 super
Yang—Mills viewed as N' = 1, whose three-coupling exactly marginal family contains the
[-deformation. The proof that the codimension condition is exact, and the structure of
these manifolds, are developed in Part III; here we only record that A" = 1 fixed points
come in families.

I.3.7 Seiberg duality and the conformal window

Seiberg duality relates distinct ultraviolet gauge theories that flow to the same infrared
physics. The electric theory is SU(N,) with N; fundamental flavors. The magnetic dual
is SU(Ny — N.) with dual quarks ¢, ¢, a gauge-singlet meson M (the electric composite
Q@, now an elementary field on the magnetic side), and the cubic superpotential

W = Mqq. (1.3.76)

These are different ultraviolet theories (different gauge groups, different matter, an
extra gauge singlet), not two copies of one theory. The claim is an infrared equivalence,
supported by four checks.

Check one: the continuous global symmetries match. Both frames carry
SU(Nf)r, x SU(N¢)r x U(1)g x U(1)g. On the magnetic side the dual quarks sit
at R(q) = R(¢) = N./Ny and the meson at Ry, = 2(1 — N./Ny), so the magnetic
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M
Q /\ a Seiberg m
N N N N
A aND, il A S NN f
SU(Ng) 1 SU(N.) SU(N{)r SU(Ny) L SU(Ng—N.) SU(Nf)r

Figure 1.3.1: Seiberg duality as a quiver move. Circles are gauge groups, squares are
flavor groups, and arrows on the magnetic side denote a fundamental at the tail and
an antifundamental at the head. The electric flavor legs are unoriented; Tables 1.3.1
and 1.3.3 fix their gauge and flavor representations. The electric SU(N,.) theory has
quarks @, @ running through the gauge node. The magnetic dual has gauge group
SU(Nf — N.), the dual quarks ¢, ¢ in the representations listed in the magnetic table,
an added gauge-singlet meson M (the elementary image of Q@ , drawn as the arc joining
the two flavor nodes), and the cubic superpotential W = Mqq (1.3.76).

superpotential W = Mgqq carries R-charge

Ry + R(q) + R(q) = 2(1— ﬁ;) + 255; = 2, (1.3.77)

as a superpotential must. The dual quark ¢ is an antifundamental of SU(N¢)z, and the
meson M carries one SU(Ny)y, fundamental and one SU(Ny)g antifundamental index.

Check two: the gauge-invariant chiral operators match. The electric meson
Q@ maps to the elementary magnetic singlet M, and the electric baryons map to the
dual baryons. This is not only a slogan; the conserved charges match by computation.
The electric baryon B ~ QN¢ uses N, electric quarks of baryon number B(Q) = 1,
80 B(Bel) = N.. The dual baryon byags ~ gNf—Ne uses Ny — N, dual quarks, whose
baryon number is rescaled to B(¢) = N./(Ny — N.) precisely so that
B(b Ny — N, Ne N, B(B 1

( mag) - ( f— C) m = c = ( e1)~ ( 378)
The R-charges match by an independent computation. The electric baryon carries
R(Bel) = Ne R(Q) = Ne(1 — N./Ny), while the dual quark sits at R(q) =1 — (Ny —
N.)/Nj = N./Ny, so

N,

R(bmag) = (Nf - NC) Ff

= Nc(l - N") = R(Ba). (1.3.79)
Ny

Both the baryon number and the R-charge match, each built from independent magnetic

charges (the rescaled B(q) and the dual-quark R(q)). The displayed generators have

matching charges; the full identification of their chiral-ring relations is part of the

duality statement.
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Check three: the ’t Hooft anomalies match, trace by trace. The magnetic
matter content and global charges are collected in Table 1.3.3, the companion to the
electric Table I.3.1. The magnetic fermion content is the dual gaugino (the adjoint of
SU(Ny — N.), dimension (Ny — N.)> — 1, at Ry, = 1), the 2N dual quark fermions
(dimension Ny — N, each, at Ry, = N,/N; — 1), and the NJ% meson fermions (at
Ry =Ry —1=1—2N./Ny). Run the first flavor anomaly.

field N gauge SU(N;), SU(Npr U(1l)s U)r
q 0 =] 1 +N./N  N¢/Ng
q [m] 1 ] —N./N N./Ny
M 1 O [} 0 2(1 — N./Ny)

A (dual gaugino) adj 1 1 0 +1

Table 1.3.3: The magnetic dual matter content and global charges (writing N=N t—Ne
for the dual gauge rank), with superpotential W = Mgqq. The meson M carries one
SU(Ny)r fundamental and one SU(Ny)g antifundamental index and is gauge-singlet.
The baryon charge of the dual quark is rescaled so that the dual baryon matches the
electric baryon. The meson fermion (R, = 1 — 2N./Ny) is the field that closes every
flavor and R anomaly match below.

Under SU(Ny)r, the dual quark ¢ is an antifundamental (it carries —1 in the cubic
index) with Ny — N, colors, and the meson M is a fundamental with Ny “colors” (its
SU(Ny)g index runs over N values):

SU(Nf)i\mag = —(Ny—=N.) + Ny = N. = SUNp|, (1.3.80)
dual M
ual q meson

The meson contribution is what closes the match: drop M and the magnetic side gives
—(Ny — N.) # N.. The meson is essential. The opposite flavor group works the same
way with the conjugate representations,

SUNP Rl pag = T(Ng =Ne) = Ny = =N, = SUNpE|,, (1.3.81)
- M
dualq meson

the sign flipped because ¢ is a fundamental and M an antifundamental of SU(Ny¢)g.
The cubic and gravitational R-traces match as exact identities in (N, Ny). Summing
the three magnetic fermion species in Table 1.3.3 (dual gaugino, 2N, dual quarks, N?
meson components) gives

TeR|,,, = [N*—1]+ 2Nfﬁ(§§; - 1) + N;(l - %) = (N2+1), (13.82)
N N 3 3 2N}
TR, = [N2 = 1]+ 2N, N (R = 1) + NP (1= 2= ) = (W2 - 1) - Vi
(1.3.83)
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with N = Ny — N, the dual rank of Table 1.3.3. Both sums equal the electric (I1.3.41)
and (I1.3.42) (the algebra is a short exercise in expanding the cubes, and the meson’s
NJ% term is indispensable in (I.3.83)). The mixed trace matches as well,

N2

SUNDEUMR] g = (Nr=No)-3(§ = 1) +Nr-3(1- %) = 55 (1389

the electric value (1.3.43), again with the meson’s contribution included. We have now
run five explicit traces (SU(Ny)3, SU(N¢)%, Tr R, Tr R®, and SU(Ny)2U(1)R), each
matching electric to magnetic. The meson is necessary for the flavor traces. Its fermion
has Ry, =1—2N./Ny, so at the self-dual Ny = 2N, point its contribution to the two
pure R traces vanishes. The explicit N, = 3, Ny = 5 example shows the nondegenerate
contributions: N7Ry = —5 and N7RY, = —1/5.

Check four: dualization returns the rank. Giving one electric quark a mass,
AW = mQn,Qn,, removes a flavor, Ny — Ny — 1, with the holomorphic scales

matched by (I.3.9). On the magnetic side the mass maps (under M = Q@) to a linear
meson term AW = m My, n,. Its F-term 8W/8MNfo = qn;qn; +m = 0 forces a
nonzero dual-quark vacuum expectation value, which Higgses the dual gauge group:
SU(Ny—N,) — SU(Ny—1— N,), lowering the dual rank by one. The magnetic theory
after Higgsing is the dual of the Ny — 1 electric theory, so dualizing it back returns

N;—(N;—N,) = N, (1.3.85)

the original electric rank when the flavor number is held fixed. Mass decoupling provides
a separate compatibility test, since Higgsing lowers the magnetic rank to Ny — 1 — IV,
the dual rank of the electric theory with one flavor removed. Dualizing twice without
removing a flavor returns SU (N — (N — N.)) = SU(N,), with the meson-of-the-meson

identified back as Q@

The conformal window and the phases. The window of behaviors as Ny varies is
the map every later chapter cites. It is collected in Table 1.3.4. The conformal window,
where both the electric and magnetic frames flow to the same interacting fixed point, is

§N. < Ny < 3N, (1.3.86)

with the upper edge Ny = 3N, the asymptotic-freedom boundary (by = 0) and the
lower edge Ny = %NC where the magnetic theory loses asymptotic freedom and the
dual becomes free (below it, the magnetic SU(N; — N,) is infrared-free with the meson,
the “free magnetic” phase). The upper edge is 3N,, not 2N,: at N, = 3 the window is
4.5 < Ny <9,s0 Ny =5,6,7,8 are all conformal. Below the window the behaviors are
sharper, and three of them are worth working explicitly: the runaway, the quantum
deformation, and s-confinement.

63



The Affleck—Dine—Seiberg runaway: 0 < Ny < N,

For 0 < Ny < N, there is too little matter to lift the runaway, and a nonperturbative
superpotential is generated on the meson moduli space,

AB3Ne—Ny\ 1/ (Ne=Ny)
> , (1.3.87)

Waps = (Ne— Ny) ( dot Il
where M = QQNQ is the Ny x Ny meson and the overall coefficient is fixed by the symme-
tries up to a convention-dependent constant. The exponent is forced by holomorphy
and the R-symmetry, and that determination is worth doing. The superpotential must
carry R-charge two. The quark fermion R-charge here is Ry, (Q) = —N./Ny (the same
formula (1.3.37)), so the meson scalar and its determinant carry

R(M)=2(1- JI\V,;), R(det M) = Ny R(M) = 2(N; — N.), (1.3.88)

det M being a product of Ny eigenvalues. A power (det M )P then has R-charge
2p(Ny—N.), and combining with A (R-neutral in the anomaly-free symmetry and of mass
dimension one) the unique holomorphic, R-charge-two, dimension-three combination is

Waps oc AGNe=Np)/(Ne=Ny) (det M)*l/(Nc*Nf)’ (1.3.89)

which is (1.3.87) up to the constant: the power 1/(N. — Ny) is the unique exponent
that makes R(W) = 2 and gives W mass dimension three. Take the F-term. On the
diagonal slice M = v 1y,, det M = vNf | so

OWaps 9 N /(N.—Np)

5 5 oc v~ Ne/Ne=Np)=1 (1.3.90)

This is a fixed-sign power of v: it never vanishes at finite v, and it decreases monotonically
as v — oo. There is no finite stationary point; the F-term is solved only as v — oo, that
is det M — oco. The correct statement is therefore not “no supersymmetric vacuum
survives” but

no finite supersymmetric vacuum; the meson runs away to det M — oco.  (1.3.91)

Contrast a Wess—Zumino mass term, whose F-term has a genuine finite zero,

W:%mv2—cv:>88—wzmv—c:0:>v:£. (1.3.92)
v m
The ADS F-term (1.3.90) has no such zero; its monotone fall-off to zero at infinity is
the runaway. A finite zero versus a monotone approach to zero at infinity is exactly the
difference between a vacuum and a runaway.

Worked case: SU(3) with Ny = 2. Here 3N. — Ny = 7 and N, — Ny = 1, so the
exponent 1/(N, — Ny) =1 and the ADS superpotential is a clean simple pole,

A7 A7

Waps = (Ne = Np) 5037 = Gerar

(1.3.93)
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with M the 2 x 2 meson. On the diagonal slice M = v 15, det M = v2, so

OWaps

7, -2
Waps &« Afvo™*,
ov

o —2A"w73, (1.3.94)
The F-term has no zero at finite v and falls to zero only as v — co: the meson runs away,
exactly the general pattern made concrete. (The negative exponent persists throughout
0 < Ny < N, so the same finite-v obstruction applies.)

The quantum-deformed moduli space: Ny = N,

At Ny = N, the matter is just enough to support a moduli space but not a runaway.
Classically the mesons and baryons satisfy

det M — BB = 0, (1.3.95)

an identity that follows from the epsilon contractions (M is N, x N, here, and B, B are
the single baryon and antibaryon). Quantum mechanically the constraint is deformed,

det M — BB = A*Ne. (1.3.96)

Read the right-hand side. The exponent is 2N, = bg|n,=n, (With by = 3N.—N; = 2N.),
the power associated with the holomorphic instanton factor. This scaling alone does not
derive the quantum deformation. The symmetry check is immediate. The anomaly-free
R-charge here is R(Q) =1 — N./N, = 0, so det M and BB are both R-neutral, and
A2Ne (a pure power of the holomorphic scale) is a singlet of SU(Ny)r, x SU(N¢)g x
U(1)p x U(1)g: every term in (I1.3.96) carries the same (trivial) global charges, so the
deformation is allowed. The physical consequence is that the origin is removed: at
M = B = B = 0 the left side of (1.3.96) is zero but the right side is A%< = 0, so the
classically singular origin is not part of the quantum moduli space. Different regions
of the quantum moduli space realize different symmetry-breaking patterns: mesonic
regions break the chiral flavor symmetry, while the baryonic region keeps the nonabelian
flavor symmetry but breaks U(1)p. What the deformation forbids is a single vacuum
at M = B = B = 0 that preserves all the classical global symmetries at once.

The smallest case is fully explicit. At N, = Ny = 2 the meson M is a 2 x 2 matrix
and there is one baryon B and one antibaryon E, so the constraint reads

My My — My Moy — BB = A*. (1.3.97)

The relative sign can be traced directly to the antisymmetric meson of the four doublets.
Fix the color tensor and the converted antiquarks by

B = <_01 é) . P=E'Qi=-BEG. X=(@.QuP.P). V=XEX

Here Q; is a color column and Qvl is the column of antifundamental components, so
Mij = Q;SQJ = Q;&EPJ Choose B = QiEQQ and B = QiEQQ = PfEPQ In this
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ordering the independent infrared coordinates assemble as

0 B My Mo
~My —My, 0 B |°
~Miy —My —B 0

V= PfV = BB — det M. (1.3.98)

Indeed, PfV = Vi5V34 — Vi3Voy + Vi4Va3. The enhanced-flavor form of the quantum
constraint is PfV = A4P72. For this doublet ordering and these baryon phases its relation
to (1.3.97) is therefore

A%’,2 = —A3, A=A (Ny=2).

The subscript P denotes the holomorphic scale normalized in the Pfaffian form. This is
a phase of the instanton factor, not a change of its magnitude. At a common subtraction
scale, writing both factors as p’0e?™" identifies 7p = 7 + % modulo integers. It is a
translation between two holomorphic coupling conventions for the same theory, with
the operator definitions fixed above; shifting the physical theta angle while holding one
convention fixed would instead change the theory. The identity V = X*EX explains
the classical constraint. In the quantum relation, V' denotes the independent composite
coordinates, whose constraint is deformed; one must not also impose the classical
rank-two identity.
Two limiting branches illustrate the deformation,

det M = A* , BB =—A* | (1.3.99)
_ —— N——
B=B=0, chiral symmetry broken M=0, U(1)p broken

the meson branch (B = B= 0) with the quarks condensed and the flavor symmetry
broken to a maximal subgroup, the baryon branch (M = 0) preserving the nonabelian
flavor symmetry. Neither branch passes through M = B = B =0: the quantum con-
straint physically separates the chiral-symmetry-breaking and baryon-number-breaking
regions and forbids the symmetric origin. The explicit 2 x 2 determinant shows why
the quantum constraint removes the origin.

S-confinement: Ny = N.+1

At Ny = N.+ 1 the theory confines without breaking chiral symmetry, and the infrared
degrees of freedom are the smooth gauge invariants M (an (N, + 1) x (N, + 1) meson),
B, and B (the baryon and antibaryon, now N, + 1-component flavor vectors). They
are governed by a dynamically generated superpotential

W = BM B —det M), (1.3.100)

e

where the prefactor exponent 2N, —1 = bg|n,;=n,+1 (With by = 3N.—(Nc+1) = 2N.—1)
again carries the right instanton scaling. The F-terms of (I1.3.100) reproduce the classical
constraints. Differentiating with respect to the meson,
ow
oM,

x B;B; — (adjM);; = 0, (1.3.101)
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where (adj M);; is the cofactor (the derivative of det M); this is the classical relation
B;B; = cofactor;;(M). The baryon F-terms give

ow
0B;

x (MB); =0, Z—W x (BM); = 0. (1.3.102)

J

The two terms in this superpotential have different jobs. The determinant supplies the
cofactor in the meson F-term, while the baryon product supplies the other half of that
relation. Dropping the det M term from (I.3.100) would leave

ow
8Mij det M dropped

x B;iB; # (adjM);;, (1.3.103)

which is not the classical relation; both terms are required for the F-terms to reproduce
the constraints. The two pieces BM B and det M are not independent decorations;
together they are the smooth chiral-ring relation.

For SU(2) with Ny = 3, the same ordering is X = (Q1,Q2,Qs, P1, P, P3) with

P, = —E@i. Define the flavor-vector baryons by
1 . ~ 1
B; = ieiijjEQka B; = ieiijjEQka €123 = +1.

Thus B = (QLEQs, QLEQ1, Q% EQs), and similarly for B. All fifteen entries of the
antisymmetric meson are now fixed:

0 B3 —By My Mis Mis
—B3 0 B, My May Mo
B, —B; 0 Ms1  Msy  Ms3

V= e
—Mi1 —My —Msy 0 B3 —DB;

My —Myy —Msz —DBz 0 B,

—Miz —Msys —Mszz By —-B; 0

Expanding the Pfaffian along its first row gives

3
PfV = > BiM;;B; — det M,
i,j=1
PfV  BMB —det M
= 13 ;A g=—Al (1.3.104)
P.3 3

Here A3 = A in (1.3.100). For example, the term Vi2V36Vy5 is BgM33§3 with positive
sign, while the three mixed entries give —det M. The same phase choice works under
decoupling. Add mMs33 and set the mixed heavy-flavor mesons and By 2, B 2 to zero.
The M35 equation gives

_ Bgég —det M2><2 4

Ag m, det M2><2 — Bgég = mAg = Ag

0
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flavor range infrared behavior signature

0< Ny <N, runaway, no finite vacuum ADS superpotential (I1.3.87),
det M — o0
Ny = N, quantum-deformed moduli det M — BB = A2V ¢, origin
space removed
Ny=N:.+1 s-confinement smooth origin, dynamical W
(1.3.100), F-terms = constraints
N.+1< Ny < free magnetic SU(Ny — N.) infrared-free with
%Nc meson M
%NC < Ny < 3N, conformal window both frames flow to one fixed
point
Ny > 3N, free electric / not bo < 0, no infrared confinement
asymptotically free scale from asymptotic freedom

Table 1.3.4: The Seiberg-duality map of SU(N.) SQCD as a function of the flavor
number Ny. The upper edge of the conformal window is 3/N,, the asymptotic-freedom
boundary, not 2N.. The four checks of the text are run trace by trace in the magnetic
frame for the conformal-window entries, and the three sub-window phases (runaway,
quantum deformation, s-confinement) are worked above.

The Pfaffian scales obey the same matching, A%)’Q = mA%yg. Both worked examples
therefore use one consistent phase translation.

Common misconception: Seiberg duality is not an identity of one theory

The electric SU(N.:) SQCD and the magnetic SU(Ny — N.) theory with meson M and
W = Mgqq are different ultraviolet theories: different gauge groups, different matter, an
extra gauge singlet. They flow to the same infrared fixed point in the conformal window.
The shared 't Hooft anomalies and chiral ring are evidence for that infrared equivalence,
not a statement that the two theories are the same in the ultraviolet. Anomaly matching
is necessary, not sufficient.

I[.3.8 Dynamical supersymmetry breaking and the
index

Supersymmetry can be broken by the dynamics, but only when the dynamics allows it,
and the Witten index is the obstruction. If Tr (—1)¥ # 0, a nonzero index guarantees
a zero-energy state that supersymmetry pairs nowhere, so it cannot be broken. Pure
super Yang-Mills is the worked instance: its index Tr (—1) = N, of (I.3.24) is nonzero,
so it confines without breaking supersymmetry. Dynamical breaking therefore requires
the index to vanish or to be inapplicable, which the chiral, runaway, and metastable
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mechanisms arrange.

The 3-2 model, at field-content level. The canonical chiral example is the 3-2
model: gauge group SU(3) x SU(2) with one quark @ in the (3,2), antiquarks U, D in
the (3,1), and a doublet L in the (1,2), with a tree-level superpotential Wiyeo = h QDL.
The matter is chiral (it does not come in vector-like pairs), so there is no gauge-invariant
mass term and no continuous deformation back to a vector-like theory; the Witten-
index argument does not apply, and the door to breaking is open. Without the tree
coupling the model has classical flat directions. The tree superpotential lifts those
directions, while the SU(3) dynamics (with Ny =2 < N, = 3) generates an ADS-type
superpotential of the form (I1.3.87); the tree and dynamical terms then compete, and
the combined F-term equations have no supersymmetric solution, producing a stable,
supersymmetry-breaking vacuum at a calculable scale when h < 1. The structural
point is that chiral matter evades the index obstruction and the result is genuine (not
metastable) breaking. The detailed F-term solution is developed in Part III.

The ISS rank condition. The cleanest worked breaking is metastable, and it is a
rank condition. Take SU(N,) SQCD with massive flavors in the free magnetic range,
Ne+1< Ny < %Nc. Its magnetic dual is an infrared-free SU(Ny — N.) theory with
dual quarks ¢, ¢ and a local meson ®, an Ny x Ny matrix. We take these local fields
to have canonical leading Kéhler metric. Their normalization relative to the electric
composite M is a separate matching input; it is not fixed by the deformation scale .
With equal masses the local superpotential is

W = hTi[®(q9)"] — hp?*Tr . (1.3.105)

The transpose contracts the flavor representations in Table 1.3.3: the cubic term is
hZi,j,a ®;;¢iaGa;j- Under the surviving diagonal flavor group, ® — UdUT, ¢ — U*q
and ¢ — qUT, so this contraction is invariant. Writing (Fg);; = OW/0®;;, the meson
equation is

Fy = h(qq—p*1n,) = 0, (1.3.106)

which would require the Ny x Ny bilinear ¢g to equal p?1x +» a full-rank matrix. Write
N, = Ny — N.. With indices ordered as in gq, take ¢ to be Ny x N, and g to be N, x Ny.
Their product is Ny x N but has rank at most N, so

rank(gq) < Ny— N, < Nj. (1.3.107)

For nonzero h and 2, the product cannot reach the rank-Ny matrix p?1y,. Its kernel
has dimension at least N.; on each orthonormal kernel vector, ¢ — p?1 N, acts as —p?.
Thus its squared Frobenius norm is at least N.|u?|?. With the canonical leading Kihler

metric, this is a lower bound on the meson F-term energy. It is attained by

qq = diag(p?,...,4%,0,...,0) = Fg = —hu? on the last N, entries,  (1.3.108)
Ny—N, N,
fF—4Ve c

with Ny — N, satisfied entries. At ® = 0, the quark F-terms vanish; choosing ¢ =

w(ls, 0)7 and ¢ = (L5 ,0) also sets the gauge D-terms to zero. The leading local
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minimum is therefore

Viin = Y |Fel> = No|hp?)* > 0, (1.3.109)

unsatisfied

strictly positive in this local description, establishing supersymmetry breaking at the
ISS metastable vacuum. Supersymmetric vacua elsewhere in field space are discussed
below. This is the rank-condition mechanism: a full-rank F-term equation cannot be
solved by a lower-rank bilinear, and the rank deficit N, counts the unsatisfied F-terms,
each contributing |hu?|? to the vacuum energy. (The would-be Goldstino sits in the
Tr ® direction whose F-term (1.3.106) is the one that cannot be cancelled.)

The breaking here is metastable, not absolute. Supersymmetric vacua do reappear
elsewhere in field space, restored nonperturbatively where the meson runs out to large
values, but they are separated from the rank-condition vacuum by a barrier and it
is parametrically long-lived. The rank condition explains the local breaking, while
the index criterion shows why a nonzero index would have forbidden supersymmetry
breaking everywhere.

At full rank the obstruction disappears,

N.=0 = Ny — N.= Ny = rank deficit = Ny — (Ny —N;) =0, (1.3.110)

so the F-term (1.3.106) is solvable and supersymmetry is unbroken (no gauge group).
Were the bilinear allowed full rank, there would be no breaking; it is the geometry of
rectangular matrices, the rank deficit N, > 0, that forces the breaking.

The supersymmetric index, named. The Witten index has a refined cousin, the
supersymmetric (or superconformal) index on S® x S'. It is a protected counting
partition function Tr (—1)2"" over states annihilated by a chosen supercharge: it
counts short multiplets with signs, is invariant under continuous deformations, and
matches across Seiberg duals, a refinement of the 't Hooft anomalies. We name its role
here; Part III develops the elliptic-gamma-function integral and the duality-invariance

analysis. No index is computed here beyond the Witten count.

Exit checklist

After this chapter the reader can

1. identify the multiplets and chiral ring of a 4d N' = 1 theory, read the dynam-

ical scale off by = 3N, — >, T(r;), and match scales across a threshold by
ABNe—(Ng=1) ABNe=N;.
Nf*l N_f )

2. compute pure-SYM gaugino condensation, the Zsyn, — Zsy breaking, the N, vacua,
and the Witten index Tr (=1)¥ = N,;

3. assign a trial R-symmetry, apply the fermion shift Ry, = R; — 1, derive R(Q) =
1 — N./Ny from gauge-R anomaly freedom, and compute the 't Hooft traces
TrR=—(N2+1), Tt R® = (N? — 1) = 2N!/N}, SU(Ny)} = +N., SUNp)% =
_Nc;
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4. run a-maximization to the superconformal R, getting a(3,6) = 123/64, ¢(3,6) =
163/64 for SQCD, the irrational extremum for adjoint SQCD (a root of the
quadratic da/dRx = 0), and the symmetry-forced R(X) = % for the dPy quiver,
and remember that it is a, not ¢, that is maximized;

5. write the Seiberg dual of SQCD, verify the four checks (including the magnetic
SU(N¢)3 = —(Nf — N.) + Ny = N, with the meson essential), work the ADS
runaway, the quantum-deformed constraint det M — BB = A?Ne and the s-
confining superpotential, and place a theory in the window map of Table 1.3.4;

6. apply the Witten-index criterion for dynamical supersymmetry breaking, work
the ISS rank condition rank(gq) < Ny — N. < Ny, and state which deep theorems
(a-maximization, Seiberg duality, the superconformal index) are stated here and
developed elsewhere.

Status and sources

The chapter uses its stated superpotential and a-maximization conventions and the gauge-group
and quiver conventions of the dPy example. Line operators can distinguish gauge groups with
the same Lie algebra.

The index sum (I.3.3), electric trace sums (I.3.41)—(1.3.42), conditional magnetic trace
match (I1.3.82)—(1.3.83), and local ISS rank energy (I1.3.109) are mathematical deductions
[MATH] under the stated field-theory inputs. Such calculations do not prove holomorphic
decoupling, condensation, duality, phase existence, ISS stabilization, or index identities.

§1.3.1 Multiplets, holomorphy, scale, threshold. The chiral/vector multiplets, the holomorphic

7 (1.3.1), the one-loop coefficient by = 3N. — >, T'(ri) (1.3.2) (= 3N. — Ny for SQCD, (1.3.3)),

the RG-invariant scale A’ = ;"0e?™" (1.3.7), and the threshold matching A?Vj\ffc:l(Nfim =

mA?VI\f]C_Nf (1.3.9) (the exponent shifts by the removed Dynkin index 27'(0) = 1); the gauge-

group-versus-algebra aside. Sources: (Tachikawa (2018) the holomorphy/A spine). Additional
calculations include bg as a Dynkin-index sum, the by = 0 edge at Ny = 3N,, the RG-invariance
of A, and the threshold-matching exponent/identity.

§1.3.2 The chiral ring and non-renormalization. The chiral ring as gauge-invariant chiral
words modulo W = 0, the meson (I1.3.14) and baryon (1.3.15) generators and their gradings;
the non-renormalization of W and the one-loop-exact holomorphic gauge coupling. Sources:
(Intriligator and Seiberg (1996) the SQCD chiral-ring and non-renormalization review). Addi-
tional calculations include the chiral-ring grading and the meson generator on SQCD and on
the dPo quiver.

§1.3.3 Pure super Yang—Mills. The anomalous U(1)r — Zan, (1.3.20), gaugino condensation
(AN)), ~ A3e?™R/Ne (1.3.21) breaking Zan, — Za, the N, vacua, the Witten index Tr (—1)" =
N. (1.3.24), and the optional Veneziano—Yankielowicz Wy (1.3.25) recovering S™Ne ~ A3Ne;
the condensate is unbroken-SUSY zero-energy vacua, not a SUSY-breaking order parameter;
the carefully stated scale-matching pointer to the 4d N' = 2 chapter (the N/ = 2 Seiberg—
Witten scale is N/ = 2 transmutation, related to this condensate only after an A/ = 1 mass
deformation). Sources: (Witten (1982) the index; Tachikawa (2018) the condensate / vacuum
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count). Additional calculations include Tr (—1)¥ = N, from the assumed gaugino-condensate
vacuum count; this is no independent index computation. The VY stationary equation and
root count are derived from the assumed effective superpotential. The counting argument for
the index supplies neither the potential nor its stationary polynomial. The assumed effective
superpotential is sourced to Veneziano and Yankielowicz (1982).

§1.3.4 R-symmetry, NSVZ, the superconformal R. The fermion R-rule Ry, = R, — 1 (1.3.30)
(gaugino R = 1), the full NSVZ beta function (I.3.31) and its numerator condition (I.3.32),
the ABJ SU(N.)?-U(1)r = 0 condition (I.3.35) solving R(Q) = 1 — N./N; (1.3.37), and the
superconformal R as the constrained abelian combination with A = 2R (back to Chapter 1).
Sources: the fermion shift appears in (1.2.23). For both the chiral fermion shift and gaugino
assignment, Martin (1998, §4.11, egs. (4.11.1), (4.11.5), (4.11.6), Table 4.1) fixes R(0) = 1,
Ry = Ry — 1 and Ry = 1. Novikov et al. (1983) gives the NSVZ beta function. Under the
fermion R shift and field charges, the arithmetic gives the trace inputs and the ABJ condition
solving R(Q) =1 — N./Ny.

§1.3.5 't Hooft matching and the Konishi anomaly. 't Hooft anomalies as renormalization-
group invariants (necessary, not sufficient, for a duality, a necessary condition), the electric
SQCD table (Table 1.3.1) with the declared SU(Ny) g antifundamental convention, the L /R-split
cubic traces SU(Ny)} = +Ne, SU(Ns)% = —Ne (1.3.40), the explicitly run Tr R = —(NZ + 1)
(I.3.41), Tr R* = (NZ — 1) — 2N!/N} (1.3.42), SU(Nf)1U(1)r = —NZ2/(2Ny) (1.3.43), and
the Konishi anomaly (I.3.47) with its coefficient equal to the gauge index feeding the ABJ
trace. Sources: ('t Hooft (1980) anomaly matching; Konishi (1984) the Konishi anomaly).
Under the representations, R assignment and index normalization, the arithmetic gives the
SQCD trace arithmetic with the L/R split and the common Konishi/ABJ index coefficient
(T(3) = %), and the Tr R® calculation.

§1.3.6 a-maximization. The central charges a,c (1.3.49) as fermion traces over a trial R,
the local-maximum selection of the superconformal R (it is a, not ¢; the constraints are
gauge-anomaly freedom and R(W) = 2, the 't Hooft anomalies being the data, not vanishing
constraints); the SQCD rational functions (1.3.53) and the numeric a(3,6) = 123/64, ¢(3,6) =
163/64 (1.3.55) with a # ¢; the genuine adjoint-SQCD extremum (the trial a(Rx) cubic so
da/dRx = 0 is quadratic; the maximizing root irrational, Hessian < 0, ¢ not maximized); and
the dPg symmetric R(X) = 2 (1.3.65)—(1.3.66); the Banks—Zaks fixed point (the weakly coupled
entry to the conformal window at Ny = 3N, — eN.) is the point where perturbation theory
controls the fixed point and checks the exact anomaly/a-maximization R. Sources: (Intriligator
and Wecht (2003) a-maximization; Banks and Zaks (1982) the fixed point; Lawrence et al.
(1998) the orbifold-daughter quiver). Additional calculations include the SQCD a, ¢ reassembled
from the traces with a # ¢ and the numeric 123/64, 163/64; the adjoint-SQCD maximization
(interior, irrational, @’ < 0, anomaly-free, a-max # c-max with c(a-max) < c(c-max), and
a cubic / da quadratic, N1-9); the dPo common charge fixed at R(X) = 2 by R(W) = 2;
and the Banks—Zaks two-loop zero positive and O(e) inside the window. The Hessian-sign
discriminator (a” < 0 is a maximum) is the anti-vacuousness check.

§1.3.7 Seiberg duality and the conformal window. The magnetic dual SU(Ny — N.) with
meson M and W = Mqq (1.3.76); the four checks (global symmetries, chiral operators, 't Hooft
anomalies with the explicit magnetic SU(Nf)3 = —(N; — N.) + Ny = N, (1.3.80) and the
matched R-traces (1.3.82), the meson essential, fixed-Ny rank involution (I.3.85), and separate
mass-decoupling compatibility); the conformal window %Nc < Ny < 3N, (1.3.86); the worked
sub-window phases, the ADS runaway (1.3.87)—(1.3.91) (no finite vacuum, det M — oo, F-
term (I1.3.90)), the quantum-deformed constraint (1.3.96) (origin removed), the s-confining
superpotential (1.3.100) and its F-terms (I1.3.101)—(1.3.102); and the full flavor map (Table 1.3.4).
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Sources: (Seiberg (1995) the duality + window; Affleck et al. (1984) the ADS superpotential).
Under the proposed magnetic field content, the arithmetic gives the electric<»magnetic ’t Hooft
match trace by trace with the L/R split and the meson essential, the re-dualization involution
back to N., the window bounds (%Nc, 3N,) for the stated conformal window, the ADS F-term
runaway conditional on the ADS superpotential with no finite zero, the quantum-deformed
origin removal, and the s-confinement F-terms reproducing the classical constraints.

§1.3.8 Dynamical SUSY breaking and the index. The Witten-index obstruction (Tr (—1)¥" #
0 = unbroken), worked on pure SYM; the ISS rank-condition fixture (I1.3.105)—(1.3.107) (the
F-term Fe = h(qq — p*1n,) unsolvable because rank(qq) < Ny — N. < Ny, metastable
breaking, SUSY vacua restored nonperturbatively); the 3-2 model named at statement level;
the superconformal index named and routed to Part III. Sources: (Affleck et al. (1985) the
3-2 model; Intriligator, Seiberg, and Shih (2006), §2, equations (2.3)—(2.5), the canonical local
potential; its quantum stabilization and distant vacua are separate dynamical inputs). The
flavor contraction follows Seiberg (1995), §3, equations (3.1)—(3.3), translated to the matrix
shapes above. The example with real rational matrices and N, = 5, Ny = 7,h = 2, 4> = 4
illustrates why the energy alone cannot distinguish a transposed contraction. In the local ISS
rank condition, Fp = 0 would require rank Ny. The rank deficit leaves N, unsatisfied F-terms
and gives positive vacuum energy.

Routed (stated, not proved). The a-maximization / a-theorem / superconformal-R theorem
and the accidental-symmetry correction; the Seiberg-duality theorem and the full quantum
moduli spaces; the superconformal index computation, the elliptic-gamma integral, and its
duality invariance; and the gauge global-form / line-operator classification. All are stated and
cited here; their proofs live in Part III.

Further reading

The quantum-moduli constraint at N; = N, is given in Seiberg (1994, §4, eq. (4.1));
the Ny = N, + 1 s-confining superpotential and its classical constraints are in Seiberg
(1994, §5, eq. (5.4), §2, eq. (2.9)). For SU(2) those source formulas are specifically
PtV = A%,Q and W = —Pf V/A?l’)’:)’. Equations (I1.3.98) and (I1.3.104) derive their
component signs from the declared ordering and baryon definitions; the local phase
bridge is Alﬁpy_]\j,\jc — —A?V_Nf for Ny = 2,3. The component assembly and Pfaffian
expansions establish the normalization translation and its mass-decoupling consequence
under the cited nonperturbative premises. The general SU(N,.) electric/magnetic
superconformal-index identity is treated in Dolan and Osborn (2009, §6); Romelsberger
(2006) gives the earlier SU(2), three-flavor comparison. The exact holomorphic structure
of 4d N = 1 gauge theories is developed in the lectures Intriligator and Seiberg (1996);
exactly marginal deformations and superconformal manifolds in Leigh and Strassler
(1995); the glueball effective superpotential in Veneziano and Yankielowicz (1982). The
central charges a, ¢ and a-maximization are treated in Anselmi et al. (1998). Dynamical
supersymmetry breaking, including the metastable-vacua mechanism, is reviewed in
Intriligator and Seiberg (2007). The superconformal index that counts protected
operators is introduced in Romelsberger (2006) and Kinney et al. (2007) and developed
in Dolan and Osborn (2009).

For modern entry points, Gadde (2022) gives a graduate-level introduction to the
superconformal index, Smilga (2023) reviews Witten-index calculations across four-
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dimensional supersymmetric gauge theories, and Bajeot et al. (2023) illustrates how the
classical s-confinement and duality toolkit continues to generate new N = 1 dynamics.
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Chapter 1.4

2d supersymmetric field
theories

Reader contract. In two dimensions a supercharge has a definite worldsheet chirality.
Keeping both chiralities gives N/ = (2,2) supersymmetry, whose chiral and twisted-
chiral sectors distinguish complex from Kéhler data. Keeping only the right-moving
supercharges gives A = (0, 2) supersymmetry. Its unpaired left-moving fermions carry
independent E and J interactions and make anomaly conditions unavoidable. The
two theories meet in the elliptic genus, which retains protected information along the
renormalization-group flow.

The chapter develops these connections through calculations. The one-loop twisted
superpotential gives the quantum-cohomology ring of CPY ! the quintic gauge theory
exhibits geometric and Landau—Ginzburg regimes. Euler homogeneity enforces E/J
closure in its gauged A/ = (0, 2) description. Fermion anomalies determine the equations
for c-extremization, while an explicit rank orbit shows the order-three action of triality.
The chiral ring and trial R-symmetry of Chapter 3 provide the four-dimensional
comparison. Deeper phase, duality, and index results enter here through their stated
hypotheses and working consequences.

What this chapter delivers

The 2d SUSY kinematics: the (p,q) count, worldsheet chirality, N' = (2,2) versus
N = (0,2), and the R-symmetries U(1)v, U(1)a (§1.4.1). Part I, the N' = (2,2) world:
the two holomorphic sectors W versus W (8§1.4.2); the gauged linear sigma model, the
CPY~! quantum cohomology C[¥]/(XY —¢), and the quintic phases (§1.4.3); the A/B twists
and the Hori—Vafa mirror (§1.4.4). Part II, the A" = (0, 2) world: the E/J scalar potential
and closure ) Tr(E,J*) =0 (§1.4.5); bundles and the gauged N = (2,2) - N = (0,2)
E-term (§1.4.6); anomalies and c-extremization to cg = 3k/(k + 2) (§1.4.7); and triality
(§1.4.8). Part III, the shared interface: the elliptic genus (§1.4.9) and the N = (2,2)-
versus-N = (0,2) comparison (§1.4.10).
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I.4.1 2d kinematics and R-symmetries

Everything special about two dimensions starts from one fact: a spinor in two dimensions
can be Majorana—Weyl. A Majorana—Weyl spinor carries a single real component and a
definite worldsheet chirality, left-moving or right-moving. A supercharge inherits that
chirality, and so the amount of supersymmetry cannot be quoted by a single number
as in four dimensions. It is a pair (p,q) with p left-moving and ¢ right-moving real
supercharges, and the total count is the sum

# supercharges = p + ¢, (1.4.1)

the 2d Majorana—Weyl reality row of Chapter 1. This chapter treats the two ends of
the four-supercharge family. The maximal case is N = (2,2),

N=(2,2): p=2, q=2, # supercharges = 4, (1.4.2)

the dimensional reduction of 4d N' = 1 on a two-torus: the four real supercharges
survive, now sorted into two right-moving and two left-moving,

AN =1 " 2aN=(22), 4=2+2 (14.3)

the four-supercharge row that reads 4d N =1=3d N =2 =2d N = (2,2) on the
Chapter 1 relation. The minimal case is V' = (0, 2),

N=(0,2): p=0, ¢g=2, # supercharges = 2, (L.4.4)

two real supercharges, all right-moving. This is the chiral, holomorphic half of N = (2, 2):
it keeps the two right-moving supercharges and discards the two left-moving ones. It
has no four-dimensional Lorentz-invariant parent, since there is no way to sort four-
dimensional supercharges into right-movers and left-movers, so its structures are the
genuinely two-dimensional part of the chapter.

The chapter map. The split by chirality organizes the chapter. Part I is the N' = (2, 2)
world, four balanced supercharges, Kahler and complex geometry: the two holomorphic
sectors (§1.4.2), the gauged linear sigma model (§1.4.3), the A/B twists and mirror
symmetry (§1.4.4). Part IT is the N' = (0, 2) world, the chiral half with two right-movers
and no left-movers, a holomorphic bundle over a target: E/J data (§1.4.5), bundles
and the gauged E-term (§1.4.6), anomalies and c-extremization (§1.4.7), triality (§1.4.8).
Part IIT is the shared interface: the elliptic genus (§1.4.9), a N' = (0,2) object that
specializes to N = (2,2), and a comparison table (§1.4.10). Each structure sits in the
world it belongs to: mirror symmetry and the twists are N' = (2, 2)-only, triality and
c-extremization are N = (0, 2)-central, the elliptic genus is genuinely shared.

The two R-symmetries. Why should two dimensions carry two abelian R-symmetries
where four dimensions carries one? Because the two right-moving and two left-moving
supercharges can be rotated by two commuting phases, not one. A N' = (2,2) theory
has an R-symmetry group that contains two commuting U(1) factors, the vector R-
symmetry U(1)y and the azial R-symmetry U(1)4. The vector R-symmetry acts
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with the same sign on the left- and right-moving supercharges; the axial R-symmetry
acts with opposite signs. Writing the two supercharge phases as Q1+ — €'+ Q4 (the
subscript is the worldsheet chirality), the two combinations are

Uy : ay =a_ =ay, Ul)a: ar = —a_ = aay, (1.4.5)

the vector rotation the diagonal, the axial the anti-diagonal. This distinction has a
physical consequence. The two R-symmetries distinguish the two topological twists of
§1.4.4 (A uses U(1)y, B uses U(1)4), and the axial one is the fragile factor that can be
anomalous. Its anomaly is proportional to the first Chern class of a sigma-model target,
so U(1) 4 survives precisely on a Calabi—Yau, which is why the B-twist (and only the
B-twist) is gated by the Calabi-Yau condition, and why the sigma-model coupling can
run when only U(1)y survives.

The two sectors carry opposite axial charge. Under U(1)y a chiral ® and a twisted-
chiral ¥ both carry their vector R-charge, and W (®), W(Z) must each be U(1)y-neutral
as a superspace integral. Under U(1) 4 the chiral and twisted-chiral fields carry opposite
sign, because the axial rotation distinguishes D, from D_. So the two rings of §1.4.2
are graded by different R-symmetries, the algebraic root of mirror symmetry, which
exchanges the two R-symmetries and so the two sectors,

Uly < ULy, @ <% W o W. (1.4.6)

Carry away one fact: two dimensions has two abelian R-symmetries because it has
two holomorphic sectors, and each sector is graded by the R-symmetry its superspace
measure respects.

The multiplet vocabulary. The multiplets are graded by which combinations of
the supersymmetry covariant derivatives annihilate them. Three multiplets carry the
N = (2,2) content.

e Chiral ®, annihilated by both barred derivatives D4y ® = 0. Content: a complex
scalar ¢, a Dirac fermion (one right-mover ¥ and one left-mover ¢_), and an
auxiliary field. It is the reduction of the 4d A/ = 1 chiral multiplet of Chapter 2,
and it carries the ordinary superpotential W (®).

o Tuwisted-chiral ¥, annihilated by the opposite pair D, ¥ = D_¥ = 0. It has the
same field content as a chiral (a complex scalar, a Dirac fermion, an auxiliary)
and the opposite constraint. It has no four-dimensional analog. It is indispensable
because the field strength of a ' = (2,2) vector, ¥ = D, D_V, is twisted-chiral,

and its holomorphic self-coupling is the twisted superpotential W(E), developed
in §1.4.2.

o Vector V, carrying the gauge field, a Dirac gaugino, and the auxiliary D-field. In
two dimensions the gauge field has no propagating polarization, so the physical
content of the vector sits in its twisted-chiral field strength 3.

The two chiralities are the two constraints

chiral : Dyi® =0, twisted-chiral : Dy¥ = D_¥ =0, L =D,D_V, (14.7)
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the opposite pairing D, D_ marking the twisted sector. The N = (0, 2) algebra has one
barred right-moving derivative D, and its three multiplets are graded by worldsheet
chirality.

e Chiral ®, annihilated by D,. Content: a complex scalar ¢ and a single right-
moving Weyl fermion v, nothing left-moving.

e Fermi A, the genuinely new object. Content: a single left-moving Weyl fermion
A_ and no propagating scalar. It is only constrained chiral, D, A = E, with E a
holomorphic function of the chiral fields; £ = 0 is a free Fermi multiplet, and a
nonzero E is one of the two pieces of N' = (0, 2) interaction data of §1.4.5.

o Vector V, carrying the gauge field and a left-moving gaugino.

The two chiral A/ = (0,2) constraints are
chiral : D, ® =0, Fermi: DyA = E(®), (1.4.8)

the Fermi only constrained chiral, its right-hand side E the first piece of ' = (0, 2)
interaction data. The Fermi multiplet is what makes two dimensions chiral: it supplies
a left-moving fermion with no bosonic partner, so a generic A" = (0, 2) spectrum has a
right-minus-left imbalance with no analog in four dimensions.

The N = (2,2) - N = (0,2) decomposition. Every N = (2,2) multiplet is a sum
of N = (0,2) multiplets, and their field content provides a direct first check. Count
the content of a N' = (2,2) chiral: one complex scalar (two real bosonic fields), one
right-moving fermion, and one left-moving fermion, written (boson, right, left) = (2,1,1).
A N = (0,2) chiral has content (2,1,0): the scalar and the right-mover, no left-mover.
A N = (0,2) Fermi has content (0,0, 1): the missing left-mover, nothing else. So

N =(2,2) chiral = N =(0,2) chiral + N = (0,2) Fermi,

(2,1,1) = (2,1,0) + (0,0,1), (1.4.9)

component by component. The Fermi is not optional in the decomposition: dropping it
would leave the ' = (2, 2) chiral without its left-moving fermion, breaking the count.
Likewise a N = (2,2) vector splits as

N = (2,2) vector = N = (0,2) vector + N = (0,2) adjoint chiral, (1.4.10)

the N' = (0, 2) vector carrying the gauge field and the left-moving gaugino, the adjoint
N = (0,2) chiral carrying the complex scalar and right-moving fermion. This is how
any N = (2,2) theory is read as a N' = (0, 2) theory, and it is exactly why the anomaly
cancellations of §1.4.7 are automatic for ' = (2,2) theories: each N' = (2,2) chiral
brings a A/ = (0,2) chiral and a A/ = (0,2) Fermi in matched pairs, so their chiral
contributions cancel term by term. Table 1.4.1 collects the content.
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supersymmetry — multiplet complex scalar  right fermion ¥4+  left fermion A_

N =(2,2) chiral ® 1 1 1
N =(2,2) twisted-chiral ¥ 1 1 1
N =(2,2) vector V (+ Ay) 1 1 1
N =(0,2) chiral ® 1 1 0
N =(0,2) Fermi A 0 0 1
N =(0,2) vector V 0 0 1 (gaugino)

Table 1.4.1: The 2d multiplet content by worldsheet chirality. A N = (2,2) chiral
= N = (0,2) chiral +N = (0,2) Fermi (the right-fermion goes with the scalar, the
left-fermion is the Fermi); a N' = (2,2) vector = N = (0, 2) vector +N = (0, 2) adjoint
chiral, and it also carries the gauge field A, which has no propagating polarization
in 2d. The twisted-chiral ¥ is the gauge-invariant field strength of the N/ = (2,2)
vector: same field content as a chiral, opposite constraint D, ¥ = D_X = 0, and it
carries the complexified Fayet—Iliopoulos and theta parameter ¢ = r — 46 in its twisted
superpotential.

Common misconception: N = (0,2) is “the A" = 2 of two dimensions”

The pair N = (0, 2) names two supercharges, not four. Reading it as “N = 2” by analogy
with four dimensions, and so expecting four supercharges, confuses it with N' = (2,2),
which is the genuine four-supercharge algebra. The two indices are the left-moving and
right-moving counts, so N' = (0,2) is two right-movers and zero left-movers; the total
is p+ g = 2. Likewise (4,4), with eight supercharges, is a different and larger algebra,
outside this chapter. The label counts the two chiralities separately precisely because 2d
supersymmetry is graded by worldsheet chirality.

Part I. The NV = (2,2) world

The next three sections build ' = (2,2) dynamics as one coherent world: its two
holomorphic sectors and rings (§1.4.2), the gauged linear sigma model that turns those
data into Calabi-Yau geometry (§1.4.3), and the two topological twists with mirror
symmetry that compute the two rings and exchange them (§1.4.4). All of it is N = (2, 2)-
specific; the AV = (0,2) world of Part II keeps only the pieces that survive discarding
two supercharges.
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I.4.2 The N = (2,2) holomorphic sectors and their
rings

A 4d N = 1 theory has one holomorphic self-coupling, the superpotential. A 2d N =
(2,2) theory has two, and understanding why is the first genuinely two-dimensional
lesson. The reason is the twisted-chiral multiplet: because the two right-moving and
two left-moving supercharges combine in two inequivalent ways, there are two kinds of
holomorphic constraint a multiplet can satisfy, and each supports its own superspace
integral.

Two holomorphic sectors. A chiral field ® obeys D+ ® = 0 and couples through the
ordinary superpotential, a holomorphic function integrated over half of superspace,

W(®), /d29 W(®) + c.c., (1.4.11)

exactly as in four dimensions. A twisted-chiral field ¥ obeys the opposite constraint
D.¥ = D_¥ = 0 and couples through the twisted superpotential, a holomorphic
function integrated over the other half of superspace,

W), / do+di~ () + c.c. (14.12)

The two constraints and the two measures are genuinely separate data. Holding W and
W apart is the whole reason for the twisted-chiral distinction: a N' = (2,2) gauge theory
carries both an ordinary superpotential for its matter and a twisted superpotential for
its field strength, and they never mix.

FI and theta as twisted-chiral data. Here is the canonical use of the twisted sector.
The field strength of a N' = (2,2) vector is the twisted-chiral ¥ = D, D_V, and its
lowest allowed self-coupling is the linear twisted superpotential

W(E) =t%,  t=r—if. (1.4.13)

The single coefficient ¢ packages two real parameters. Expanding [ dotdo—t¥ into
components, the real part gives r D (the Fayet—Iliopoulos coupling to the auxiliary
D-field), the imaginary part 6 times the field strength,

r = Ret (FI), 0 = —Imt (theta). (I1.4.14)

So the FI parameter and theta angle are the coefficient of the lowest twisted superpo-
tential, and ¢ is the Kahler modulus labelling the chambers of the gauged linear sigma
model in §1.4.3. Because the field strength is twisted-chiral, its parameters sit in W,
not W.

Two rings. The two holomorphic sectors have two chiral rings, computed with the two
nilpotent supercharges. The chiral ring is the cohomology of the chiral supercharge,
the gauge-invariant chiral operators modulo the F-term relations OW = 0; the B-twist
of §1.4.4 computes it, and for a Landau—-Ginzburg model W(®) it is the Jacobi ring

Rp = C[@]/(o;W). (L.4.15)
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The twisted-chiral ring is the cohomology of the other supercharge; the A-twist computes
it, and for a gauge theory it is the quantum-cohomology ring generated by X, worked
for CPV 71 in §1.4.3. Mirror symmetry exchanges the two rings, swapping W with W
and complex-structure with Kéhler data. That one theory carries both rings, computed
by two twists and swapped by mirror symmetry, is the structural heart of 2d N = (2,2)
physics.

A worked chiral ring. The chiral ring is concrete, so it is worth computing once.
Take the Ay Landau-Ginzburg model, one chiral field ® with superpotential W = ®3.
The Jacobi ring (1.4.15) is C[®]/(0sW) with 9o W = 392, so

Rp = C[®]/(®?) = {1, @}, (1.4.16)

a two-dimensional ring with basis the identity and @ (the field ®2 is set to zero by the
F-term relation). Its dimension counts the ground states, two, and its grading by the
R-charge R(®) = 1/3 reproduces the two chiral primaries of the A minimal model.
For the general Aj; model W = ®¥*2 the Jacobi ring is

Rp = C[®] /(") = {1,®,...,0*}, dimRp = k+1, (1.4.17)
the k£ + 1 chiral primaries. This is the ring the B-twist computes, and its central charge

k

(1.4.18)
is exactly the ¢ that reappears in the c-extremization of the same model in §1.4.7, where
cr = 3¢ = 3k/(k + 2). The two computations (the Jacobi ring here, the anomaly trace
there) are two views of one fixed point, and their agreement is a check the reader can
run by hand.

Common misconception: a N’ = (2,2) theory has one superpotential

Carrying the four-dimensional picture wholesale into two dimensions, one expects a single
holomorphic superpotential. A A = (2,2) theory carries two holomorphic data: the
ordinary superpotential W (®) for chiral fields, integrated over fd297 and the twisted
superpotential W(Z) for twisted-chiral fields, integrated over [ d9tdf~. They are con-
strained independently and never mix. The Fayet—Iliopoulos and theta parameters are
twisted-chiral data, the coefficient ¢ = r — 6 of the linear W=t 3J; they do not live in the
ordinary superpotential. Correspondingly there are two rings (chiral and twisted-chiral),
computed by the B- and A-twists and exchanged by mirror symmetry.

I.4.3 The gauged linear sigma model, from CP"~! to
the quintic
The workhorse construction of 2d N' = (2,2) theories is the gauged linear sigma model.

It is an abelian (or product-unitary) gauge theory whose low-energy physics computes
geometry: in one regime it is a nonlinear sigma model on a Calabi—Yau, in another a
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Landau-Ginzburg orbifold, and the quantum cohomology of a projective target falls out
of a single one-loop calculation on its Coulomb branch. We lead with the simplest such
calculation, cpY _1, because it teaches twisted-chiral fields, the FI/theta parameter,
quantum cohomology, the vacuum count, and the A-model at once; then the quintic as
the flagship Calabi—Yau.

The construction. A N = (2,2) gauged linear sigma model is a U(1)* (or [, U(N;))
gauge theory with chiral matter of integer charges @7, an FI/theta parameter t, =
rq — 16, for each gauge factor, and a gauge-invariant superpotential W. Its bosonic
potential has two pieces. The D-term sets the moment map of the gauge action equal
to the FI parameter,

Dy = Y Q¢dil> — ra =0, (1.4.19)

one equation per gauge factor, and the F-terms impose 0W/d¢; = 0. The charge matrix
Q¢ is the same integer data a toric variety is built from on the geometry side, and the
low-energy physics depends on the sign chamber of the FI parameters.

Worked instance: CPV~! quantum cohomology from the effective
twisted superpotential

Take the simplest gauged linear sigma model with no superpotential: one U(1) with
N chiral fields ¢q,...,¢n of charge +1, and FI/theta parameter ¢ = r — 6. In the
r > 0 chamber the D-term Y, |¢;|*> = r modulo the U(1) phase is the projective space
CPV ™!, and the theory flows to the sigma model on it. Classically the cohomology ring
of CPY ! is

H*(CPY™Y) = Clz]/ (zN), 2N =0, (1.4.20)

with z the hyperplane class, 2%V = 0 because CPV ! has complex dimension N — 1.
The gauge theory computes the quantum correction, and the computation is one loop
on the Coulomb branch, where the twisted-chiral field strength X takes a large value.

Give X a large expectation value. The coupling of a charged chiral to ¥ is a twisted
mass,

m; = @Q; X = X (charge + 1), (I.4.21)

so each of the IV fields gets mass ¥ and can be integrated out at large ¥. This generates
a one-loop contribution to the effective twisted superpotential (a massive charged field
runs in a loop and shifts the holomorphic coupling, as in four dimensions); the one-loop
integral of a single field of twisted mass X is

Wt = —%(log® —1), (1.4.22)

the standard X log X running of a 2d twisted mass, in units of the renormalization scale.
We use this one-loop result as input; the calculation below differentiates it and does
not evaluate the determinant or independently fix its sign. Summing the IV identical
contributions and adding the classical FI term —t X gives

We(X) = —t% — NX(logx — 1), (1.4.23)
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the second term the sum of the N one-loop contributions (one per charged chiral). The
Coulomb-branch vacua are the critical points of Weg. Differentiating, the ¥ - (1/%)
piece of On[X(log ¥ — 1)] cancels against the —1, leaving

OW.gp
0%

t
= -t —NlgX =0 = logi=—-—— =— VN =¢t =g

N
(1.4.24)
The vacuum equation is %V = ¢ with ¢ = e~* the instanton (Kihler) parameter, and it
has N solutions, the N Nth roots of ¢: the theory has IV isolated massive vacua on the

Coulomb branch. Reading (I1.4.24) as a ring relation, the twisted-chiral ring generated
by 3 is

RA(CPYTY) = C[2]/ (=N —q), (1.4.25)

the quantum cohomology of CPY~!: the classical ring (1.4.20) with ¥ = 0 deformed
to IV = ¢, the worldsheet instanton lifting the top power of the hyperplane class
from zero to q. As ¢ — 0 (r — +o00) it degenerates to the classical cohomology, of
dimension N either way, matching dim H *((C]P’N_l) = N. One calculation has delivered
the twisted-chiral X, the parameter ¢ that sets ¢, the quantum cohomology ring, the
vacuum count N, and the A-model data, all from one effective twisted superpotential.

The smallest case makes the numbers concrete. For N = 2, the sigma model on P!,
the vacuum equation (1.4.24) is ¥? = e~! = ¢, so the two vacua sit at

Y = 442, Ra(PH) = Clz]/ (2 —q). (1.4.26)

The classical H*(P') = C[x]/(x?) has 22 = 0; the instanton correction lifts it to 2% = ¢,
the degree-one rational curve contributing ¢ = e~*. The two massive vacua are the two
supersymmetric ground states, the Witten index

Tr(-1)F = 2 = x(PY), (1.4.27)

the Euler characteristic, and the ring has dimension two, matching dim H*(P!) = 2.
This is the vacuum ring and index of P! from the imported effective potential, also
described by the A-twist of §1.4.4.

Common misconception: the effective twisted superpotential sign is + NX(log> — 1)

The one-loop term in (1.4.23) carries a minus sign, —NX(log¥ — 1). This sign is not a
convention one is free to flip: it is fixed by the requirement that the vacuum equation give
YN = et = ¢ with ¢ the instanton factor. The opposite sign +NX(logX — 1) would give
vV = et inconsistent both with the instanton weight ¢ = e~* and with the Hori—Vafa
mirror of §1.4.4. The minus sign therefore agrees with both the instanton weight and the
mirror vacuum equation.

The two phases and one RG story. Now add a superpotential and let the target
be Calabi—Yau, so the gauged linear sigma model flows to a conformal field theory. The
low-energy physics depends on the FI chamber, and the two chambers realize two very
different-looking descriptions of the same infrared theory. For r > 0 the D-term forces
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some positively-charged field nonzero, the origin is excluded, and setting the D-term to
r and dividing by the gauge group is the symplectic reduction

Xe = {0: 2,00 =ra }/T1, U(M)a, (1.4.28)

equivalently the geometric-invariant-theory (GIT) quotient, a toric variety whose fan is
read from the charge matrix. The F-terms of W then cut a hypersurface (or complete
intersection) inside X,: this is the geometric phase, a nonlinear sigma model on a
Calabi-Yau. For r <« 0 the same D-term forces a negatively-charged field nonzero
instead, Higgsing the gauge group to a finite subgroup and leaving the remaining fields
as a Landau—Ginzburg orbifold with superpotential W: the Landau—Ginzburg phase.

The sign of r gives the classical chambers, but the relation between them depends
on the complex parameter t. The FI and theta parameters complexify into t = r — 6,
ranging over a cylinder, the quantum Kdhler moduli space whose two ends are the
classical chambers. That moduli space carries a discriminant locus, the codimension-one
set where the theory becomes singular (a noncompact Coulomb branch opens and a
new massless state appears); it is one point for one-parameter models but a genuine
subvariety in general. The gauged linear sigma model therefore connects the geometric
and Landau-Ginzburg limits within a family of infrared superconformal theories. A
path that avoids the discriminant can connect the two limits without encountering a
singular theory. The classical r-axis alone does not establish that path. The full analysis
of the secondary fan and analytic continuation belongs to Volume IV; the quintic shows
how the limiting descriptions arise (Figure 1.4.1).

The discriminant identifies where this continuation can fail. On the Coulomb branch
(large X) the effective twisted superpotential of a Calabi—Yau gauged linear sigma
model generically has no critical point at finite X: the D-term lifts it. At a special
t on the discriminant a would-be massive vacuum becomes massless, a critical point
runs off to ¥ — oo, and a new massless degree of freedom appears in the infrared.
That is the singular locus: not a thermodynamic phase boundary but a point where
the low-energy theory degenerates because a massless state (a noncompact Coulomb
branch) appears. A generic theta angle steers the straight-line path in ¢ around it, so
the two descriptions are connected by a path along which the theory never degenerates.
This is “no phase transition”: the connection runs through the quantum moduli space,
avoiding the discriminant, a statement about where the theory is singular, not about
the sign of classical r.

The Calabi-Yau condition on the geometric phase is a condition on the charges.
The axial R-symmetry U(1) 4 is non-anomalous, equivalently the target has vanishing

first Chern class, precisely when
> Q=0 (1.4.29)
i

for each gauge factor. When (1.4.29) fails the sigma model still exists, but the FI
parameter runs (the target is Fano or of general type) and it is not the conformal phase
this section exemplifies.

85



one GLSM, connected SCFT family

discriminant point

(r =0, tuned 6)

@ r

Landau—Ginzburg geometric (CY) phase:
orbifold phase, r < 0 NLSM on X, >0

Figure 1.4.1: The two phases of a Calabi—Yau gauged linear sigma model as the two
ends of the quantum Kéhler moduli space, the ¢ = r — 6 cylinder. For r > 0 the theory
is a nonlinear sigma model on the Calabi-Yau X; for r < 0 it is a Landau-Ginzburg
orbifold. These are two limiting regimes of one gauged linear sigma model within a
connected family of infrared theories. The classical r = 0 chamber wall contains a
quantum discriminant point (drawn schematically at the origin; its location depends
on conventions), where a noncompact Coulomb branch opens and a massless state
appears); a generic theta angle steers the path around it, but the smoothness of the
interpolation is a statement about the quantum moduli space, not the classical r-axis.

Worked instance: the quintic

The canonical Calabi-Yau example is the quintic. Take U(1) with five chiral fields
o1, ..,¢s5 of charge +1 and one field P of charge —5, with superpotential

W = PGs(¢), (1.4.30)

G5 a generic degree-five homogeneous polynomial in the five ¢;. The Calabi-Yau
condition (1.4.29) holds,

D QF =5-(+1) +(=5) = 0, (1.4.31)

so U(1) 4 is non-anomalous and the theory flows to a conformal fixed point. Now read
the two chambers. In the 7 > 0 chamber the D-term is >, |¢;|* — 5|P|> = r > 0, and
the F-terms read

ow ow

87P:G5(¢):0a a(bz

(G5 generic). With P = 0 the D-term reduces to Y_, |¢;|> = r modulo the U(1) phase,
the projective space

{Sileil>=r}/U(1) = P!, dimcP* = 5-1 = 4, (1.4.33)

and the F-term G5 = 0 cuts a degree-five hypersurface inside P4, of complex dimension

dimc{Gs =0} = 4—1 = 3, (1.4.34)
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the quintic Calabi—Yau threefold, with central charge ¢ = dim¢ X = 3. The construction
is the GIT quotient (1.4.33) and then the F-term cut, not the naive vanishing locus of
W among all six fields: one equation in six variables would give the wrong dimension.
Getting the two steps in the right order is the working discipline of the geometric phase.
In the r < 0 chamber the D-term Y, |¢;|> — 5|P|? = r < 0 can only be solved with
P #0, at |P|?> = —r/5. A nonzero P Higgses the gauge group down to the stabilizer of
a charge-—5 field,
Uull) — Zs, (1.4.35)

the fifth roots of unity. The five ¢; are then a Landau—Ginzburg model with super-
potential W = G5(¢) (with P at its VEV) orbifolded by this Zs. Its central charge
is read from the R-charges, fixed by quasi-homogeneity of W: for W to be a good
superpotential its superspace integral must be neutral, so W carries R-charge one; since
W = Gj is degree five and homogeneous, each field carries R-charge ¢; with 5¢; = 1,
that is ¢; = 1/d = 1/5 for a degree-d superpotential. A single Landau-Ginzburg field of
R-charge g contributes 1 — 2q¢ to the central charge (the standard A/ = 2 minimal-model
formula: a free chiral has ¢ = 0 and é = 1, and the superpotential lowers it), so the
Landau-Ginzburg central charge is the sum

e =Y (1-2q). (1.4.36)
i
For the quintic, five fields each with ¢; = 1/5,
e=5(1-2) =52 =3, (1.4.37)

exactly the geometric ¢ = 3. The two phases share their central charge, as they must
if they are two regimes of one renormalization-group flow. The general pattern is
transparent from (1.4.36): a degree-d polynomial in d fields gives

2
¢ =d (1 - d) = d-2, (I.4.38)
which is dimg of the degree-d hypersurface in P4~1, a Calabi-Yau (d—2)-fold. The same

gauged linear sigma model, with d charge-+1 fields and one charge-—d field, produces
each member,

d=3: ¢=1 (elliptic curve), d=4: ¢=2 (K3), d=5: ¢ =3 (quintic),
(1.4.39)
the charge sum d - (+1) 4+ (—d) = 0 ensuring the Calabi—Yau condition in every case,
and the Landau—Ginzburg ¢ matching the geometric dimension throughout.
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Common misconception: the two phases are different theories

The geometric (r > 0) and Landau—Ginzburg (r < 0) phases are limiting regimes of one
gauged linear sigma model within a connected family of infrared theories in the Calabi—Yau
case. The geometric phase is the GIT (symplectic) quotient {} . Q%|#i|* = ra}/gauge (a
toric variety), further cut by the F-terms of W, not the naive vanishing locus of W alone
(which would give the wrong dimension). The interpolation between the two ends is smooth
in the quantum Kahler moduli space (the t = r — i cylinder), away from its discriminant
locus (where a noncompact Coulomb branch opens and a massless state appears); do not
read the classical r-axis by itself as proving a globally smooth interpolation. And the
phases exist for any FI chamber: ZZ Q7 = 0 is the Calabi—Yau, conformal, anomaly-free
condition of the intended example, not a prerequisite for a phase to exist.

I.4.4 The A and B topological twists and mirror
symmetry

A N = (2,2) theory admits two inequivalent topological twists, and they compute the
two rings of §1.4.2. This is N' = (2, 2)-specific technology, placed here immediately
after the gauged linear sigma model whose rings it computes, not among the shared
tools of Part III. The twist mixes the Lorentz rotation with an R-symmetry, turning
one supercharge into a scalar nilpotent operator whose cohomology is the topological
ring. Which R-symmetry is used distinguishes the two models, the U(1)y versus U(1)
distinction of §1.4.1.

The A-twist: quantum cohomology. The A-twist uses the vector R-symmetry
U(1)y. The A-model localizes on holomorphic maps to the target (the worldsheet
instantons) and computes the quantum Kéhler data: Gromov—Witten invariants and
the quantum-cohomology ring. For CPY ! it is exactly the ring of §1.4.3,

RA(CPY7Y) = Cla]/ (2N —q), q=¢", (1.4.40)

the classical 2V = 0 deformed to ¥ = ¢ by instantons. The A-twist is the twisted-chiral
ring at work, and because U(1)y is non-anomalous for a broad class of sigma models
it exists generally: it does mot require a Calabi—Yau target. One can A-twist a Fano
target and get sensible quantum cohomology.

The B-twist: the Jacobi ring. The B-twist uses the azial R-symmetry U(1)4. The
B-model localizes on constant maps and computes the classical complex-structure data
(periods and variations of Hodge structure), an instanton-free holomorphic answer, the
chiral ring of §1.4.2. For a Landau—Ginzburg model W (®) it is the Jacobi ring

Rp = C[@;]/(o:W), (L.4.41)

the F-term relations of W as a quotient. But U(1) 4 is anomalous in general: its anomaly
is controlled by the first Chern class, so the B-twist requires

e (TX) = 0, (1.4.42)
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the Calabi-Yau condition. For a gauged linear sigma model this is the charge condition
> Qi = 0 of (1.4.29), because the U(1)4 anomaly is proportional to the sum of the
gauge charges,

U(1)4 anomaly Z Qi x a(TX). (1.4.43)

This gating is asymmetric,

(+1)°,=5: >, Q; = 0 (B-twist V'), (+1)°,—4: >°.Q; =1 # 0 (no B-twist),
(1.4.44)
the non-Calabi-Yau assignment (+1)°, —4 having anomalous U(1) 4, yet it still admits
the A-twist because U(1)y is non-anomalous regardless. The A-twist is not gated by
the Calabi—Yau condition; the B-twist is.

Mirror symmetry and the Hori—Vafa construction

Mirror symmetry is a duality between two full N' = (2,2) theories, not a property of
their twists. A N = (2,2) sigma model on X is physically equivalent, as an untwisted
theory, to a N = (2,2) theory on a mirror X; for a gauged linear sigma model the
mirror is the Hori-Vafa dual Landau—-Ginzburg / Toda theory, and needs no twist. The
construction is at field level: dualize each charged chiral ®; to a periodic twisted-chiral
Y;, real part |¢;|?, shift symmetry the phase of ®;. The dual is a Landau—Ginzburg
model of the Y; with mirror twisted superpotential

W) = 3 e+ ZEG<ZQ?Y1'_%>7 (L4.45)

the ¥, enforcing the charge constraints Y, Q%Y; = t,. For the PV’~! sigma model (one
U(1), N fields of charge +1) the mirror is

N

N
Wo=>e"  Nvi=t (1.4.46)
=1

=1

whose N critical points e~Yi = e~*/N reproduce the N ring generators, recovering the
quantum cohomology
Clz] /(N —e™) (1.4.47)

of PN~ from the mirror side, matching (1.4.40). The Kihler parameter ¢ of X becomes
the complex-structure parameter of the mirror: the same ¢ cylinder carries the mirror
map.

The twists are how the duality is most sharply used. In the protected topological
sector the A-twist of X and the B-twist of X compute the same correlators, so mirror
symmetry exchanges the two models,

A-model(X) =~ B-model(X), (1.4.48)

trading the quantum Kéhler data of X for the classical complex-structure data of
X, and so R4(X) for Rp(X). The full topological-correlator machinery (Frobenius /
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quantum-cohomology structure, variation of Hodge structure) and the mirror theorem
are developed in Volume IV; here we construct the untwisted Hori—Vafa mirror, name
the two twists, tie them to the two rings, and gate the B-twist by the Calabi—Yau
condition.

Part Il. The N = (0,2) world

The next four sections build N' = (0,2) dynamics as the second coherent world.
Discarding the two left-moving supercharges of N = (2, 2) frees the left-moving fermions
from their partners, and the consequences run through the whole part: two independent
holomorphic data (E,J) per Fermi and a scalar potential built from them (§1.4.5); a
holomorphic bundle over the target, seen sharply as a gauged N'= (2,2) = N = (0, 2)
deformation (§1.4.6); a gauge anomaly that must cancel, a gravitational anomaly that
only matches, and the c-extremization principle (§1.4.7); and an order-three triality

(§1.4.8).

I.4.5 N = (0,2) Fermi multiplets, the E/J data, and
the scalar potential

Now the genuinely two-dimensional world: two right-moving supercharges, no N' = (2, 2)
completion. A N = (0,2) theory has no single superpotential but two holomorphic
data per Fermi multiplet. Why those data are not free, and what they do to the scalar
potential, is the central physics of the A” = (0,2) world. The Fermi constraint and its
superpotential coupling show why both functions are needed.

The two data. Each Fermi multiplet A, is only constrained chiral,
DA, = E,(®), (1.4.49)

with E, a holomorphic function of the N"= (0,2) chiral fields (itself a ' = (0,2) chiral
superfield). The second function enters the A" = (0, 2) superpotential, a Fermi-linear
integral over half of the N' = (2,2) measure,

W02 = / 46+ S A, J9(®) + e, (1.4.50)

with J* a second holomorphic function of the chiral fields. The pair (E,, J%) is two
independent holomorphic data; neither is more fundamental, and they enter the physics
symmetrically, as the scalar potential and the closure condition below make precise.

The scalar potential. The physical content of F and J is that they are the two
halves of the N = (0,2) scalar potential. Component-expanding the Fermi kinetic term
|DyAu|? = |E4|* + -+ and the superpotential (I.4.50) generates the bosonic potential

Vo S |E@ + Y 7@ + Vb, (1.4.51)
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with Vp the gauge D-term potential. Thus both functions influence the energy of a
field configuration. The supersymmetric vacua are the zeros of V|

E.(¢) = 0, J¢) = 0, (plus the D-term equations), (1.4.52)

for every a: the E, = 0 and J® = 0 conditions carve out the N' = (0,2) moduli space,
exactly as the F- and D-term equations do in four dimensions, and both are needed.
Without (I.4.51) the pair would be a formal labelling; with it, E, and J* are the objects
whose vanishing loci are the vacua.

The two |-|? terms have parallel origins. The |E,|? piece is the norm of the Fermi
constraint DA, = E,: the bottom component of E, appears in the Fermi kinetic term
as | E4(¢)|?, the N = (0,2) analog of a 4d auxiliary field integrating out. The |.J?|? piece
comes from the superpotential (I.4.50): the 7 integral and the auxiliary component of
A, leave |J*(§)]?, exactly as a 4d superpotential leaves Y, |0;W|]?. So a supersymmetric
vacuum needs both E, = 0 and J* = 0: they are the two independent contributions to
a non-negative potential, and a nonzero value of either breaks supersymmetry.

Conjugating values and exchanging Fermi descriptions. For a Fermi in a complex
representation R, F takes values in R and .J in R*. There are two different operations
to distinguish:

complex conjugation: (E(¢),J(¢))* = (E(¢), J(4)),

1.4.53
Fermi replacement: A € R — AY € R, (EY,JY) = (J,E). ( )

The first line conjugates the chiral fields and produces antiholomorphic functions. The
second line keeps the chiral fields fixed and gives holomorphic data for a new Fermi
description. The conjugate superfield A obeys a conjugate constraint involving D ; it
is not itself the off-shell superfield satisfying Dy AY = .J. The replacement conjugates
the propagating left-moving fermion and changes the auxiliary-field description. More
precisely, order the Yukawa terms as —A_(0; E)¢". +A_v% (9;J)+c.c.. Then \Y = —A_,
together with (EV,JV) = (J, E), reproduces these terms. The minus sign is a fermion
phase in this component ordering, not a relative minus between the two holomorphic
functions.

We use the plus exchange in the second line, with the Fermi and auxiliary phases
chosen accordingly. No complex conjugates of F or J occur in that line, and no relative
minus sign is inserted. A further Fermi rephasing AY +— e'*AY gives EV = e'*J,
JV = e7"E; the phases cancel in EVJY. Thus the norm potential and the traced
closure condition are unchanged, since Tr(JE) = Tr(EJ). This is the exchange meant
when the conjugate-representation Fermi is used instead of the original one. Ordinary
complex conjugation alone does not perform it.

The closure condition. The two data are not independent as functions. The interac-
tion (I1.4.50) is invariant under the single right-moving supercharge only if they satisfy
the trace condition

> Tr (B, J?) =0, (1.4.54)

the sum over all Fermi multiplets, the trace over gauge indices. This is the 2d analog
of the trace condition that makes a 4d superpotential gauge invariant, and it is the

91



statement that D, acting on the interaction closes,
Dy (Mg J®) = EuJ* — AyDyJ", (1.4.55)

so that gauge-invariance plus the chirality of J leaves exactly the trace (1.4.54) to
cancel. It is not automatic: a set of £ and J chosen at random will not satisfy it, and
a theory whose data violate it is not a consistent N = (0,2) theory. In a brick or toric
phase each function splits into two signed terms, E, = E}f — ET and J% = J%T — J%~
and (1.4.54) is the statement that the four products cancel in pairs, the plaquette closure
of the tiling.

Worked instance: the C* brick and its orbifold

The cleanest example where the closure (1.4.54) is a genuine identity, not an accident,
is the C* brane brick model of Volume VI. There the chiral fields are four matrices
X1,..., Xy (the four coordinates of C*), and the three Fermi data are commutators

Ea = [X4, Xa], J = [Xa+1,Xa+2], a:1,2,3, (1456)

indices cyclic. The E- and J-index pairs differ for every a, so the two are genuinely
distinct functions. The trace sum is

ZTI"([X47XaHXa+17Xa+2]) =0 (1.4.57)

identically, for any matrices: it is the Jacobi identity, written as a trace. Expanding
one term, Tr([Xy, X1][X2, X3]), and summing the three cyclic images, every monomial
Tr(X,X,; X, X;) that appears is cancelled by another with the opposite sign. The
matrices genuinely do not commute, so (1.4.57) is a nontrivial cancellation, not a
term-by-term zero. It also singles out the right partner: the wrong pairing, for instance

> Tr(E.E.) = > Tr([Xs, Xa]?) # 0, (1.4.58)

does not vanish, so the closure is the diagnostic that fixes J% given F,.
The identity survives orbifolding. The C*/Z, diagonal orbifold, weights (1,1,1,1)
satisfying the Calabi—Yau condition

1414141 = 0mod 4, (1.4.59)

projects the four X matrices to block form and distributes the multiplets over four
gauge nodes. The Volume VI count is

C*/Z4: 4 nodes, 16 chiral, 12 Fermi, (1.4.60)

and the projected commutators still obey > Tr(EqJ®) = 0, inherited from the parent
Jacobi because the projection commutes with the trace. The Calabi—Yau condition
is essential: an orbifold whose weights do not sum to zero modulo n has inconsistent
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Fermi charges and does not descend to a consistent N' = (0,2) theory. This is the
field-theory content Volume VI reads off a brane tiling; the scalar potential (1.4.51), the
vacua (1.4.52), and the closure (1.4.54) are its field-theory home.

Common misconception: a A" = (0,2) theory has a single superpotential

A N = (0,2) theory carries two holomorphic data per Fermi multiplet, the pair (Eq, J%):
E, enters D+Aa = Fq, and J* enters War—(0,2) = fd@+ Ea Ao J*. They are the two
halves of the scalar potential V O Y |Ea|* + Y [J%* + Vb, so the supersymmetric
vacua obey both E, =0 and J* = 0. Supersymmetry of the interaction is not automatic:
it requires Za Tr(E,J?) = 0, the 2d analog of the 4d trace condition. Ordinary Hermitian
conjugation complex-conjugates function values. Replacing the Fermi by a conjugate-
representation Fermi instead exchanges the holomorphic roles, (EY,JV) = (J, E), with
the phase convention stated above. A N/ = (2,2) theory is the special case in which J
and FE are fixed by the extended supersymmetry, worked in §1.4.6; genuinely N = (0, 2)
theories keep F and J independent.

I.4.6 N = (0,2) bundles and deformations of ' = (2,2)
GLSMs

The most important reason A" = (0,2) theories matter, beyond quiver technology, is
geometric. A A" = (2,2) nonlinear sigma model on a Kéhler target X has both its
fermions valued in the tangent bundle T X, the left-movers locked to the right-movers by
extended supersymmetry. A A" = (0, 2) model relaxes that locking: the right-movers still
couple to T'X, but the left-moving Fermi fermions couple to an independent holomorphic
vector bundle F — X,

N =(2,2) NLSM : ¢y € TX, N =(0,2) NLSM: ¢, € TX, A\_ € E,
(I1.4.61)
and the N' = (2,2) theory is recovered as the special case E = TX. The freedom to
choose F # T'X is what makes A = (0,2) models a genuinely larger world (heterotic
compactifications, bundle-deformed Calabi-Yau models). But E is not arbitrary:
consistency of the quantum theory demands anomaly conditions, the geometric avatar
of the 2d gauge and gravitational anomalies of the next section,

chy(E) = cho(TX), c1(E) = ¢1(TX) (mod 2). (1.4.62)

The first cancels the local sigma-model anomaly between left- and right-moving fermions;
the second is the mod-two condition needed to define their fermion determinants globally.
They are the target image of the chiral fermion traces that §1.4.7 treats as the 2d gauge
and gravitational anomalies, so the E/J interactions give a local description of the
left-moving bundle.

Ungauged versus gauged: where E comes from. The N' = (2,2) locus E =TX
locks the two data by extended supersymmetry, but how they lock depends on whether
the theory is gauged. For an ungauged N' = (2,2) Landau—Ginzburg model with fields
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@, and superpotential W, a N' = (0, 2) subalgebra splits each chiral into a A" = (0, 2)
chiral plus a paired Fermi I',, with data

ow

E, =0, J%=
oD,

(ungauged N = (2,2) LG), (1.4.63)

so E vanishes and J is the gradient of one superpotential. For a ' = (2, 2) Wess—Zumino
model with ®;,®5 and W = &;®32, read as N = (0, 2),

ow

1 _ — @2 2 —
J 2 J 8(1)2

= 23Dy, E, =0, (1.4.64)
and the potential reduces to |9, W|? + [0 W |2, the ordinary F-term potential. This is
why one superpotential suffices for an ungauged model.

For a gauged N = (2,2) GLSM the story is different, and this is the point of
the subsection: E is not zero. The extra ingredient is the N/ = (2,2) vector, whose
N = (0,2) decomposition (I.4.10) contains the N" = (0, 2) field strength . A N = (2,2)
chiral ®; of gauge charge Q; splits into a N = (0, 2) chiral and a Fermi I'; whose E-term
is fixed by the gauge coupling,

DIy = E; = V2Q; X ®;, (1.4.65)

a nonzero E built from the field strength and the charged field. This is the A' = (0, 2)
statement of the 2d twisted mass Q);3 of §1.4.3: the gaugino partner of that mass is
exactly the E-term (1.4.65). So a gauged N = (2,2) GLSM, read as N' = (0,2), has
E; # 0 from the gauge coupling and J'# from the superpotential, and the two data
must together satisfy the closure (1.4.54).

Worked instance: the gauged quintic E-term and its closure by
Euler’s theorem

The quintic gauged linear sigma model of §1.4.3 makes this concrete, and the closure
is a deep, one-line calculation. The fields are five ¢; of charge (); = +1 and one P of
charge Qp = —b, with W = P G5(¢). Reading it as N' = (0,2), each N' = (2,2) chiral
becomes a N = (0,2) chiral plus a Fermi, and the two data are the gauged E-terms
(1.4.65) together with the superpotential J’s,

E; = \/§E¢ia Ep = _5\/52Pa
Jh = P%—if", JP = Gs5(9), (1.4.66)

the E’s carrying the charges +1 and —5 through (1.4.65), the J’s the derivatives of
W = P G5. This is the correction the earlier ungauged reading misses: for the gauged
theory E # 0. Now form the closure sum (I.4.54),

Y EiJ+EpJ” = V25 PY ¢ 0Gs

%_5\/52136;5 = \/izP(;¢iaiG5_5G5)v

(1.4.67)
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the common factor v/2 X P pulled out. The bracket vanishes by Euler’s theorem for a
homogeneous function: G5 is homogeneous of degree five, so

9Gs ; P
Xi:@@ = 5G; — ZEJ +EpJ” = 0. (1.4.68)

The closure follows from gauge invariance of the superpotential, equivalently the quasi-
homogeneity identity >, Q;®;0;,/W = 0. For the quintic the same integer 5 appears in
three places: gauge invariance of W = PG5 (the charge Qp = —5 balancing the degree
deg G5 = 5), the Euler homogeneity >, ¢;0;G5 = 5G5, and the Calabi-Yau charge sum
5(4+1) + (—5) = 0. A superpotential of the wrong degree is not gauge invariant, and
then its E/J do not close: with @Qp = —5 fixed but deg G4 = d, the same computation
leaves

Y EJ'+EpJ” = V2SP(d-5)Ga #0  (d#5), (1.4.69)

1

so closure requires d = 5 = —Q p, which is precisely gauge invariance of W. In this
hypersurface model that same integer 5 also enters the Calabi—Yau charge assignment,
but the two statements are distinct: FE/J closure is the supersymmetry / gauge-
invariance condition, while the Calabi—Yau condition is the separate statement that the
axial R-symmetry is non-anomalous.

Worked instance: a N = (0,2) deformation of the quintic GLSM

The freedom to choose E # TX is best seen as a deformation of the N = (2,2)
point just worked. At the N' = (2,2) (tangent-bundle) locus the Fermi data are
the locked pair (1.4.66). A N = (0,2) deformation replaces the locked J* by more
general holomorphic functions J* = J(¢, P) and deforms the E; away from (1.4.65),
subject to two constraints: the closure ) Tr(E,J*) = 0 of (1.4.54) (supersymmetry)
and the bundle-anomaly conditions (I.4.62). The deformed model describes the same
Calabi-Yau X but with the left-moving fermions coupled to a bundle E # TX: a
bundle-deformed gauged linear sigma model. The anomaly conditions bound the family,
keeping cha(E) = cha(TX) and ¢1(E) = ¢1(TX) mod 2, so the surviving deformations
are those preserving the two characteristic classes.

The lesson is the shape of the moduli space. The N = (2,2) locus (complex-
structure and Kéhler deformations) sits inside a larger N' = (0,2) moduli space (bundle
deformations with E # TX), the enlargement the extra freedom in E and J that the
anomaly conditions do not kill. So A" = (0,2) models are the field-theory description of
heterotic compactifications on (X, E), their marginal deformations the bundle moduli.
Volume VI reads this data off a brane tiling, and the home of “which deformations
survive” is (1.4.62) together with the closure (1.4.54).

1.4.7 2d anomalies and c-extremization

Chirality makes two dimensions dangerous, and the danger is quantified by chiral
anomalies of two kinds, handled in opposite ways. It is also chirality that lets an
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extremization principle fix the exact superconformal R-symmetry and the central
charges. We take the anomalies first, then c-extremization, which is built from them.

The gauge anomaly. A 2d chiral fermion in a gauge representation contributes to
the gauge two-point anomaly with a sign set by its worldsheet chirality: right-movers
one sign, left-movers the other. Collecting the A/ = (0,2) content, the right-moving
fermions in chiral multiplets enter with a plus, and the left-moving fermions in Fermi
multiplets and the gaugino (an adjoint left-mover) enter with a minus. The theory is
consistent only if the total vanishes,

Trehivat T TP = TrpemiT TP — Trag;TT? = 0. (1.4.70)

On the C* brick, where the content per node is four adjoint chirals, three adjoint Fermis,
and one adjoint gaugino, this reads in units of the adjoint index

4T(adj) — 3T(adj) — T(adj) = 0, (1.4.71)

the clean 4—3—1 = 0. The gaugino term is load-bearing: dropping it leaves 4—3 =1 # 0,
an inconsistent theory. For a N' = (2,2) theory the cancellation is automatic, and
(L.4.9) is why: each N = (2,2) chiral supplies one A/ = (0,2) chiral and one N = (0, 2)
Fermi in the same representation, so their traces cancel. For n N' = (2,2) chirals plus
one N = (2,2) vector, the N' = (0,2) counts are n+1 chirals (the n matter chirals plus
the vector’s adjoint chiral), n Fermis, and one vector, so (1.4.70) reads

n+1) —n—-1=0 (1.4.72)

identically. The Gadde—Gukov—Putrov node of §1.4.8 is the worked nontrivial case: a
U(N.) gauge group with N fundamental chirals, Ny antifundamental chirals, and N3
Fermis is free of the SU(N,) gauge anomaly, for N. > 2, precisely when

Ny + Ny — N3 — 2N, = 0, (1.4.73)

fixing the balanced rank N, = %(N1 + N3 — N3), the 2N, the gaugino’s adjoint
contribution. At (N1, Na, N3) = (5, 3,4) the balanced rank is N, = 2, and 5+3—-4—4 =
0. Reading the coefficient block by block makes the sign structure explicit: each
fundamental chiral contributes +7°(0) = +1 (right-moving), each Fermi —T'(00) = —3
(left-moving), and the gaugino —7'(adj) = — N, (left-moving adjoint), so the total is

L(N1+DN) — IN; — N, = (N1 + Ny — N3 — 2N,), (1.4.74)

zero exactly on the balanced node for N. > 2. The full U(N,) model also contains
N1 Ny gauge-singlet Fermis and two determinant Fermis, specified below; the latter
cancel the diagonal abelian anomaly. There is no SU(1) anomaly at rank one. In this
family the rank N, is not free: it is determined by requiring the gauge anomaly to
vanish, which is why N = (0,2) SQCD has a fixed gauge rank for given flavor content,
and it is this same balancing that the triality of §1.4.8 preserves as it permutes the
flavor blocks.

The gravitational anomaly. The gravitational anomaly is the net worldsheet chirality
of the massless fermions,
cp —cp = Try3, (1.4.75)
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where v3 = 41 on a right-mover and —1 on a left-mover, so Tr~? counts right-movers
minus left-movers. Unlike the gauge anomaly, this is generically nonzero, and a nonzero
value is allowed and physical. It is a ’t Hooft anomaly of the 2d Lorentz (chirality)
symmetry, invariant along the renormalization-group flow, and it must match between
two descriptions of the same theory rather than cancel. A content of three right-movers
and one left-mover has cg —cr, = 3 — 1 = 2, a consistent chiral theory. The C*/Z, brick,
with 16 right-moving chiral fermions, 12 left-moving Fermi fermions, and 4 left-moving
gauginos, has

crp—cp = 16—-12—-4 = 0, (1.4.76)

a non-chiral theory. The matching statement is the working tool: two descriptions
of the same infrared physics must report the same cg — cr, one of the invariants the
three triality frames share. As a matching example, two spectra grouped differently but
sharing the net chirality,

A: 4right +21left: cgr—cL=4—-2=2,
B: 3+ 1)right+2left: cgr—cp=(3+1)—2=2, (1.4.77)

report the same cg — ¢y, = 2: the anomaly sees only the net right-minus-left count, and
being RG-invariant it is the same in the ultraviolet and infrared. This is what makes it
a diagnostic: if two ultraviolet Lagrangians claiming the same infrared theory report
different cp — cr,, one is wrong, and the computation is a one-line count of fermions
weighted by ~3.

Common misconception: the gravitational anomaly must cancel

Two dimensions has two distinct chiral-anomaly conditions, handled differently. The
gauge anomaly Trehiral — Trrermi — Traq; = 0 must cancel for the theory to exist. The
gravitational anomaly cg — ¢z, = Tr~%, the net fermion chirality, is generically nonzero;
it is a 't Hooft anomaly of the 2d Lorentz symmetry, RG-invariant, and it must match
between descriptions (for instance the three triality frames), not cancel. A nonzero cg —cr,
is allowed and physical; an uncancelled gauge anomaly is fatal.

c-extremization. The exact right-moving R-symmetry of a 2d N' = (0,2) (or N' =
(2,2)) fixed point is fixed by an extremization principle, the two-dimensional member of
the extremization through-line whose 4d prototype is the a-maximization of Chapter 3.
The right-moving central charge of the fixed point is the 't Hooft anomaly of its
right-moving R-symmetry, so for a trial right-moving R the trial central charge is

B(R) = 3Tr [y* R?, (1.4.78)

a sum over fermions weighted by the chirality v = £1 and the square of the R-
charge, the 2d analog of the trace that builds a in four dimensions. A trial R ranges
over the exact R mixed with the abelian flavors, R = Ry + > sp F', and the exact
superconformal R is the stationary point, where the mixed anomaly with each flavor
vanishes,

krp = Tt [/ RF] = 0, (1.4.79)

97



one equation per flavor. Solving (1.4.79) gives Rexact, evaluating (1.4.78) there gives cg,
and the left-moving central charge follows from the gravitational anomaly,

c, = cr— T~y (1.4.80)

The hypotheses match a-maximization: the theory must flow to a good candidate
infrared fixed point, the fixed point must be unitary with a normalizable vacuum and
Virasoro energies bounded below, the trial R must be a genuine symmetry, and all
abelian mixing currents must be included. Using ultraviolet anomalies also requires
that no unaccounted accidental infrared symmetry mixes into R. A formal fermion list
violating any of these can be fed through (1.4.78), but its output is not the central
charge of a unitary theory.

Stationary, not maximal. Here is the sharp difference from a-maximization. In
four dimensions the exact R mazimizes a, and the Hessian is negative definite. In two
dimensions the exact R only extremizes ¢, and the stationary point is generically a
saddle. Differentiating (1.4.78) twice in the mixing parameters, with OR/dsp = F, gives
the y3-weighted flavor metric

2 tr
0°ch

— R  —6Tr [y FF 1.4.81
Dop D 6Tr [y B (1.4.81)

and because 72 takes both signs this metric can be indefinite. To see it on a two-
flavor example, take one right-moving chiral (y® = +1) carrying F} = 1, F, = 0
and one left-moving Fermi (v = —1) carrying Fy = 0, Fy = 1. Then c%(s1,s2) =
3[(+1)(Ro + 51)? + (—=1)(Ro + s2)?], and its Hessian is

82tr
B :6(+1 0

ds s 0 1) ; eigenvalues {+6, —6}, (1.4.82)
a b -

one positive and one negative, a genuine saddle: the trial central charge increases along
the right-moving flavor and decreases along the left-moving one, so no stationary point
is a local maximum. What c-extremization fixes is the stationarity condition and the
extremum type, not a maximum.

The saddle-versus-maximum split is structural, not accidental. Four-dimensional
a-maximization extremizes a cubic anomaly and has a negative-definite Hessian at the
physical fixed point. Two-dimensional c-extremization extremizes a quadratic anomaly
Tr[y® R?] whose Hessian (1.4.81) is weighted by v3. Right-moving flavor currents give
positive curvature and left-moving currents negative curvature; when both are present
the stationary point is a saddle. The same chirality that made two dimensions dangerous
turns the maximization of four dimensions into an extremization here, and one must
solve krp = 0 rather than search for the largest cp.

Worked instance: the N = (0,2) A;.; minimal model (positive cg)

The physical worked example is a genuine unitary N = (0,2) superconformal field
theory: the AV = (0,2) description of the Ay 1 Landau-Ginzburg minimal model. Take
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one N = (0,2) chiral ® (with right-moving fermion v, v = +1) and one N = (0, 2)
Fermi A (with left-moving A_, v = —1), coupled by

J =00  E=o0 (1.4.83)

The superpotential [ df™ A ®*+1 is the N' = (0,2) face of the N' = (2,2) Landau-
Ginzburg model with W = ®*+2, Viewed with only A = (0,2) supersymmetry, the
constraint R(A) 4+ (k+ 1)R(¢) = 1 still permits one trial mixing. Writing r = R(¢)
gives R(14) =r—1and R(A_) =1 — (k+ 1)r. The anomaly trace is then c¢%(r) =
3[(r —1)2 — (1 — (k + 1)r)?]; its derivative vanishes at r = 1/(k + 2) for k > 0. This
reproduces the quasi-homogeneous N = (2,2) assignment,

1 E+1 1

R(¢) = P R(Y4+) = R(g) -1 = et R(A_) = L (1.4.84)

the last from R(J) = (k + 1)/(k + 2). Evaluating the trial central charge (1.4.78) on
these two fermions,

en = 3[(+0)(E) + (0(sk) ] = % (k(ﬁ);)21 = k:?f2’ (14.85)

positive for every k > 1: a genuine unitary superconformal field theory. It equals 3¢
with the Landau—Ginzburg central charge é = k/(k + 2) = 1 — 2R(¢), matching (1.4.18).
The smallest nontrivial case is k = 2,

_32_3
S 2+2 2
the cg = 3/2 of the k = 2 member of the N’ = 2 minimal-model series. As k grows,

cr = 3k/(k+2) — 3 from below. Here the stationary anomaly trace selects the physical
R-charge and yields a positive central charge.

k=2: R(¢)=1, cr (1.4.86)

Worked instance: a formal saddle example (not a unitary SCFT)

To exhibit the indefinite Hessian directly one needs a free mixing parameter, and a
minimal example is a formal fermion list chosen only to expose the saddle, not a unitary
theory. Take two right-moving chiral fermions (y3 = +1) with flavor charges F = +1
and F = +2, and two left-moving Fermi fermions (y® = —1) with F = —1 and F = +1.
The v3-weighted flavor norm is

Tr[*F?] = (14+44)—(1+1) =3 # 0, (1.4.87)

so the mixing genuinely moves the mixed anomaly. Writing R(s) = Ry + s F with
a non-extremal seed Ry = 0.2, the stationarity krp(s) = Tr[y>RF] = 0 is one linear
equation,

krrp(s) = 064+3s =0 = s, = —0.2, (1.4.88)
with the constant 0.6 = krp(0) the anomaly at the seed and the slope 3 the flavor norm
(1.4.87). At s, the four R-charges are R =0, —0.2, 0.4, 0, and the trial central charge
there is

cr = 3[(0)*+(0.2)> — (0.4)* — (0)*] = 3(0.04 —0.16) = —0.36. (1.4.89)
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The negative output is the point: a negative “central charge” signals a fermion list that
is mot a unitary superconformal field theory. The extremization algebra runs on any
anomaly data, but only a genuine candidate fixed point (like the minimal model above)
returns a physical cg. This example displays the algebraic stationary point without
assigning it a physical central charge.

Worked instance: the symmetric brick (R forced by structure)

The contrast partner is the case where symmetry does the work, the 2d analog of the
symmetric-R quiver of Chapter 3. For the C*/Z4 N = (0,2) brick the R-charge is
forced by the E//J and superpotential structure with no free mixing. A Fermi obeys
D+Aa = E, with E, bilinear in the chirals, so R(E,) = 2Rx with Rx the common
chiral R-charge; the D, carries R-charge 41, so R(A,) = R(E;) —1=2Rx — 1. The
superpotential Wxr—(,2) = [dfT >, AqJ* must carry R-charge one, and J is also
bilinear, R(J*) = 2Rx, so

R(As)+R(J*) = 2Rx —1)+2Rx =1 = Rx = 1, R(A,)=0. (1.4.90)

Within the common-R sector these equations force Ry = 1/2 and R(A,) = 0. There is
no remaining common-R direction to extremize. Likewise, 3R = 2 fixes the common
charge in the 4d dPg quiver before any maximization. These are structural charge
constraints. An additional extremization test would require an allowed flavor-mixing
direction outside this restricted sector and its anomaly trace in (1.4.79).

1.4.8 N =(0,2) triality

Three different 2d N = (0,2) gauge theories can flow to the same infrared N' = (0, 2)
superconformal field theory. This is the two-dimensional cousin of Seiberg duality, but
with a decisive difference: it is an order-three relation, a triality, not an order-two
involution. For the N' = (0,2) brick this is the order-three move in the graded-quiver
family. We pin the Gadde—Gukov—Putrov conventions exactly, because the flavor labels
are convention-sensitive and the field-theory content is more than a rank map.

The complete Gadde—Gukov—Putrov node. Keep this chapter’s flavor labeling: Ny
counts fundamental chirals P, Ny antifundamental chirals ®, and N3 fundamental Fermis
V. Relative to the original SQCD tables, Ny = Na, Ny = N3 and 2N, + Ny — Ny = Ny;
we conjugate the gauge and flavor representation conventions. The two uncoupled
determinant Fermis can then be replaced by their conjugate-representation Fermis, so
we take both in det, of diagonal charge +N,.. With a fundamental of charge +1, the
complete matter is

field | multiplet | U(N.) | SU(N1) x SU(Na) x SU(N3) | qdiag
P chiral O (0,1,1) +1
o chiral [m] (1,0,1) -1
v Fermi O (1,1,0) +1 (I.4.91)
r Fermi 1 (O0,0,1) 0
Q0 Fermi det (1,1,1) +N,




There are N1 N, singlet Fermis I', distinct from the N3 charged Fermis ¥, and a doublet
0 2 under an additional SU(2) flavor group. The vector contains one left-moving
adjoint gaugino. All E functions vanish in this SQCD presentation. The only nonzero
J is Jr = ®P, with gauge and flavor contractions: [ df* I'®P + c.c. The J functions
of ¥ and €2, » vanish. The coupling is gauge invariant, linear in a Fermi, and satisfies
S EJ=0.

For N, > 2, the nonabelian condition is

N1+ Ny —N3—2N, =0 — N, = %(N1+N2—N3), (1492)

where T'(0) = 1/2 and T'(adj) = N,; neither T nor Q contributes. The diagonal U(1)
has a separate coefficient. Each charged fundamental multiplet has N, components,
while each determinant Fermi has one component of charge N,:

Ay )z = Ne(N1 + Na — N3) — 2N2 = 0. (1.4.93)

The adjoint gaugino and I' have zero diagonal charge. At N. = 1 this abelian equation
still applies, but there is no nonabelian factor and hence no SU(1) anomaly calculation.
These are local gauge-anomaly tests of the stated representations.

The proposed triality changes the rank by

NC — N(,, = NQ*NC = %(N2+N37N1)7 (1494)
and cycles the multiplicities,
(N1,N2,N3) — (NQ,N37N1) (1495)

Thus the old ® flavor becomes the P’ flavor, the old ¥ flavor becomes the ® flavor, and
the old P flavor becomes the ¥’ flavor. The same complete table applies with primed
ranks and these cyclically relabeled flavor groups. With Ny artificially held fixed, the
rank formula alone is an involution; the combined operation has order three.

Mesons and the fields that remain. A chiral-Fermi bilinear ®¥ gives a Fermi
meson IV with Ny N3 components, in (Oy,,On,). It is a gauge singlet in the new
frame. Its coupling is Jp» = ®'P’, so [dfT I'®' P’ + c.c. is fermionic as required. A
chiral—chiral meson M = ®P also appears in the intermediate transformation. The
original coupling becomes the mass term [dfT M + c.c., with Jp = M. Its N1 N,
chiral-Fermi pairs are integrated out. Consequently M and the old I" are absent from
the surviving dual SQCD table. There are no additional singlet-chiral flip fields in this
model. The surviving dual has £ =0, Jr» = ®' P, and Jg = Jo = 0.
For the first step this gives

U(Q) —>U(1)’ (N{aNQ/’Né):(Sa4’5)7

(1.4.96)
NF/ = NQNS = 127 N(M,F)removed = N1N2 = 15.

The surviving U(1) fields are three charge-+1 chirals P’, four charge-—1 chirals @', five
charge-+1 Fermis W', twelve neutral Fermis IV, and two charge-+1 determinant Fermis
Q. The singlet J couplings contract the three P’ and four @’ flavors. Repeating the
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same construction gives a U(3) frame with four P”, five ®”, three ¥”, twenty singlet
Fermis, and two determinant Fermis of charge +3, then the initial U(2) table with
fifteen singlet Fermis. This follows the full matter transformation as well as its rank
arithmetic.

The order-three return, checked in all three frames. Apply the combined move to
an explicit asymmetric balanced triple, (N7, N, N3) = (5, 3,4), with N, = %(5+374) =
2. Recomputing the rank from (1.4.92) after each flavor permutation,

(5,3,4) : No=3(5+3—-4)=2, 5+3-4-2.2=0,
(3,4,5): No=3(3+4-5)=1, 3+4-5-2-1=0,
(4,5,3) : No=3(4+5-3)=3, 4+5-3-2-3=0, (1.4.97)

these are three evaluations of the balanced-rank polynomial. The second is not an
SU(1) anomaly. Using the actual determinant charges, the abelian coefficients in the
three frames are

U2): 2(54+3—4)—-2(2)*=8-8=0, U(l): 3+4-5-2(1)2=2-2=0,

U@B): 3(4+5-3)—-2(3)2=18-18=0.

Omitting the two ( fields instead leaves 8,2, 18, respectively. Tracking (N7, No, N3; N,)
through the three steps,

(5,3,4; 2) — (3,4,5;1) — (4,5,3;3) — (5,3,4; 2), (1.4.98)

the intermediate ranks 2, 1,3 genuinely different and the third application returning
the original data, 7% = 1. The orbit has length three, not two. Without the flavor
permutation the bare rank recursion would close at two; the permutation is what makes
it a triality. When the flavor numbers coincide the node is self-dual,

Ni=Ny=N; = N;=2N.,, N,=N,—N,=N,, (1.4.99)

the permutation the identity and the rank fixed: a triality fixed point of order one, a
single self-dual frame.

The evidence. The infrared triality is a physical proposal supported by the source’s
flavor-anomaly, central-charge and equivariant-index comparisons. The rank orbit
alone does not establish it. With the complete matter table we can also compute the
gravitational coefficient:

Try® = N.(N; + Ny — N3) — NyNy, — 2 — N2

On the three frames this is 8 =15 -2 -4 = —13, 2 -12 -2 -1 = —13, and
18 =20 — 2 — 9 = —13. Here the singlet Fermis, determinant pair and entire U(N..)
gaugino dimension all matter. This is one matched gravitational coefficient, distinct
from the gauge-anomaly cancellations. The source also compares the central charges
and the genus of §1.4.9. The elliptic genus is the sharpest: a whole function of the
fugacities, its equality compares a signed protected counting function; cancellations can
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hide states. As a cheap necessary check one can also form a permutation-symmetric
combination of the flavor numbers, the toy quantity

I = NiNy+ NoN3+ N3Ny — (NP + N3 + N3), (1.4.100)

symmetric in (N7, No, N3) and so unchanged by the permutation (I.4.95). This is a
toy symmetric check, not a named central-charge or anomaly formula: it is invariant
precisely because it is a symmetric function of the flavor multiset, so it gives only a
necessary check. On the orbit the three frames each give

I = (15+124+20) — L(25+ 9+ 16) = 4725 = 22, (1.4.101)

the same value (the same multiset reordered), while a mismatched (6, 3,4) gives I =
54 —30.5 = 23.5 # 22 and is not a frame. The check does real work only in the negative
direction (rejecting a wrong-multiset candidate); the genuine relation is the anomaly,
central-charge, and elliptic-genus matches, not a symmetric polynomial in the ranks.
The displayed gravitational match uses the complete surviving matter. The source’s
central-charge and index comparisons provide further evidence; none of these necessary
tests is a proof of infrared equivalence. The dynamical triality discussion is deferred to
Volume 1V.

frame Ny N, N3 N
1 5 3 4 2
2 (dualize) 3 4 5 1
3 (dualize) 4 5 3 3
1 (return) 5 3 4 2

Table 1.4.2: One N = (0,2) triality orbit in Gadde-Gukov—Putrov conventions. Each
step applies the rank map N, — Ny — N, together with the flavor cyclic permutation
(N1, No, N3) — (N3, N3, N1), and generates the dual matter (permuted charged blocks,
surviving singlet Fermis and determinant Fermis). The intermediate ranks 2, 1,3 differ
and the third step returns the original data (T = 1): the orbit has length three, not
two.

Common misconception: N = (0, 2) triality is a 2d Seiberg duality

Seiberg duality in four dimensions is an order-two relation: dualizing twice returns the
original theory. N = (0,2) triality is order three. The rank map N, — N — N, alone is
an involution, but the triality is the rank map together with the flavor cyclic permutation
(N1, N2, N3) — (N2, N3, N1), and the combined move closes only after three applications,
T3 = 1. The three frames are three different ultraviolet gauge theories, with dual matter
(permuted charged blocks, singlet Fermis and determinant Fermis), that flow to the
same infrared physics, and the relation is checked by the anomaly, central-charge, and
elliptic-genus matches across all three.
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Part Ill. The shared protected interface

The last two sections are the genuinely shared technology. The elliptic genus (§1.4.9) is
a N = (0,2) object that specializes to N’ = (2,2) and is the sharpest protected check
for both worlds, including the triality of Part IT and the GLSM phases of Part I. A final
comparison table (§1.4.10) reads the two worlds side by side and routes each structure
to the construction volume that consumes it.

1.4.9 The elliptic genus

The sharpest protected observable of a 2d A = (0,2) theory is its elliptic genus, the
supersymmetric partition function on a two-torus. It is the two-dimensional analog of
the 4d superconformal index of Chapter 3: a flavored, signed counting function, invariant
under continuous deformations, that matches across dualities. It is a N = (0, 2) object
that specializes to N' = (2,2), which is why it is the shared tool that closes the chapter
rather than a Part-1 or Part-II section.

A protected index. For a general NV = (0,2) theory, the torus trace in the Ramond-
Ramond sector weights (—1)f" by the left- and right-moving Hamiltonians and by flavor
charges K,. In a ' = (2,2) theory with a left-moving R charge J;,, one may also turn
on its fugacity y. Keeping these two gradings distinct gives

2% (r,@) = Trg [<—1>FqHLqHR HK] ’
a

qg=c Y
2357 (r,y,@) = Tegr | (~1)7 g™ gy foa] 7

a

(1.4.102)
For a compact theory with a discrete spectrum and a convergent supersymmetric trace,
positive- Hg states pair and cancel. This gives holomorphy in 7. Deformation invariance
also assumes that states do not escape to a continuum. A weak Jacobi form further
requires holomorphy in the elliptic variables, the appropriate integral charge lattice (or
specified multiplier), and the weak lower bound on Fourier powers in the chosen RR
normalization. Under these hypotheses the anomaly data fix the modular and elliptic
transformation laws.

Flavor fugacities can regulate zero modes when noncompact directions are present.
Such an equivariant answer may instead be meromorphic in those fugacities. One must
specify the supersymmetric regulator and keep fugacities away from poles; removing
it need not leave a finite holomorphic genus. A continuous spectrum can contribute
a nonholomorphic completion through unequal boson and fermion densities. Gauge-
anomaly cancellation alone excludes none of these possibilities.

Place it among the indices already known. The Witten index Tr(—1)% counts ground
states with signs, one number. The elliptic genus refines it: it keeps the dependence
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on 7 (through ¢f£) and on the fugacities, so it counts the tower of right-moving-
supersymmetric states graded by left-moving energy. For a general N' = (0, 2) theory,
define Iy(x) = [qO]Z;Of) as the coefficient of the unshifted ¢° term. It can vanish even
when the leading ground-state contribution is nonzero: the free Fermi factor begins
with ¢'/12 (a:l/ 2 gt/ 2). Reading a ground-state index then requires removing that
specified leading power. The raw coefficient need not equal a ¢ — 0 limit or a genus
of the target alone. A more specific geometric limit holds for a compact N = (2,2)
Calabi-Yau sigma model on a complex d-fold X with its left R fugacity y retained and
all flavor fugacities set to one,

[qO]Z(TOQ’Q) = Ip(x) (unshifted coefficient),
;22’2) 0wl = y~ 2y (X) (compact Calabi-Yau target), (1.4.103)

7(2.2)

T lgs0,y=1,2=1 = x(X) = Tr(-1)F  (Witten index).

Here the uncentered Hirzebruch convention is y¢(X) = Ziqzo(—l)qh”’q(X)tp; the

substitution ¢ = —y supplies the extra (—1)P, and y~%/? centers the R charges. Thus
this is not an unshifted x, equality. For K3, the nonzero Hodge numbers are h%? =
h%0 = p92 = p%2 =1 and AM! = 20, so x_, (K3) = 2+ 20y +2y? and its centered value
is 2y~1 4+ 20+ 2y. At y = 1 it gives 24; weighting K3 only by a trivial flavor instead also
gives the constant 24, with no y dependence. The distinction matters when a A" = (0, 2)
theory carries nontrivial bundle data. Matching the regulated genus as a function is a
stronger test than matching one number: two theories can share a Witten index yet
differ in genus, and equality of the genus compares the signed protected spectrum. This
is why it is the sharpest triality test in §1.4.8.

The free-field building blocks. The genus of an interacting theory is assembled
from free-field factors, one per multiplet, and the two A" = (0,2) multiplets contribute
reciprocal factors. A free ' = (0,2) chiral of fugacity z contributes

in(r)
Zp = , 1.4.104
® 61 (T7 Z) ( )
61 in the denominator, a pole reflecting the boson zero modes. A free N = (0,2) Fermi
of fugacity z contributes
{ 91 (7—7 Z)
n(7)
01 in the numerator, a zero reflecting the left-moving fermion zero mode. With matched
fugacity and R-shift assignments the two are reciprocal up to the phase,

Zy = (1.4.105)

ZozZy = W ey (1.4.106)

01 7
0, and 7 cancelling. This is a useful matched-argument cancellation, but it is only a
mnemonic, not the general genus of a A" = (2,2) chiral. In the A" = (2,2) - A = (0,2)
decomposition the chiral and Fermi factors usually carry R/flavor-shifted arguments, so
their product is the standard nontrivial theta-function ratio; only when the arguments
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are deliberately matched do the pole and zero cancel as in (1.4.106). The universal
statement is the placement: chiral is #;-in-the-denominator, Fermi is #;-in-the-numerator,
never swapped; for noncompact free chirals the boson zero modes add another subtlety.

The g-expansions make the matched-argument reciprocity concrete. In a schematic
oscillator limit with the zero-mode prefactors suppressed, the chiral factor is the inverse
product (the right-moving boson tower) and the Fermi factor is the product itself (the
alternating single left-moving fermion sum),

1 .
Zg ~ = = 1+q+2¢* +3¢°+5¢*+---,
HnZl(l - qn)
Zy ~ [[a-¢) =1-q-+¢+-, (1.4.107)
n>1
the chiral coefficients the partition numbers p(n) = 1,1,2,3,5, ..., the Fermi coefficients

the pentagonal-number signs of Euler’s identity. Their product is 1 order by order,
ZoZn ~ (1+q+2¢°+ - )(1—g—¢*°+-+-) = 1+0-q+0-¢°+--- = 1, (1.4.108)

the reciprocity read off the series. This computation is deliberately limited: it says that
a chiral pole and a Fermi zero cancel when their arguments match. It does not say that
the matter contribution of every N' = (2,2) theory is trivial. A compact N = (2,2)
Calabi—Yau sigma model has a full g-dependent elliptic genus, a weak Jacobi form under
the stated hypotheses; its ¢ — 0 limit with the left R fugacity is y—% 2x—y(X) in the
convention above, and setting y = 1 there gives the coarser signed index.

The gauge-theory genus and its localization. For a gauge theory the elliptic genus
is a contour integral over the gauge-holonomy fugacities u, the one-loop determinants
of the matter and gauge multiplets assembled into a meromorphic form and integrated
by the Jeffrey—Kirwan prescription,

Zps = Vh?{KHm Zeoeu,7) T[] Zajalu,z7), (1.4.109)
a matter

the chiral (I.4.104) and Fermi (I1.4.105) factors of the charged matter dressed with the
gauge fugacities, Zye. the Cartan factor, |W| the Weyl-group order. The Jeffrey—Kirwan
residue prescription selects which poles contribute (a chamber-dependent rule for the
meromorphic holonomy integral). The output inherits modular covariance under the
anomaly and regulator assumptions; holomorphy needs the additional spectral conditions
above. The localization derivation and contour prescription belong to Volume IV.

Gauge consistency and holomorphy are separate conditions. The theta-function
transformations detect the gauge anomaly. Without its cancellation the integrand does
not define the gauge-invariant torus partition function of this stand-alone model. This
necessary condition has a more limited consequence than holomorphy:

Agavge =0 7= Zp2 a holomorphic weak Jacobi form,
Agange 7 0 = no gauge-invariant genus of the stated model. (1.4.110)
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For the noncompact C* brick, 4 — 3 — 1 = 0 tests the local nonabelian anomaly; it does
not compactify the target or remove continuum and zero-mode effects. The free-chiral
factor (1.4.104) already exhibits a pole at zero flavor fugacity. The compactness, charge
and spectral hypotheses, or a specified equivariant regulator, are therefore part of any
modularity or triality-index comparison.

1.4.10 N =(2,2) and N = (0,2): structures and uses

With both worlds built, a side-by-side comparison makes the architecture explicit and
shows where each structure enters later constructions. Table 1.4.3 reads the two worlds
together: the balanced four-supercharge N = (2,2) theory with its two holomorphic
sectors and Kéhler geometry, against the chiral two-supercharge N' = (0, 2) theory with
its independent E/J data and holomorphic bundle.

feature

N =(2,2)

N =(0,2)

supercharges

4 (two right, two left)

2 (two right)

holomorphic data

W(®) and W(E), two sectors

E, and J%, two independent data
per Fermi

geometric meaning

Kéahler / complex geometry,
GLSM phases

holomorphic bundle £ — X, het-
erotic data

anomaly role

axial anomaly gates the B-twist
/ CY condition

gauge anomaly must cancel, grav-
itational anomaly only matches

extremization

inherited as the special case £ =
TX

c-extremization central, cr =

3 Tr[y* R?]

protected index

left-R-graded genus; qO =
y~ 4%y _,(X) for compact CY X

flavor-graded genus; ¢° depends
on bundle and flavor data

duality mirror symmetry (A(X) = triality (order three)
B(X))
later use GLSM / mirror / Calabi-Yau brane brick models / N' = (0, 2)

phases (Volume IV)

quivers (Volume VI)

Table 1.4.3: The two 2d four-supercharge and two-supercharge worlds side by side. The
N = (2,2) theory is recovered from N = (0,2) by locking E = TX; the genuinely
N = (0,2) physics is the freedom E # TX, the independent F/J data, and the
order-three triality. The elliptic genus is the shared protected object; under the stated
spectral hypotheses it has Jacobi-form behavior. In a compact N = (2,2) Calabi-Yau
sigma model, the left-R-graded ¢° term is the centered geometric genus. The two
rightmost routings name the construction volumes that read this data: Volume IV for
the /' = (2,2) mirror and phase machinery, Volume VI for the N' = (0,2) brane brick
models.
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Exit checklist

After this chapter the reader can

1.

place a 2d theory on the supercharge count (N = (2,2) =4, N = (0,2) = 2 real
supercharges by p + ¢), identify the A" = (2,2) chiral, twisted-chiral, and vector
multiplets and the A/ = (0,2) chiral, Fermi, and vector multiplets, decompose
N = (2,2) chiral = N = (0,2) chiral + N = (0, 2) Fermi component by component,
and name the vector and axial R-symmetries U(1)y, U(1) a;

. (Part I) hold the two N = (2, 2) holomorphic sectors apart (the ordinary W (®) over

[ d26 and the twisted W (X) over [df+df~), read the FI/theta ¢ = r — if as the

coefficient of the linear W = tX, and name the chiral (Jacobi) and twisted-chiral
(quantum-cohomology) rings;

. (Part I) compute the CPY~! quantum cohomology from the effective twisted

superpotential Weg = —tX — NX(logX¥ — 1), get ¥V = e~! = ¢ and the ring
C[¥]/(ZN — ¢) with N vacua, and work the quintic in both chambers (the P*
quotient of dimension 4, the G5 = 0 cut to 3, the U(1) — Z; Higgsing at
|P|> = —r/5, the matched é = 3) without confusing W = 0 with the quotient-
then-cut construction;

. (Part I) name the A-twist (U(1)y, quantum cohomology C[z]/(z™ — ¢), not gated

by the CY condition) and the B-twist (U(1) 4, the Jacobi ring C[®;]/(0;W), gated
by ¢1(TX) = 0), and read the Hori-Vafa mirror exchanging them at the level of
the untwisted theories;

. (Part II) write the N = (0, 2) scalar potential V > > |Eq|*+ >, |J%|*+ Vb, read

its supersymmetric vacua E, = 0, J* = 0, verify the closure > Tr(E,J*) =0
(the Jacobi identity on the C* brick), and state correctly that E and .J enter
symmetrically, distinguish complex conjugation of values from Fermi replacement
with exchanged holomorphic E/J roles;

. (Part II) distinguish an ungauged N' = (2,2) LG model (E = 0, J = 0W)

from a gauged N = (2,2) GLSM (E; = v2Q; X ®; # 0), and verify the gauged
quintic closure >, E;J* + EpJP = \/iZP(Zi $;0;G5s — 5G5) = 0 by Euler
homogeneity and gauge invariance (in this hypersurface the same degree-five
charge assignment is also the Calabi—Yau condition), plus the bundle interpretation
(E=TX for N = (2,2), E # TX for N = (0,2), with cha(F) = cha(TX),
c1(E) = 1 (TX) mod 2);

. (Part II) check the 2d gauge anomaly (4—3 —1 = 0) and the gravitational anomaly

cr — cr = Try® (matched, not cancelled), and run c-extremization: assemble
% = 3Tr[y3R?], solve krp = 0, get the positive cg = 3k/(k +2) of the N' = (0,2)
A1 minimal model, read c;, = cp — Tr+?, and recognize the saddle (indefinite
Hessian) and the negative-output formal example for what they are;
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8. (Part II) follow the sourced N' = (0,2) triality proposal in the declared flavor
conventions (the U(N.) node with (N7, Na, N3), the rank map N, — Ny — N,
the flavor permutation, the dual matter with mesons and singlet and determinant
Fermis), verify the order-three return 7° = 1, and evaluate the local gauge and
gravitational coefficients in the three frames, with the elliptic genus the sharpest
check and the symmetric flavor quantity a toy consistency test;

9. (Part IIT) define the elliptic genus as a protected index (right-movers cancel),
assign the chiral (in/6;) and Fermi (i6; /n) factors (never swapped, reciprocal
only for matched fugacities), write the Jeffrey—Kirwan localization skeleton, state
its gauge-anomaly, spectral and regulator hypotheses, and read the N' = (2, 2)-
versus-N = (0, 2) comparison table with its links to Volumes IV and VL.

Status and sources

Scope of the calculations. The polynomial quotient, Euler identities, trace Jacobi identity,
conditional derivative, constrained polynomial calculation, structural charge equation and
rank-orbit calculation are mathematical deductions [MATH] under the hypotheses stated
with their equations. The computed anomaly coefficients [ANOM] are conditional on the
stated representations. Matching one gravitational coefficient across the three frames does not
establish duality.

Primary sources. Gadde-Gukov—Putrov (2013), arXiv:1310.0818, §2 after (3) supplies the
Fermi replacement; §3.1’s two matter tables and (48) fix the SQCD model and cyclic roles;
§4, (63)—(65) and §4.1 fix local nonabelian and determinant anomalies and the removal of
massive chiral-Fermi pairs. Benini-Bobev (2013), arXiv:1211.4030, (2)—(7) and (13), gives
the anomaly-trace and stationarity premises under the normalizability hypotheses stated
there. Benini-Eager—Hori—Tachikawa (2013), arXiv:1308.4896, §2.2, (2.13)—(2.15), supplies the
determinants, and §2.3 supplies the residue prescription. Benini, Eager, et al. (2015), §2.1 (2.1)
and §2.2 (2.12), distinguishes the left R fugacity of a N' = (2, 2) trace from general N' = (0,2)
flavor gradings; §4.1 (4.4) and §4.5 support the compact geometric limit used in. The K3
Hodge-number calculation following (1.4.103) fixes its sign and degree shift, but does not
prove a full elliptic-genus identity. Murthy (2014), §1 and §3, gives the continuous-spectrum
obstruction. The one-loop potential is imported from Hori—Vafa (2000), arXiv:hep-th/0002222,
(3.39), with @Q; = 1 and p = 1. Differentiating it does not compute the loop determinant or
prove its sign. The general supersymmetry condition comes from Gadde-Gukov—Putrov, §2,
(4). Evaluating the brick examples does not derive the general condition.

The chapter uses the stated superpotential and N' = (0,2) E/J conventions, the definition
of GLSM charges as the integer kernel of the toric ray matrix, and the FI/theta parameter
t = r — 16 and its chambers. It takes the gauge group to be Hl U(N;) in the indicated quivers.
The (p, q) count and 2d Majorana—Weyl reality use the conventions of Chapter 1.

Part I introduces N' = (2,2) in §1.4.2-§1.4.4, Part II treats ' = (0,2) in §1.4.5-§1.4.8, and
Part III discusses their shared tools in §1.4.9-§1.4.10.

§1.4.1 Kinematics and R-symmetries. The (p, ¢) supercharge count (1.4.1) with N' = (2,2) = 4
(I.4.2) and N = (0,2) = 2 (1.4.4) (the reduction of 4d ' = 1); the vector and axial R-symmetries
U(1)v, U(1)a (1.4.5) (the axial anomaly o c1); the N' = (2,2) chiral, twisted-chiral, and
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vector multiplets, the N' = (0, 2) chiral, Fermi, and vector, and the N' = (2,2) — N = (0,2)
decompositions (1.4.9), (1.4.10) (Table 1.4.1); the chapter map into the three parts. Source
account (Witten (1993) the N' = (2,2) multiplet grammar; Hori, Katz, et al. (2003) the 2d
multiplet spine). Additional calculations include the (p, ¢) count N' = (2,2) =4, N = (0,2) = 2
from the ch.1 ladder, the N' = (2,2) — N = (0,2) content bookkeeping, and that the Fermi
supplies the left-moving fermion the A" = (0, 2) chiral lacks.

§1.4.2 Part I: the N' = (2,2) holomorphic sectors and rings. The two holomorphic data
of a N' = (2,2) theory: the ordinary W (®) over [d*¢ (I1.4.11) and the twisted W () over

i dfTdf~ (1.4.12), with the linear W=t t=r—if (1.4.13) carrying the FI/theta parameter
as twisted-chiral data (1.4.14); the chiral (Jacobi) ring Rp = C[®;]/(0;W) (1.4.15) and the
twisted-chiral (quantum-cohomology) ring, exchanged by mirror symmetry, with the worked
A1 Jacobi ring (1.4.16)—(1.4.18). Source account (Witten (1993) the N' = (2,2) grammar and
F1/theta; Hori, Katz, et al. (2003) the two rings). The identification of C[®;]/(9;W) with the
physical LG chiral ring is imported from the cited sources. The worked one-variable quotient
uses elementary polynomial division. Using the supplied CPY ! relation =¥ — ¢ determines
the quotient and its count in that example. The physical ring identification and a general
Jacobi-quotient construction require additional input.

4. art I: the , N=1 the quintic. e gauged linear sigma model, the D-term
§1.4.3 Part I: the GLSM, CPV ™, th Th d 1 del, the D
3, QFdi]* = ra (L4.19), the CPN ! effective twisted superpotential Weg = —t% — N (log ¥ —

1) (1.4.23), the vacuum equation OsWeg = —t—NlogS =0=3SN =¢ T =g¢ (I.4.24), and the
quantum cohomology C[X]/(2Y — ¢) with N vacua (1.4.25); the FI chambers, the quantum
Kahler moduli space with its discriminant locus (a massless state / noncompact Coulomb
branch, not a shrinking curve), the geometric (GIT quotient / Calabi—Yau) and Landau—
Ginzburg phases as two regimes of one RG flow, and the CY condition ), Qf = 0 (1.4.29);
the quintic walked (U(1) with (+1)%, =5, W = PG (1.4.30), the P* quotient of dimension 4
(1.4.33), the G5 = 0 cut to 3 (1.4.34), the U(1) — Zs Higgsing at |P|?> = —r/5 (1.4.35), and
¢ = 3 geometric and LG (1.4.36)—(1.4.37)). Source account (Witten (1993) the phases, the FI
chambers, the quintic; Hori and Vafa (2000) the effective twisted superpotential and mirror;
Witten (1994) the LG central charge). Additional calculations include the CPY ! vacuum
equation aEWcﬁ = —t— NlogX (the sign giving »N = e~ not the plus-sign e™t), the N-vacua
quantum cohomology, the quintic Y Q* = 0, the P* quotient dimension, the hypersurface
dimension 3, the U(1) — Zs Higgsing, and the LG & = > (1 — 2¢;) = 3 matching the geometric
¢ = 3. The phase theorem is routed.

§1.4.4 Part I: the A and B twists and mirror symmetry. The two N = (2,2) topological twists:
the A-twist (U(1)y, holomorphic maps, quantum cohomology Ra = Clz]/(z" — ¢) (1.4.40)
tied to §1.4.3, NOT gated by the CY condition) and the B-twist (U(1)4, constant maps, the
Jacobi ring Rp = C[®;]/(;W) (1.4.41), requires ¢1(TX) = 0 (1.4.42), i.e. > Qi = 0 for
a GLSM (1.4.43)); mirror symmetry as a duality of the full untwisted ' = (2,2) theories,

realized by the Hori—Vafa GLSM mirror (1.4.45)—(1.4.47), exchanging A(X) = B(X) (1.4.48)
and so Ra(X) = Rp(X), the twists how the duality is used, not a prerequisite. Source account
(Witten (1993) the twists and the CY condition; Hori and Vafa (2000) the mirror realization).
Additional calculations include the B-twist CY gating ZQ = 0 (allowed on the quintic,
blocked on the non-CY (+1)°, —4) and the A-twist NOT gated by the CY condition, and the
CPM~! quantum-cohomology ring tied to (1.4.40). The topological-correlator / mirror-theorem

machinery is routed to Volume IV.

§1.4.5 Part 1l: the V' = (0,2) E/J data and scalar potential. The two holomorphic data
DyAy = E, (14.49) and Wy—(02) = [df% > AuJ* (1.4.50), the scalar potential V' >
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S Eal>+ Y, 1747 + Vb (1.4.51) with the SUSY vacua E, =0, J* = 0 (1.4.52); the precise
statement that E and J enter symmetrically but conjugation complex-conjugates values,
whereas conjugate-representation Fermi replacement exchanges holomorphic E/J roles with
the plus convention (I.4.53); the closure ) Tr(E,J*) = 0 (1.4.54) as the Jacobi identity on the
C* brick commutators (1.4.56)—(1.4.57) (with the wrong pairing nonzero (I.4.58)), inherited by
the C*/Z4 orbifold (4/16/12 (1.4.60)). Source account (Distler and Kachru (1994) the N = (0, 2)
E/J / Landau-Ginzburg structure; Franco et al. (2016) the brick E/J and > Tr(EJ) = 0).
Additional calculations include F and J are two independent data, Za Tr(E,J*) = 0 on
non-commuting matrices (the C* Jacobi identity) and its orbifold descent, and the 4/16,/12
count.

§1.4.6 Part Il: V' = (0,2) bundles and the gauged E-term. The bundle interpretation (F = T'X
for N = (2,2), an independent bundle for N' = (0,2), with cha(F) = ch2(TX), a1(E) =
c1(TX) mod 2 (1.4.61)—(1.4.62)); the ungauged N' = (2,2) LG specialization £ = 0, J* =
OW/0®, (1.4.63)—(1.4.64); the correction that a GAUGED N = (2,2) GLSM has E; =
V2Q; £ ®; #0 (1.4.65), with the worked gauged quintic E; = v2X¢;, Ep = —5v2%P, J' =
PG5, J¥ = G5 (1.4.66) and its closure Y, E;J' + EpJ" = V2XP(3", ¢:0:Gs —5G5) = 0 by
gauge invariance / quasi-homogeneity (1.4.67)—(1.4.68) (in this hypersurface the same degree-
five charge assignment is also the Calabi—Yau condition), and the N' = (0,2) deformation
with B # TX. Source account (Distler and Kachru (1994) the N' = (0,2) LG / GLSM
E-term and bundle anomalies; Witten (1993) the gauged linear sigma model). Additional
calculations include the gauged quintic £/J closure ZZ E;J'*+EpJ¥ = 0 by Euler homogeneity,
COMPUTED on a six-monomial degree-five fixture G5 in SymPy, together with the Euler
identity Zl ¢:0;G5s = 5G5, and the failure of closure for a polynomial G of the wrong degree.
The monomial proof gives the general degree-five Euler identity.

§1.4.7 Part Il: anomalies and c-extremization. The gauge anomaly Trchiral — TrFermi — Tradqj = 0
(1.4.70) (the brick 4—3—1 = 0 (1.4.71), automatic for N' = (2,2) (1.4.72), the GGP nonabelian
coefficient for No > 2, Ny + N2 — N3 — 2N, = 0 (1.4.73)) and the gravitational anomaly
cr — cr, = Tr+® (1.4.75) (generically nonzero, the C*/Zs 16 — 12 — 4 = 0 (1.4.76), matched,
not cancelled); c-extremization ¢ = 3Tr[y*R?] (1.4.78), the stationarity krr = 0 (1.4.79),
cr = cg — Try? (1.4.80), a STATIONARY point (a saddle, the indefinite Hessian (1.4.81)—
(1.4.82)), NOT a maximum, with the hypotheses stated (candidate IR SCFT, anomaly-free
trial R, no accidental symmetries); the POSITIVE flagship A" = (0,2) Aj4+1 minimal model
cr=3k/(k+2) (k=2= cr =3/2) (1.4.83)—(1.4.86), the deliberately-formal saddle fixture
cr = —0.36 (1.4.87)—(1.4.89) (outside the unitary SCFT domain), and the symmetric brick
Rx =1/2 (1.4.90). Source account (Benini and Bobev (2013a) c-extremization; Benini and
Bobev (2013b) the companion; Distler and Kachru (1994) the A = (0, 2) gauge anomaly; Gadde
et al. (2014) the GGP node anomaly). Additional calculations include the brick 4 —3—1=0
with the vector essential, the GGP nonabelian rank polynomial (not the full U(N.) anomaly),
the gravitational anomaly matched across two descriptions, the krr = 0 solve, the POSITIVE
minimal-model cg = 3k/(k + 2) = 3¢ (positive for every k), the formal fixture’s negative cr
flagged NOT unitary, the indefinite (saddle) Hessian eigenvalues {+6, —6}, and the forced
brick Rx = 1/2.

§1.4.8 Part 1I: N' = (0,2) triality. The order-three duality (the m = 2 rung of the graded-
quiver ladder, entry 18 signposted) in the declared representation conventions; the U(N.) node
with Ni fundamental chirals, N2 antifundamental chirals, N3 fundamental Fermis (1.4.91),
balanced rank N, = %(Nl + N2 — N3) (1.4.92), the rank map N. — Na — N, (1.4.94) with the
flavor permutation (1.4.95), the dual matter (charged ¥ distinguished from singlet I', the two
determinant Fermis, surviving Fermi mesons I'' = ®¥, and integrated-out (M, T') pairs), the
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order-three return (5,3,4) — (3,4,5) — (4,5,3) — (5,3,4) (1.4.98), T® = 1 (Table 1.4.2). The
load-bearing evidence is the anomaly and elliptic-genus matches across the three frames; the
symmetric flavor quantity I (I1.4.100) is a toy consistency check (a permutation-symmetric
polynomial in the ranks, useful only to reject a wrong-multiset candidate), NOT a named central-
charge or anomaly formula. Source account (Gadde et al. (2014) the 2d N' = (0, 2) triality,
the rank map, the dual matter). The rank calculation evaluates each frame’s balanced-rank
polynomial, the order-three return (not order two), the rank-map-only order-two involution, the
symmetric point as a triality fixed point, and the triality-preserved flavor invariant. The abelian
and gravitational coefficient calculations also use the full stated spectrum. The calculations
are consistency conditions for the proposed infrared duality. The further dynamical discussion
is routed. N = (0, 2) triality has the cyclic matter and rank transformations shown above.

§1.4.9 Part IlI: the elliptic genus. The general flavor-graded N’ = (0, 2) trace and the left-
R-graded N = (2,2) trace (1.4.102) are protected under discrete-spectrum and convergence
hypotheses; weak-Jacobi-form behavior additionally needs the charge-lattice, holomorphy and
Fourier-growth hypotheses stated above. The former has unshifted coefficient [qO]Z(TOf) = Ip(x),
which may vanish; extracting a leading ground contribution requires its specified g-power. For
a compact N = (2,2) Calabi-Yau target the latter gives y~%2x_,(X) in the stated Hirzebruch
convention and x(X) at y = 1 (1.4.103). The free chiral factor in/6; (DENOMINATOR)
(1.4.104) and the free Fermi factor 61 /n (NUMERATOR) (1.4.105), reciprocal only for matched
arguments (1.4.106) (a mnemonic, not the general N' = (2,2) chiral genus: R/flavor shifts
usually make a nontrivial theta-function ratio, and noncompact free chirals have subtle zero
modes), with g-expansions 1/ [[(1—¢™) and [ [(1—¢") (1.4.107); the Jeffrey—Kirwan localization
skeleton (1.4.109) (named, routed); modularity gated by the gauge anomaly (I1.4.110). Source
account (Benini, Eager, et al. (2014) and Benini, Eager, et al. (2015) the elliptic genus by
localization, the JK residue, the Jacobi-form structure). Additional calculations include the
chiral = 6;-denominator / Fermi = #;-numerator placement (never swapped), the reciprocal
product = —1, the g-expansion leading coefficients and their reciprocal series, and the necessary
anomaly condition (4 —3 —1 =0 versus 5 — 3 — 1 # 0). That calculation tests a necessary
condition, not modularity, holomorphy or a determinant. The full index machinery (localization,
the JK contour, modularity, duality invariance) is routed.

§1.4.10 Part Ill: the N = (2,2)-versus-A = (0,2) comparison. The side-by-side comparison
table (Table 1.4.3) reading the two worlds together (supercharges, holomorphic data, geometric
meaning, anomaly role, extremization, protected index, duality, engine use) and routing each
structure to its construction volume: the A" = (2,2) mirror and phase machinery to Volume IV,
the A/ = (0,2) brane brick models to Volume VI. A summary section, no new claim; it
recapitulates the structures of Parts I and II.

Routed (stated, not proved). The c-extremization theorem, the 2d c-theorem, the
accidental-symmetry / unitarity-bound corrections, and the dynamics of the N' = (0,2)
triality proposal beyond its necessary anomaly / index tests; the gauged-linear-sigma-model
phase theorem (the full quantum-Ké&hler-moduli / secondary-fan / discriminant analysis),
the elliptic-genus localization / Jeffrey—Kirwan / modularity / duality machinery, and the
A /B-twist topological-correlator / mirror-theorem machinery (Volume IV). All are stated and,
where a computation is possible at toolkit depth, run on fixtures; their proofs live in Part III
and Volume IV.
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Further reading

The gauged linear sigma model and its phases are developed in Witten (1993); the
original geometric mirror statement is Greene and Plesser (1990), and quantum coho-
mology of toric targets is in Morrison and Plesser (1995). The ¢t* geometry and the
classification of two-dimensional N' = 2 theories appear in Cecotti and Vafa (1991)
and Vafa (1991), and the Bethe/gauge correspondence behind the vacuum equations
in Nekrasov and Shatashvili (2009b) and Nekrasov and Shatashvili (2009a). For (0, 2)
models see Silverstein and Witten (1994); the two-dimensional conformal minimal
models are in Friedan et al. (1984), with the textbook Di Francesco et al. (1997).

For modern extensions, global forms, discrete theta angles, and nonabelian mirrors
of pure N' = (2,2) gauge theories are analyzed in Gu et al. (2021), new N = (0, 2)
dualities and their elliptic-genus tests in Sacchi (2020), and the related decomposition
phenomenon of two-dimensional gauge theories is reviewed in Sharpe (2024).
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Chapter 1.5

4d N = 2 supersymmetric field
theories

Reader contract. A gauge theory can become strongly coupled while some of its
particles become light. Four-dimensional N" = 2 supersymmetry makes this phenomenon
calculable: the same holomorphic periods determine the low-energy couplings and the
masses of BPS states. A vanishing period identifies a light charged particle, and
changing the electric-magnetic frame can turn a strongly coupled description into a
weakly coupled one.

We develop this connection using the N' = 1 multiplets of Chapter 3. Eight real
supercharges constrain their interactions, organize the Coulomb branch by a prepotential,
and give the Higgs branch a hyperkéhler geometry. Pure SU(2) provides our main
example. Its Seiberg—Witten curve locates the monopole and dyon singularities; its
monodromies connect those singularities to the coupling at large scalar expectation
value. The curve and the identification of its periods with physical charges are supplied
by the Seiberg-Witten solution. We work out their consequences here; the microscopic
derivation is developed in Part III.

What this chapter delivers

The calculations follow the path from fields to observables. We first pair the AN/ = 1 fields
into N' = 2 multiplets and determine their canonical coupling (§1.5.1). Electromagnetic
duality then explains how to compare charge and period coordinates in different frames
(§1.5.2). Differentiating the prepotential gives the coupling and metric (§1.5.3), while the
pure SU(2) curve gives singularities, BPS masses, monodromies and the local monopole
condensate (§1.5.4). Adding matter leads to scale matching and walls of marginal stability
(§1.5.5).

The remaining examples explain what changes outside the pure Coulomb-branch problem:
a hyperkéhler quotient produces the Higgs branch (§1.5.6); the massless Ny = 4 theory has
a marginal coupling and flavor triality (§1.5.7); free-field anomaly coefficients determine
Lagrangian conformal central charges (§1.5.8); and a singular local curve yields the
fractional Coulomb dimension of an Argyres—Douglas fixed point (§1.5.9).
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1.5.1 N =2 multiplets in N’ = 1 language

A four-dimensional A/ = 2 theory carries eight real supercharges. Chapter 1 records
this count as the 8Q) row of the dimensional table, the same amount as 5d A/ = 1 and
3d N = 4. Eight supercharges are twice the four of the 4d N = 1 theories of Chapter 3,
so the vector and full hypermultiplets considered here each split into a pair of AV =1
multiplets under the N' = 1 subalgebra. This is the working description used throughout
the chapter. The second supersymmetry relates the two A" = 1 pieces and constrains
their interactions.

There are two basic multiplets. The N = 2 wvector multiplet decomposes, under
the N' = 1 subalgebra, into an N' = 1 vector multiplet V and an N' = 1 adjoint chiral
multiplet ®,

N =2 vector = \4 ) iy . (I.5.1)

~~ ~~
N =1 vector N =1 adjoint chiral

It contains a gauge field A, a complex adjoint scalar ¢ (the scalar of ®), and two Weyl
gauginos, the gaugino of V' together with the fermion of ®. The second supersymmetry
relates the two gauginos. They form a doublet of the SU(2)g that rotates them into
each other. The N' = 2 hypermultiplet decomposes into two A" = 1 chiral multiplets in
conjugate representations,

N=2hyper = Q & Q, Q€cR, QcR. (15.2)

It carries four real scalars, the components of ) and @, which assemble into a quaternion,
and two Weyl fermions. Per gauge-representation component, the complex pair (Q, Q")
transforms as an SU(2)g doublet. The names V, @, Q, @ are exactly the NV = 1
multiplets of Chapter 3. What is new is the pairing rule, and the R-symmetry that
enforces it.

The R-symmetry of 4d N' = 2 is the master-table row of Chapter 1,

R = SU(2)r x U(1)g, dimR = 3+1 = 4, rankR = 1+1 = 2. (L5.3)

The SU(2)g rotates the two supercharges of each chirality into one another, and the
U(1)g acts on the adjoint scalar ¢ and grades the chiral ring. The two supercharges of
a fixed chirality carry the defining doublet, so their continuous automorphisms have Lie
algebra su(2)g @ u(1)g. Equal rank does not identify this algebra with su(3). In an
asymptotically free quantum theory the continuous U(1)r can be anomalous, as the
pure SU(2) example below will show.

An N = 2 gauge theory is then built from these pieces: the vector multiplets
gauge a group G, the hypermultiplets sit in a representation of GG, and the second
supersymmetry fixes the superpotential and gauge kinetic term in terms of A = 1 data.
The new physics is not the field content but the eight-supercharge structure the N’ =1
language misses: the rigid special geometry of the Coulomb branch, the curve that
solves it, and the BPS central charge.

The canonical N' = 2 coupling, in N’ =1 words. The pairing rule also pins down
the interactions. In A/ = 1 superspace, the adjoint chiral ® couples to a hypermultiplet
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(Q, @) through a superpotential the second supersymmetry fixes completely,
Wy—s = V2Q9Q + mQQ. (1.5.4)

Three facts make this A/ = 2 rather than a generic N' =1 superpotential. First, ® sits
in the adjoint of G and contracts the gauge indices of @ € R and @ € R into a singlet,
the cubic coupling selected by the gauge action on R,

R@adjeR D 1. (15.5)

Second, the cubic coefficient is not free: the second supersymmetry rotates the gaugino
of V into the fermion of @, tying the gauge coupling g to the Yukawa coupling in (1.5.4).
The factor /2 is the normalization that makes the central charge come out as the fixed
Z = ane + ap n,, of §1.5.4, not an adjustable parameter. Third, the mass term is the
unique N = 2-preserving mass, giving equal masses to the two A/ = 1 chirals as the
SU(2)r demands,

mq = mg = m. (I.5.6)

A generic change of these interactions breaks the second supersymmetry. The Yukawa
coupling must remain tied to the gauge interaction; it is this relation that allows the
low-energy vector-multiplet action to be described by one prepotential.

I.5.2 Electromagnetic duality and the charge lattice

On a generic vacuum the adjoint scalar ¢ acquires a VEV, the gauge group breaks to
its Cartan U(1)", and the low-energy theory is abelian. An abelian gauge theory in
four dimensions carries both electric and magnetic charges. Electric-magnetic changes
of frame exchange which charges are treated as electric; they need not be symmetries of
a fixed microscopic theory.
The low-energy coupling is packaged into one complex number, the complexified
coupling
T = A + @, Imr = il > 0, (1.5.7)
o 72 g2
whose real part is the theta-angle and whose imaginary part is the inverse gauge
coupling squared. The positivity of Im 7 is the positivity of the gauge kinetic term.

The electromagnetic-duality group is SL(2,Z), generated by two transformations,

0 -1 1 1 1
S_<1 O).7’l—>—T7 T—<O 1).T'—>’T+1. (1.5.8)

The generator S exchanges electric and magnetic charges and inverts the coupling,
T is the periodicity of the theta-angle § — 6 + 2x. Each acts on 7 by the Md&bius
transformation of its period matrix. For a fixed physical state, charges transform by
the inverse transpose, so their contraction with the period column is unchanged,

ar +b T d —c\ (nm
L () (4 () s
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Both generators have determinant one, and they obey the defining relations of SL(2,Z),
detS = detT = 1, S = —1, (ST)® = -1, (1.5.10)

the small algebraic check that the duality is well defined.

The magnetically charged states are solitons: on the Coulomb branch the broken
gauge symmetry supports a 't Hooft—Polyakov monopole, a finite-energy solution of one
unit of magnetic charge, while a purely electric state is a quantum of the unbroken U(1).
Changing to a magnetic frame treats a soliton as an electrically charged excitation
of the dual photon. This explains how the weak local descriptions at strong-coupling
singularities can use fields absent from the original weak-coupling Lagrangian.

The rank-r charge lattice and Sp(2r,Z). Rank one is the simplest case, not the
general one. A theory of rank r breaks to U(1)", and a BPS state carries r electric and
r magnetic charges. The charge vector lives in the electromagnetic lattice T'epy =2 Z27,

vy = (neg,nl) € Tem, I=1,...,r (L5.11)
The lattice carries a canonical antisymmetric integer pairing, the Dirac pairing,

(7,7 = ne,In;,Il — nfnn’el = ~7TJ4, J = <(])1T ]8) (1.5.12)

The pairing is the integer counting the relative electric-magnetic charge of two states,

(1) = =0, (e =0, (er,m?) = 67, (15.13)

antisymmetric, self-pairing zero, basic electric against basic magnetic pairing to +1.
We fix the ordering once: the prose labels every charge electric-first, v = (n.r,nl),
following (I.5.14). A duality matrix acting on the period vector transforms a fixed
charge by the dual (contragredient) action, so the central charge Z, stays invariant;
§1.5.4 acts the matrices on the period column (ap,a)” and states its paired charge
ordering (n,,,n.) at the point of use. The low-energy data are packaged in the period
vector 11 = (al,,ar), built from the special coordinates and their duals, and the central
charge of a state of charge ~ is the charge-period contraction

Zy, = nera’ + nlapr + (Aavor-mass terms), (I.5.14)

the rank-r generalization of the rank-one Z = an. + ap n,, of §1.5.4 (the flavor masses
are added in §1.5.5). The duality group is the group of lattice automorphisms that
preserve the Dirac pairing, the integer symplectic group

MeSp@2r,Z): MYJM = J, M eGL(@2rZ). (15.15)

At rank one a 2 X 2 integer matrix preserves J exactly when its determinant is one, so
the symplectic group collapses to the modular group,

Sp(2,Z) = SL(2,Z), (1.5.16)

118



recovering the S, T generators above. At higher rank a determinant-one integer matrix
need mot be symplectic, so det M = 1 alone does not preserve all electric-magnetic
pairings. The full condition MT JM = J retains the information lost by the determinant.
This describes changes of frame for the displayed unimodular lattice; a chosen particle
or genuine-line lattice can restrict the allowed transformations.

Three dualities that wear the same symbol

The letter “S-duality” and the group SL(2,Z) appear in three distinct places in this
chapter, and conflating them is the standing error of the section.

1. Low-energy electromagnetic duality on the abelian Coulomb branch (§1.5.2): the
group Sp(2r,Z) acting on the lattice I'em and the period vector I, SL(2,Z) at rank
one.

2. Monodromy of the period vector around singular loci of the Coulomb branch (§1.5.4):
a specific subgroup of the low-energy duality group, generated by the degenerations
of the Seiberg—Witten geometry (for pure SU(2), the M., Mg, Mo below).

3. Eract S-duality of a full superconformal theory (§1.5.7): a duality of the interacting
theory at its marginal coupling, e.g. SU(2) with Ny = 4, carrying extra flavor data
(Spin(8) triality) and global-form caveats.

The first is a property of the Cartan theory, the second is a property of the curve, and
the third is a property of the SCFT. They are related but not the same.

This layer comes first because it gives the curve’s monodromies a home: the Seiberg—
Witten solution attaches to each vacuum a coupling 7 and a charge vector, and carrying
the vacuum around a singular point acts on the pair by an Sp(2r, Z) matrix (at rank
one, SL(2,7Z)). Those monodromy matrices are exactly the electromagnetic-duality
transformations of this section.

1.5.3 The Coulomb branch and rigid special geometry

The Coulomb branch is the family of vacua on which the adjoint scalars are turned on.
Their VEVs break the gauge group to its Cartan U(1)", so the branch has complex
dimension the rank,

dimc Mg = r. (I1.5.17)

It is parametrized not by the gauge-dependent bare VEVs but by the gauge-invariant
Casimirs built from ¢, which are gauge-invariant coordinates on the branch. They differ
from the local special coordinates a’. For SU(2) there is one such invariant,

u = (Tr¢?), (1.5.18)

and the Coulomb branch is the complex u-plane. Calling it “the space of scalar VEVs” is
imprecise: the bare VEV (¢) is gauge-dependent, while the branch is coordinatized by the
gauge-invariant Casimirs and, locally, by the special coordinates a,ap the prepotential
below builds. The Coulomb branch is not a generic space of scalar expectation values;
it carries a rigid local special geometry, the data Seiberg—Witten theory solves.
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The two-derivative vector-multiplet Lagrangian on the smooth Coulomb branch is
fixed by a single holomorphic function, the prepotential F(a), where a! are the special
coordinates of the r abelian vector multiplets. From F one builds the dual special
coordinates, the low-energy coupling matrix, and the metric,

8f 827 6(1D1 2 I =7
= = = = =D — 1 7 (5.1
ap,r Dl TIJ 5l 9o’ P ds mTryda’ da (1.5.19)

The second derivative is the period matrix 777, the rank-r coupling whose rank-one
entry is the 7 of (I.5.7), now holomorphic in the position on the branch. The two ways
of writing it agree by construction. The metric is Im 775, its positivity the positivity of
the gauge kinetic term. This is what rigid special geometry means: one holomorphic
prepotential controls the special coordinates, their duals, the coupling matrix, and the
metric at once. The prepotential is only locally defined, since a duality transformation
changes (a,ap) and with it F; the periods form a section of a flat symplectic bundle
over the smooth branch. Its local components IT = (ap r,a’) are related by Sp(2r,Z)
transformations, and F is a frame-dependent potential. We now specialize to rank one.
A model makes the structure concrete and checkable. At weak coupling the one-loop
running of the SU(2) theory gives the prepotential
Fla) = - a? n (I1.5.20)
2w A2’ o
with A the dynamical scale and |a| > |A|, where instanton corrections are suppressed.
Differentiating determines how the magnetic coordinate depends on the electric one,

dF i a®

The derivative of a? supplies the logarithmic term, while the derivative of In(a®/A?)
supplies the +1. Both are required for this choice of prepotential. The second derivative
is the running coupling,

d?F dap ) a2

The first derivative carries one power of mass; the second is dimensionless, as a gauge
coupling must be. The logarithm controls the weak-coupling running: its coefficient
i/7 is the asymptotic-freedom slope fixed by the one-loop beta function, and the metric
is positive in the weak-coupling region,
1 a®

Im7 = In 2 +3] >0 for real a > A > 0. (1.5.23)
The additive constants (+1 in ap, +3 in 7) depend on the definition of A and the scheme;
the discriminating data are the logarithm and its slope, not the shift. A prepotential

giving Im 7 < 0 would signal a wrong-sign kinetic term, and the off-by-one-derivative
misidentification 7 = dF/da would also give the wrong mass dimension. The Coulomb
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branch is special-Kéhler, with an electromagnetic period system; the Higgs branch
instead has a hyperkahler metric and no such vector-multiplet period system.

The higher-rank atlas: SU(N) Coulomb branches. The worked theory below is
SU(2), but the structure is general. An SU(N) gauge theory breaks on its Coulomb
branch to U(1)N~!, so its rank is r = N — 1. The gauge-invariant coordinates are the
Casimirs of the adjoint scalar,

up = (Tro"), k=23,...,N, #upy = N—1 = r, (I1.5.24)

their number matching the rank. (These are the N’ = 2 counterparts of the Tr ¢*
chiral-ring generators of the N’ = 1 chapter.) The low-energy theory is an abelian
gauge theory of rank 7, with a period vector of 2r components (ap j,a’), a charge
lattice Doy & Z2" carrying the Dirac pairing (1.5.12), and a duality group Sp(2r,Z).
For N = 2 this is » = 1, one coordinate u = ug, and Sp(2,Z) = SL(2,Z), the case
whose curve and monodromies we study below. The higher-rank Seiberg—Witten curves
(hyperelliptic of genus r, with their period matrices) are the developed in the class S
and geometric-engineering volumes. The rank-r notation above allows their several
electric and magnetic periods to be treated together. Table 1.5.1 is the counting.

G rank r Coulomb coordinates period-vector length 2r
SU(2) 1 U2 2

SU(3) 2 U2, U3 4

SU(N) N-1 U2, ..., UN 2(N —-1)

Table 1.5.1: The SU(N) Coulomb-branch atlas. The rank is r = N — 1, the Casimir
coordinates are uy, = (Tr ¢¥) for k = 2,..., N, and the duality group is Sp(2r,Z). The
chapter solves the SU(2) (r = 1) row in full; the rest fix the notation for the higher-rank
constructions developed later.

I.5.4 Seiberg—Witten theory and the central charge

The prepotential is holomorphic but not single-valued: around the singular points of
the Coulomb branch it has the SL(2,Z) monodromies of §1.5.2. The Seiberg-Witten
solution encodes the exact, non-perturbative F in geometry. Over each point w it places
an auxiliary Riemann surface Y, the Seiberg—Witten curve, carrying a meromorphic
one-form Agw, the Seiberg—Witten differential. The special coordinate and its dual are
the periods of Agw over a symplectic basis (A, B) of one-cycles,

a(u) = ji Now,  ap(u) = ]i Asw. (1.5.25)

The curve is auxiliary: not the spacetime, not the moduli space, but a counting geometry
whose periods compute (a,ap,7) and whose degenerations locate the massless states.
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The BPS central charge follows from the periods. A state of electric and magnetic
charges (ne,n,,) has central charge and BPS mass

Z = ane + ap Ny, (1.5.26)

M = V2|Z| = \/§|ane+apnm|. (1.5.27)

This is the normalization convention used here, taken verbatim from the Seiberg—Witten
solution, the form Chapter 1 already used. The factor v/2 is part of the convention;
dropping it to write M = |Z| is wrong in this normalization. The three species of state
read off the charges,

W-boson (1,0) : M = v/2]al; monopole n,, # 0; dyon nen,, # 0. (1.5.28)

Where a one-cycle of ¥, pinches, that is, where two branch points collide and the
discriminant vanishes, the corresponding period vanishes and the BPS state of that
charge becomes massless. The SL(2,Z) monodromy around that point is the duality
transformation the massless state generates.

Pure SU(2), worked end to end. The cleanest instance is SU(2) with one vector
multiplet and no hypermultiplets. The Coulomb branch is the u-plane of (I1.5.18). The
microscopic U(1) g is broken by the anomaly to Zs, and since u has R-charge four, a
residual Zs acts on the branch as u — —u. The Seiberg—Witten curve, in the standard
form, is

> = (2% =AY (z —u), (1.5.29)

a family of elliptic curves over the u-plane. The quartic y?Q = (v? —u)? — A* also occurs
in constructions of the pure theory, but it is generically not birational to this cubic
at the same u, A. The distinction can be seen without computing any physical period.
Their invariants are

_64(4u? — 3A%)3 . 64(u® 4 3A%)3

For example, at u = 2, A = 1 they are 140608/3 and 21952/9. Smooth birational
genus-one curves have the same j-invariant, so this difference rules out the proposed
identification. Instead the map

(z,y0) = (u—v*, ivyQ) (1.5.31)

satisfies the cubic equation and identifies (v,yg) with (—v, —yg). It has degree two on
smooth fibers, giving a two-isogeny after choosing origins. Consequently a comparison
of physical periods must also translate the differential and the integral charge lattice.
Volume VII-A, Chapter 5 develops that translation; we retain the cubic periods and
charges throughout this example.

An elliptic curve y? = p(z) with p a cubic is a double cover of the x-sphere, branched
over the three roots of p together with the point at infinity. Reading off the cubic on
the right of (1.5.29), the three finite branch points are

r = +A? r = —A% T = u, (1.5.32)

122



the first two fixed by the scale and the third moving with the position v on the Coulomb
branch. The curve degenerates, and a one-cycle pinches, exactly when the moving root
meets a fixed root,

u = +A% (1.5.33)

node:
cycle — 0

u— +A?

(a) generic u: smooth torus (b) u = £A2: the one-cycle pinches

Figure 1.5.1: The Seiberg—Witten curve (1.5.29) is a torus fibered over the u-plane. At a
generic u (a) it is smooth, with a basis of one-cycles «, 8 whose periods are ap = fa Asw
and a = fﬁ Asw. At u = £A? (b) two branch points collide and a one-cycle pinches: the
period of the vanishing cycle goes to zero, so the BPS state with that charge becomes
massless. The vanishing cycle is a different one-cycle at each point, the monopole cycle
(period ap) at +A? and the dyon cycle (period —a + ap) at —A2. The curve is an
auxiliary Riemann surface, not the spacetime geometry.

The invariant statement is that the discriminant of the cubic in z vanishes. For
roots r; it is [[,_;(ri — r;)?. Here the three differences are 2A%, u — A? and u + A?, so,
up to a nonzero u-independent factor,

Alu) o (u? = AM? = (u—A%)? (u+ A?)?, (1.5.34)
a product of double zeros at the two finite points
u = +A* and u = —A% (1.5.35)

and at no other finite value, since A(0) # 0: the origin is not singular. There is also the
semiclassical singularity at © = oo, where the theory is weakly coupled. So there are
exactly two strong-coupling singularities, not one. The Zs symmetry u — —u relates
the two finite points but does not collapse them: the discriminant (1.5.34) is even in u
with two roots. The scale-free quartic yé = (v? — u)? has identically zero discriminant
for every w; it cannot isolate the two quantum singularities. For nonzero A the two
polynomial discriminants are

disc, Q = 256A%(u? — A*?), disc, C' = 4A*(u® — A*)2 (1.5.36)

A nonzero constant factor changes neither vanishing order. The simple quartic zeros
and double cubic zeros therefore carry information about the elliptic family and its
integral periods; they are not removable normalization choices. The reduced singular
locus is nevertheless the same pair of points. In the cubic charge convention, each
has one light BPS hypermultiplet, a monopole at +A2? and a dyon at —A2. A double
discriminant zero does not count two independent light particles.
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At each singular point a BPS state becomes massless, and its central charge follows
from (1.5.26),
uw=4A?: (ne,nm) =(0,1), Z=ap;

1.5.37
u=—A*: (ne,ny) = (-1,1), Z=—a+ap. ( )

The monopole period ap — 0 at +A? and the dyon combination —a + ap — 0 at —A2.

The masslessness is the period degeneration, read through the central charge.
Carrying the special coordinates around each singular point produces an SL(2,7Z)

monodromy. With the monodromies acting on the column vector (ap,a)”’, the three

are
10 ~1 2 ~1 2
M, = (2 1) . M= (2 3> . M= ( 0 1) : (1.5.38)

the monopole monodromy M,,, at u = +A?, the dyon monodromy My at © = —A2, and
the semiclassical monodromy M, at u = co. Each lies in SL(2,7Z),

det M,, = detMy; = det M, = 1, (1.5.39)

as §1.5.2 requires. The consistency condition is that a large loop enclosing both
finite singularities is homotopic to the loop at infinity, giving the ordered product
My, = M,, M. On the period column the rightmost matrix My acts first; multiplying,

M, My = (12 ?) (_; ;) = <_01 21> = M, (1.5.40)

where the lower-left entry is (—2)(—1) + (1)(—2) = 0, the relation closes exactly. The
order matters: the reversed product is

My M, = (_é ;) (12 (1)) = <_g g) £ M. (1.5.41)

This product is the backbone of the solution: the strong-coupling physics, two massless
states at finite u, is consistent with the weak-coupling one-loop monodromy at infinity.

The matrices act on the period column (ap,a)”, whose symplectically paired charge
column is ordered (n,,,n.), while the prose labels charges (n.,n,,) following (1.5.26).
For I = MTI, a fixed state has ¢’ = M ~Tq with ¢ = (n,,,n.)7; then ¢/TTI' = ¢TI = Z.
The curve alone does not choose all genuine line operators. In particular, the cubic
particle labels must not be identified with a primitive homology basis of the quartic
without the degree-two translation above.

Table 1.5.2 collects the solution. At weak coupling, where u is large, the periods

behave as )

) a
~ V2 ~ —qaln— 1.5.42
a Vu, ap 7Ta nA27 ( )

reproducing the one-loop running and the asymptotic-freedom logarithm of (I1.5.20).
The two strong-coupling singularities, by contrast, are invisible to perturbation theory.
They are the content of the exact solution.
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Figure 1.5.2: The Coulomb-branch u-plane with its three singularities: the monopole
point u = +A? (monodromy M,,), the dyon point u = —A? (monodromy My), and
the semiclassical point u = oo (monodromy M,). A large loop enclosing both finite
singularities is homotopic to the loop at infinity, so the monodromies obey the ordered
product My, = M,, My (1.5.40), the consistency condition that ties the strong-coupling
physics to the one-loop running at weak coupling.

Local frames: the light monopole and dyon. The weak-coupling variables (a, 7)
are not the right description near the singular points. At v = +A? the period ap
vanishes, the monopole becomes massless, and the correct low-energy variable is the
dual coordinate with small magnetic gauge coupling gp (and hence large Im 7p),

TD = ——. (1543)

In that frame the light monopole is an ordinary hypermultiplet (M, M ) of the dual
U(1), coupled by the N/ = 2 vertex of (I1.5.4) with the dual photon supermultiplet Ap,

Wlocal = \/§AD MM; (1544)

a weakly coupled magnetic A/ = 2 QED whose electron is the monopole. Near u =
—A? the same structure holds in the dyon frame, reached by a different SL(2,7)
transformation: the light field is the dyon (—1,1), and the local superpotential is
(I.5.44) with

AD — AD — A. (1545)

What is strongly coupled in one description is weakly coupled in another, the content
of §1.5.2 made local.

This local frame is also the precise seam to the 4d N' = 1 chapter. Deform by an
adjoint mass, written in the low-energy variables near the monopole point,

AW = mu = mu(ap). (1.5.46)

This breaks N/ = 2 to A/ = 1 and lifts the Coulomb branch. The condensation is a short
F-term computation, worth doing rather than asserting. The combined superpotential
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point massless state central charge monodromy on

(Neynm) (ap, CL)T
u = +A? monopole (0,1) Z=ap My, = (,12 (1))
u=—A? dyon (—1,1) Z =—a+ap Md:(jg)
U= 00 semiclassical one-loop ap Mo = (’01 fl)

Table 1.5.2: The pure SU(2) Seiberg—Witten solution from the curve (I1.5.29). The
two finite singularities sit at u = A2, each carrying one massless BPS dyon, and the
semiclassical point at u = oo closes the counsistency relation M, = M,, My (1.5.40).
The BPS mass at each is M = /2 |Z| from (1.5.27).

in the local monopole variables (Ap, M, M ) is

W = V2Ap MM + mu(Ap), (1.5.47)
and its F-terms are
ow — W ow — ,
0 V2Ap M, o= = V2 Ap M, 5An = V2MM + mu/(Ap).
(1.5.48)

The first two vanish, in a vacuum with M, M # 0, only at Ap = 0. Setting the third to
zero there gives m

(MM) = ~7 u'(Ap)| 4,y # 0, (1.5.49)
nonzero because u’ does not vanish at the monopole point: the monopole condenses.
This is the dual Meissner effect, the mechanism of confinement, and it occurs because
the adjoint mass breaks N'= 2 to A/ = 1. The condensed vacuum is one of the two
N = 1 vacua of pure SU(2) super Yang-Mills (one of N, in the SU(N,) analogue),
the material of Chapter 3. The N' = 2 scale A and the N' = 1 gaugino condensate
are separate order parameters, tied only by holomorphic scale matching across the
decoupling; we recall the condensate from Chapter 3 rather than conflate the two.

The scale A. The scale A in the curve (I.5.29) is not put in by hand. It is the N/ = 2
dynamical scale, generated by dimensional transmutation from the asymptotic freedom
of the ' = 2 gauge coupling, just as Aqcp is. The connection to the ' =1 condensate
appears only after the deformation, through scale matching; the condensate is not the
origin of A.

The matching is one line of holomorphy. Give the adjoint chiral a mass m and
integrate it out. Above m the theory is N' = 2; below m it is pure N' = 1 super
Yang—Mills. The one-loop coefficients and their jump are

b= = 2N,  ®T' = 3N, Ak = N. (I.5.50)

N=1
Holomorphic threshold matching at ¢ = m equates the two running scales, Ak}’zl =

by =2 .
m Abo AP, , that is

ARNe = m™Ne ARNe, (1.5.51)
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The power of m is exactly the jump in the one-loop coeflicient, not a free choice. For
the worked SU(2) case this reads

Ajy = m*ARj_,. (L5.52)

This is the cleanest bridge between this chapter and the N' = 1 chapter: the N' =1
gaugino condensate (A\) ~ A3._; of the deformed theory is tied to the N' = 2 scale
only through (I.5.51), with the mass m carrying the threshold. The dimensions agree:
the right-hand side has mass dimension N, + 2N, = 3N..

I1.5.5 Matter, decoupling, and BPS wall crossing

Pure SU(2) is the cleanest case but not the generic one. Adding Ny hypermultiplets in
the fundamental keeps the theory N'= 2 and enriches both its renormalization-group
behavior and its BPS spectrum. Flavor masses contribute to the central charge and
create thresholds in the running coupling. Changing the vacuum can also change which
charged states remain bound.

The matter central charge and flavor decoupling. With N, hypers of masses
my, the BPS central charge gains flavor terms,

Ny
Zy = Nea + npmap + Zsfmf, (1.5.53)
f=1

Here mj denotes the coefficient of the chosen flavor charge sy in Z. Its normalization
must be fixed with the flavor lattice and the differential residues; it is not automatically
the superpotential parameter in (I.5.4). For an elementary hyper with superpotential
mass m at ® = 0, M = |m| and M = /2|Z| require |symy| = |m|/v/2. Magnetic
sectors may carry flavor weights that are fractional in an elementary-quark basis. The
central charge is linear in the charges (ne, T, Sr), S0 a state’s mass tracks its full charge
vector. A flavor-charged state can thus remain massive even when its electromagnetic
contribution vanishes. The masses also tie the scales of consecutive theories. Integrating
out the heaviest hyper, by sending one mass m — oo holding the physics below it fixed,
matches the Ny scale to the Ny — 1 scale through

Ay, Y = mAg ™, (L5.54)

for 1 < Ny < 3, up to the scale normalization. The exponent is the one-loop coeflicient
bo = 4— Ny; it increases by one when a full hypermultiplet is removed. At the conformal
endpoint Ny = 4 there is no dynamical scale A4. Its place is taken by a dimensionless
holomorphic coupling g4, in a weak-coupling coordinate normalized so that Az = myqy
in the decoupling limit. Keeping A3 finite while sending my4 to infinity requires g4 — 0.
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Worked decoupling: Ny =4 — 3 — 2 with dimensions checked

Run the chain with mass dimensions tracked line by line. The RG-invariant holomorphic
combination of the SU(2) theory with Ny flavors is the power A Il(,Uf with bp = 4 — Ny (the
scale A, itself is a mass, of dimension one); it is this holomorphic power we track.

Ny=4: [q] =0, dimensionless (the marginal coupling); (1.5.55)
Ny=3: A3 =maqu, [[]=1=1+0V; (1.5.56)
Ni=2: Af=maA3 =mamaqu, []=2=14+1+0/. (1.5.57)

Each integration-out multiplies by one power of the decoupled hypermultiplet mass,
raising the exponent by one, so the dimension [Ak,of] =4 — Ny of the holomorphic power
is reproduced at every step. The dimensionless g4 retains the dependence on the marginal
coupling that would be lost by replacing it with the literal number one.

The general N' = 2 one-loop coefficient. The SU(2) value by = 4 — Ny is a
specialization of the general N' = 2 one-loop coefficient

b = 20Y(G) — > T(Ri), (1.5.58)

hypers ¢

where hY(G) is the dual Coxeter number and T'(R;) the Dynkin index of the i-th
hypermultiplet representation, in the normalization where the fundamental of SU(N)
has T'= 1 (so the adjoint has T'= 2h"). For SU(2), h¥ = 2 and each fundamental
hyper has T =1,

bo =22 — Ny = 4— Ny, (15.59)

Each full fundamental hypermultiplet therefore lowers by by one. This subtraction
explains both the sequence of asymptotically free theories and the conformal endpoint.

The SU(2) flavor window. Reading (1.5.59), the cases Ny = 1, 2, 3 are asymptotically
free, each generating a scale Ay,, carrying its own matter curve, and keeping an
Ny-dependent discrete R-symmetry remnant. The case Ny = 4 is special: by = 0,
so the theory is superconformal with no dynamical scale, carrying instead an exactly
marginal complexified coupling 7. Here the conformal statement refers to vanishing
hypermultiplet masses; nonzero masses are relevant deformations of that theory.
Table 1.5.3 is the window map. It is also the bridge to the S-duality of §1.5.7: the
marginal coupling of the Ny = 4 row is exactly the parameter that S-duality acts on.

BPS spectrum and walls of marginal stability. Chapter 1 warned that BPS
shortening is a statement about a fixed multiplet and does not guarantee a state exists
everywhere on moduli space; the pure SU(2) solution illustrates why. The mass formula
M =2 |Z.,| holds at every point, but which charges are realized by stable states can
change from region to region. The mechanism is a wall of marginal stability. A decay
v = 1 + 72 (charge conserved) costs no energy only when the central charges align in
phase,

arg Zy, = argZs, = 1Zy| = 122 ]+ 1251, (1.5.60)
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Ny bo=4—- Ny behavior

0 4 asymptotically free; pure SU(2), the worked
solution above

1 3 asymptotically free; own scale A; and matter
curve

2 2 asymptotically free; own scale A2 and matter
curve

3 1 asymptotically free; own scale Az and matter
curve

4 0 superconformal; exactly marginal 7, no scale,

S-duality of §1.5.7

Table I.5.3: The SU(2) flavor window. The one-loop coefficient is by = 2N.— Ny = 4—Njy.
The three asymptotically free cases (N = 1,2, 3) each carry their own dynamical scale
and Seiberg-Witten curve; the Ny = 4 case is the superconformal theory with a marginal
coupling and the four-dimensional S-duality of §1.5.7.

the additive saturation of the bound. This is arithmetic, not a postulate. The central
charge is linear in the charge, so

Lidre = Loy + Ly, (1.5.61)
and the triangle inequality for complex numbers gives
|Z’)’1+’Yz‘ = |Z"/1 + Z’Yz‘ < |Z’Y1‘ + |Z’Yz‘7 (1562)

with equality precisely at the same-phase wall (I.5.60). There the decay is kinematically
allowed; off it the strict inequality means a state at -y, if present, is lighter than its
would-be constituents and protected against two-body decay. Whether it is actually
present in a chamber is settled by the wall-crossing data. For nonzero constituent
central charges, phase alignment is the kinematic condition for a marginal decay. A
bound state can disappear on crossing such a wall; determining whether it does requires
the spectrum on the two sides. The clean distinction is between the protected mass
formula, the same in every chamber, and the chamber-dependent spectrum. Pure SU(2)
shows both extremes,

weak: {(1,0), (n,1)} (infinite tower); strong: {(0,1), (—=1,1)} (two states).
(1.5.63)
At weak coupling (large u) the W-boson and the whole dyon tower survive; at strong
coupling only the monopole and dyon that go massless at u = A2 remain, the tower
having decayed across the intervening wall. The systematic jump, the Kontsevich—
Soibelman formula and spectral-network construction is developed in Part III. The
displayed charge sets count particles up to CPT conjugation.
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I.5.6 The hyperkihler Higgs branch

The second branch of an A/ = 2 moduli space is the Higgs branch, parametrized by the
hypermultiplet expectation values. With eight supercharges this branch is not merely
complex. It is hyperkdihler: it carries three complex structures, and the SU(2)g of
§1.5.1 rotates them into one another. This is a different geometric structure from the
special-Kéhler geometry of vector multiplets. For the rigid four-dimensional gauge
theories considered here, the Higgs-branch metric is protected against gauge-coupling
corrections. It is not described by the electromagnetic period system on the Coulomb
branch.

Some theories also have mized branches, where both vector-multiplet scalars and
hypermultiplet scalars acquire expectation values. Such branches require the vacuum
equations to leave both types of coordinates available. The branch nomenclature is
Chapter 2’s: Coulomb, Higgs, and mixed are frame-dependent labels read from which
multiplets carry the local coordinates.

A worked hyperkihler quotient: U(1) with N hypers. The quotient removes
gauge-equivalent scalar configurations while imposing the vacuum equations. To see
both operations explicitly, take an N' = 2 gauge theory with a Higgs branch: a U(1)
vector multiplet with N hypermultiplets of unit charge. In N = 1 language each hyper
is a pair (Q;,Q:), ¢ = 1,..., N, with @Q; of charge +1 and @, of charge —1, so the
Higgs-branch scalars are 4N real, the components of 2N complex fields. The vacuum
equations are the vanishing of the moment maps. The complex moment map is the
F-term of the N' = 2 coupling (I.5.4), and the real moment map is the U(1) D-term
with its Fayet—Iliopoulos parameter (,

N

N
pe = ZQz‘@i =0, pr = Z(|QZ\2—|@Z\2) - ¢ =0. (1.5.64)
i=1

i=1

On the smooth locus where the constraints are independent and the gauge action is
free, the complex equation puc = 0 is one complex, hence two real, conditions; the
real equation ugr = 0 is one more; and then one quotients by the U(1) gauge action,
removing one further real direction. The hyperkihler quotient is My = u=1(0)/U(1),
and the real dimension count is

dimg My = 4N — 2 — 1 — 1 = 4N—-4 = 4N—-1), (L5.65)
~— ~—~ ~—
He HR U(1)

a multiple of four, as a hyperkédhler space must be, so the quaternionic dimension is
dimg My = N —1. (1.5.66)

The three real moment-map conditions (uc counting as two) are the hallmark of the
hyperkéhler quotient: the SU(2)g that rotates the three complex structures rotates
them into one another, and the three FI levels (g, Re (¢, Im (¢) form an SU(2) g triplet.
We have chosen (¢ = 0 and (g = (. The quotient removes a whole quaternionic direction:
three real constraints and one gauge orbit. Counting only the scalar fields would miss
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both operations. At nonzero FI parameter the general quotient is the cotangent bundle
T*PN=1 of complex dimension 2(N — 1). For N = 2 we can determine the defining
equation as well as the dimension. Work at zero FI level, where puc = Qlél +Q2@2 =0,
and form the gauge-invariant mesonic coordinates (each is neutral under the U(1), with
Q of charge +1 and C~2 of charge —1)

X = Qi1Qy, Y = QQ1, Z = QiQ1 = —Q2Qs, (I.5.67)

the last equality being the constraint uc = 0. These three coordinates are not indepen-
dent. Multiplying,

XY = (Q1Q1)(@2Q2) = Z(~-2) = —Z2, ie. XY +2Z% =0, (L5.68)

the A; relation: the Higgs branch is the hypersurface XY + Z2 = 0 in C3, a single
quadric cone, which is exactly the C?/Zy orbifold whose resolution is the Eguchi—
Hanson / T*P! space. Before imposing the complex moment map, the same expression
is XY + Z? = Zyug, so the constraint is precisely what produces the surface relation.
The nonzero real FI level gives a resolution whose invariant coordinates still map to this
cone; the invariant equation alone does not describe the exceptional curve. Volume V,
Chapter 4 develops the explicit metrics and the general Kronheimer construction.

The dimension counts now distinguish the two branches: the Coulomb branch
is special-Kéahler of complex dimension the rank (1 for SU(2)), the Higgs branch is
hyperkéhler of quaternionic dimension N — 1. The C?/T" ALE space of the ADE quiver
gauge theory is the geometric realization of exactly this quotient, computed in full in
Volume V ch. 4.

1.5.7 S-duality and the marginal coupling

Some four-dimensional A" = 2 theories have an exactly marginal complexified coupling 7,
a coupling whose beta function vanishes so that no scale is generated. The strong- and
weak-coupling regimes of such a 7 are physically equivalent, related by an S-duality group
of the four-dimensional theory. The structure generalizes the abelian electromagnetic
duality of §1.5.2 from the low-energy Cartan theory to the full interacting theory.

The canonical example is SU(2) with N = 4, the bottom row of Table 1.5.3. Why
this theory is marginal is the one-line beta-function check,

bp = 2N.—Nj = 4—Nj = 0 at Ny =4, (L5.69)

with N, = 2: the one-loop coefficient vanishes, no scale is generated, and 7 is an exactly
marginal parameter. The cancellation is exact for the massless NV = 2 theory. Its
S-duality acts on 7 in an SL(2,Z)-type fashion, accompanied by Spin(8) triality: the
four hypermultiplets fill the vector, and the duality permutes it with the two spinors,

hypers € 8,, 8, < 8 « 8. (outer S3). (1.5.70)

The precise group and action depend on the global form, the line operators, and the
masses; we record the massless field-theory fact, “SL(2,7Z)-type on 7 with Spin(8)
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object role under triality

the four hypermultiplet masses transform as Spin(8) weights

8., 85, 8¢ permuted by the outer automorphism S3

line operators / global form select the exact duality group

Table 1.5.4: The SU(2), Ny = 4 superconformal theory under Spin(8) triality. The S-
duality acts on 7 in an SL(2, Z)-type fashion while permuting the three eight-dimensional
representations by the outer automorphism. The exact duality group depends on the
global form, line operators, and masses, so the table records the structure, not a single
universal action.

triality,” with the global form and line-operator spectrum specified whenever an exact
duality group is needed.

Argyres—Seiberg duality is a further four-dimensional N' = 2 S-duality, relating two
different superconformal descriptions of the same theory, in which a weakly gauged
SU(2) acts on a strongly interacting sector. We state these as four-dimensional facts
and use them as such.

There is a systematic organization of these four-dimensional N' = 2 S-dualities,
together with its higher-dimensional origin and the geometric construction of the curves.
The class S construction supplies this organization and is developed in a later volume.
Here the essential distinction is between changing the electric-magnetic variables of an
abelian effective theory and identifying two descriptions of the full SCFT.

[.5.8 Conformal central charges of a Lagrangian the-
ory

The N = 1 chapter made the conformal central charges a and c a serious computation
through a-maximization. The N' = 2 side has an even cleaner statement for a Lagrangian
superconformal theory: with extended supersymmetry the central charges are fixed
by the free-field content alone, with no extremization needed. Counting n, vector
multiplets and nj, hypermultiplets (in units where one free hypermultiplet has n; = 1),

5Ny, + np 2n, + np,

The formula is the linear sum over the free-field content,
vector : (a,c) = (%, %), hyper : (a,c) = (ﬁ, %) (L5.72)

Two examples make it concrete. First, SU(2) with N; = 4, the marginal theory of the
previous section, whose content is

n, = dimSUQ2) = 3, n, = 4xdim0 = 4x2 = 8, (15.73)
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o that 5.3+8 23 2.3+48 7
— ) _ = 7. = -, I . 4
¢ 24 217 ¢ 12 6 (15.74)
Second, N = 4 super Yang-Mills, read as an A/ = 2 vector multiplet plus one adjoint
N = 2 hypermultiplet, so n, = nj, = dim G, and
dim G
a=c= -2 (L5.75)
4
For N = 4 the equality a = ¢ follows from n, = nj, so the imbalance of vectors and

hypers vanishes,

_ bnytny 2(2ny ) ny —np
a—c = 9 9 = 5 = 0. (1.5.76)
The SU(2), Ny = 4 theory is the smallest member of a conformal Lagrangian family:
SU(N) with Ny = 2N fundamentals has by = 2N — Ny = 0, marginal for every N,

with content

n, = N?—1, np, = 2N-N = 2N?, (L5.77)
giving
_ 5(N?-1)+2N?  T7N%?-5 _ 2(N?-1)+2N?  2N%?-1
¢ 24 - T 0 Y7 12 -6
(1.5.78)

which at N = 2 returns (23/24,7/6), the numbers just computed. Table 1.5.5 collects
the cases. In particular, the offset —5 in a comes from the missing trace generator of
SU(N): replacing N2 — 1 by N2 would change the anomaly.

theory Ny s a c

free vector 1 0 5/24 1/6

free hypermultiplet 0 1 1/24 1/12
SU(2), Ny =4 3 8 23/24 7/6

N =4 SYM, gauge G dim G dim G dim G/4 dim G/4
SU(N), Ny = 2N N? -1 2N? (TN? —5)/24 (2N*-1)/6

Table 1.5.5: Conformal central charges of Lagrangian N' = 2 theories from a = (5n,, +
ny)/24, ¢ = (2ny +np)/12. The SU(N), Ny = 2N row is the conformal family whose
N = 2 member is the SU(2), Ny = 4 theory; the N' = 4 row has a = ¢ because n,, = ny,.
The equality in the A/ = 4 row follows directly from equal vector and hypermultiplet
dimensions.

For a non-Lagrangian theory there are no free fields to count, and the central charges
must be determined by other means; the Argyres—Douglas example below is such a
case. We determine one combination of its anomalies from its Coulomb dimension;
determining them separately requires further information.
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There is one more relation, and it is the reason the central charges belong in the
same chapter as the Coulomb branch. For the theories considered here, with freely
generated Coulomb coordinates and the usual low-energy measure relation, the Shapere—
Tachikawa formula determines the combination 2a—c from the Coulomb-branch operator
dimensions {A;},

1
20-c = 5 ;(Mi ~1). (L5.79)

Check it on SU(2) with N; = 4, where the single Coulomb coordinate u has A = 2:
both sides give 3/4,
1 3 23 7 46 — 28 3

d@2N) =g e = 2ioF s Ty T

(15.80)

The relation earns its keep on the non-Lagrangian side. The rank-one Argyres-Douglas
theory of the next section has the fractional Coulomb dimension A(u) = 6/5, so even
though its a and c separately have not been determined here,

1 6 7
2 — :7<2-7—1):f 1.5.81
a—c 1 z 50 (I.5.81)
is fixed by the Coulomb-branch geometry alone. Thus one Coulomb dimension deter-
mines one combination of anomalies. A second piece of information would be needed to
separate a and c.

I.5.9 Argyres—Douglas fixed points

A sharper phenomenon occurs at special points of the Coulomb branch. The pure
SU(2) solution had its two massless states, the monopole (0,1) and the dyon (—1,1), at
different points of the u-plane. In richer theories two BPS states with charges (ne, ny,)
and (nl,n.,) can become massless at the same point, and if their Dirac pairing is
nonzero,

nen,, — nmn, # 0, (1.5.82)

m

they are mutually non-local. A monopole and a dyon with nonzero pairing are the
canonical example. The nonzero pairing prevents any SL(2,7Z) frame from making both
charges purely electric. At the isolated Argyres—Douglas degeneration considered below,
the resulting light sector has no weakly coupled A/ = 2 gauge description. Its infrared
limit is an interacting superconformal theory. This identification uses the physical
Seiberg-Witten solution in addition to the charge-pairing obstruction.

This is the sharpest instance of a Chapter 2 fact: not every supersymmetric field
theory has a conventional Lagrangian. An Argyres—Douglas fixed point is a genuine field
theory, with well-defined Coulomb-branch and Seiberg—Witten data, flavor symmetries,
and central charges; it simply has no weakly coupled gauge description with elementary
fields.

Scaling at the simplest Argyres—Douglas point. The qualitative mechanism
deserves one explicit computation, and the cleanest one is a scaling analysis of the local
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curve. For the simplest rank-one Argyres—Douglas theory, the local Seiberg—Witten
geometry is
22 = 22+ o, Asw = zdz, (1.5.83)

where u is the Coulomb-branch expectation value and Agw is the Seiberg—Witten
differential. The dimensions of the geometric variables are fixed by two inputs. First,
the Seiberg—Witten differential has mass dimension one, because its period a = f Asw
is the special coordinate and carries dimension of mass, so

Asw] = [z]+[7] = 1. (1.5.84)
Second, the curve 22 = 2% must be scale-covariant, which forces
2[z] = 3[z]. (1.5.85)
Solving (1.5.84)~(L5.85) gives
[2] = % [z] = g (1.5.86)
and the dimension of the Coulomb-branch operator u follows from [u] = [2%] = 2[z]

(equivalently [u] = [23] = 3[2], consistently),
Alu) = 2[z] = —. (1.5.87)

The number is the point. A Coulomb-branch dimension of 6/5 is fractional. A free or
weakly coupled gauge theory has integer Coulomb dimensions,

A(Tré*) = k € 7, (1.5.88)

so a fractional dimension is the signature of a genuinely interacting, non-Lagrangian fixed
point. The differential matters as much as the equation of the curve: assigning dimension
one to dz alone would give [u] = 3, a different result. The physical normalization
[Asw] = 1 selects the fractional solution.

For this simplest (rank-one) Argyres—Douglas point the chapter can pin only its rank
one, its computed dimension A(u) = 6/5, the absence of a weakly coupled Lagrangian,
and the mutual non-locality of its light states. Its central charges a and ¢ are known
from anomaly arguments; their individual determination is beyond the calculation here.
The combination 2a¢ — ¢ = 7/20 already follows from (1.5.81).
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An N = 2 SCFT data card

A non-Lagrangian A = 2 superconformal theory has no weakly coupled fields to list, but
it still carries a well-defined set of protected data. The disciplined way to read such a
theory is to record:

e the Coulomb-branch operator dimensions A; (e.g. A(u) = 6/5 for the example
above), which need not be integers;

o the Higgs branch as a hyperkéhler variety and the global (flavor) symmetry;
o the flavor central charges kr, the coefficient of the flavor-current two-point function;
e the conformal central charges a and c;

o the BPS charge lattice T'ey with its Dirac pairing (I1.5.12) and any defect/line-
operator data;

e the Seiberg—Witten curve and differential (1.5.83), or a class S construction, when
one is available.

These quantities let us compare theories without listing elementary fields. Their systematic
determination for non-Lagrangian theories is developed in Part III.

The local curve makes the obstruction to a weakly coupled gauge description
quantitative: its mass-one differential forces a Coulomb operator of dimension 6/5. The
construction of more general such fixed points belongs to the class S development.

Exit checklist

After this chapter the reader can

1. read a 4d N = 2 theory in N’ = 1 language: a vector multiplet as an A/ = 1 vector
plus an adjoint chiral, a hypermultiplet as two conjugate N/ = 1 chirals, with R-
symmetry SU(2)g x U(1) and the canonical coupling Wy—2 = v2 Q®Q +mQQ;

2. set up the rank-r charge lattice with its Dirac pairing (7,~’), write the central
charge Z,, = n. ja’ +nl ap r, name the duality group Sp(2r,Z) (with SL(2,Z) =
Sp(2,7Z) at rank one), and distinguish low-energy duality, period monodromy, and
exact SCFT S-duality;

3. separate the Coulomb branch (special-Kéhler, with prepotential F, special coordi-
nates ap ; = 0F /0al, coupling 177 = 0*F /dal da’, metric Im 7) from the Higgs
branch (hyperkéhler), and differentiate the one-loop F to ap = (i/m)a(ln+1),
7= (i/7)(In +3);

4. write the Seiberg-Witten periods a = ¢, Asw, ap = §; Asw and the central
charge Z = ane + ap n,, with M = /2|Z|;

5. run the pure SU(2) solution: the curve, the branch points, the discriminant
o (u? — A*)?] the singularities at u = £A2, the massless monopole and dyon, the
ordered monodromy product Mo, = M,, Mg, and the local monopole/dyon frames
Wlocal = \/iADMMy
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6. add matter: the central charge Z = n.a+nmap+ 7 Symy, the flavor-decoupling

relation A Nf b mA}lV_fo , the 4— Ny window, and the wall-crossing discipline

arg Z., = arg Z%,,

7. compute a hyperkéahler quotient (U(1) with N hypers, dimg = N — 1), state the
N; = 4 marginal coupling (by = 0) and its Spin(8)-triality S-duality with the
global-form caveat;

8. compute the Lagrangian A/ = 2 central charges from n,, ny, recovering (a,c) =
(23/24,7/6) for SU(2), Ny =4 and a = ¢ = dimG/4 for N' = 4 SYM, and use
2a —c= 1Y ,(2A; — 1) as the interface to non-Lagrangian SCFT data;

9. derive the Argyres-Douglas fractional dimension A(u) = 6/5, and read an N = 2
SCFT through its protected data, distinguishing computed quantities from those
requiring further physical input.

Status and sources

The central-charge convention is Z = ane + ap n.,, and M = V2 |Z]. The supercharge count
and R-symmetry follow Chapter 1.

Scope of the calculations. The algebra assumes the supplied curves, multiplet content,
BPS identification and anomaly formulas. The Ny = 4 matching relation retains the marginal
coupling ¢q4. Replacing the formal zero power of the scale by one does not check that dependence.
The displayed cubic and quartic invariants, degree-two map, contragredient charge action
and one-loop derivatives are conditional algebraic calculations. Integrating the given angular
integrand determines the leading electric normalization. It does not select a microscopic cycle
or compute the magnetic period. The magnetic logarithm follows separately by differentiating
the supplied one-loop prepotential and from the period asymptotics of the original solution.
These computations do not derive the Seiberg—Witten solution or its BPS spectrum. The
physical central-charge coefficients are supported by anomaly arguments [ANOM)]. Their rational
arithmetic is a separate conditional calculation.

§1.5.1 A/ = 2 multiplets in N' = 1 language. The N' = 2 vector = (N = 1 vector) &
(adjoint chiral) (I.5.1); the hyper = two conjugate N =1 chirals (I.5.2); the canonical coupling
Wy=2 = \[Q'@Q + mQQ (I1.5.4), with the V2 the central-charge normalization fixed by the
second supersymmetry; the SU(2)r x U(1)r R-symmetry (rank 2, dimension 4, not SU(3)).
The multiplet representations and coupling are physical inputs. (Seiberg and Witten (1994a);
the multiplet decomposition is the standard A/ = 1 language of Chapter 3, Tachikawa (2014)).
Additional calculations include the 8@ count read off the Chapter 1 ladder and the rank and
dimension of the stated R-symmetry group.

§1.5.2 Electromagnetic duality and the charge lattice. The complexified coupling 7 = 0/27 +
4ri/g? (1.5.7); the SL(2,Z) generators S,T with S : 7 — —1/7, T : 7+ 7 + 1 (1.5.8); the
't Hooft—Polyakov monopole as the magnetic soliton; the rank-r charge lattice v = (ne,1,nl,)
(I.5.11) with the Dirac pairing {y,7') = 47 Jv' (1.5.12), the period-vector central charge (1.5.14),
and the duality group Sp(2r,Z) (1.5.15) with SL(2,Z) = Sp(2,Z); the three-dualities box. The
matrix and lattice identities are conditional calculations [MATH]. Seiberg and Witten (1994a)
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supplies the pure electric/magnetic central charge; Seiberg and Witten (1994b), equation (2.9),
supplies its optional flavor-charge term. Additional calculations include det S = detT = 1,
the Mobius actions, S? = —1, (ST)® = —1; the Dirac pairing antisymmetric and integer, the
monodromies and S, T all in Sp(2,Z) (MTJM = J), and a det-1 rank-2 shear that is not
symplectic.

§1.5.3 The Coulomb branch and rigid special geometry. The Coulomb branch of complex
dimension = rank, coordinatized by the gauge-invariant Casimir u = (Tr ¢?) (I1.5.18) (distinct
from local special coordinates); the prepotential F with ap,; = F/da’, 115 = 8*°F/8a’da’ =
dap,1/da’, metric ITm7r;da’da’ (1.5.19), F local and II global; the one-loop F (1.5.20)
differentiated to ap = (i/w)a(ln(a®/A?)+1) (1.5.21) and 7 = (i/7)(In(a®/A%) +3) (1.5.22) (the
log load-bearing, the additive constants convention-dependent). The derivatives of the supplied
prepotential are conditional calculations [MATH]. Tachikawa (2014) gives the Coulomb-branch
and special-coordinate account. Seiberg and Witten (1994a) gives the local prepotential and
period/metric framework. P. C. Argyres and Douglas (1995), equations (2.1) and (2.14)—(2.16),
gives SU(N) gauge-invariant coordinates, the higher-rank curve and period construction; the
rank arithmetic here does not derive that physical construction. Additional calculations include
ap = dF/da, the two routes to 7 agree, Im7 > 0 in the physical region; the one-loop ap and
7 with the 41 fixed by the displayed prepotential and the log slope i/m.

§1.5.4 Seiberg-Witten theory and the central charge. The periods (I.5.25); the central charge
(I.5.26) and BPS mass (I.5.27) in the Chapter 1 normalization; the pure SU(2) curve (1.5.29),
its branch points (1.5.32), the discriminant oc (u* —A*)? (1.5.34) vanishing (doubly) at u = +A?
(1.5.35), the massless monopole (0,1) and dyon (—1, 1), the monodromies (1.5.38) on (ap,a)7,
the ordered product M,, Mg = Mo multiplied out (I1.5.40) with the reversed order # M
(I.5.41) (Table 1.5.2); the local monopole/dyon frames Wigcal = V2Ap MM (I.5.44) and the
N =1 seam AW = mu(ap) under which the monopole condenses, with the explicit F-term
solve Ap = 0, (MM) = —(m/v/2)u’(0) # 0 (1.5.47)—(L.5.49); the A as the A" = 2 transmutation
scale, tied to the /' = 1 gaugino condensate of Chapter 3 only after an N = 1 mass deformation.
The full Seiberg-Witten solution, the curve and the special-geometry derivation of F, is treated
in Part III. The discriminant, isogeny and transport calculations are conditional mathematics
[MATH]. The discriminant is proportional to (u? —A*)?, with double zeros at +A? and no zero at
the origin. The ordered monodromy product Mo, = M, My differs from MgM,,. The anomaly
statement [ANOM)] concerns one coefficient and uses no independent matching calculation. The
normalized electric integral uses the displayed integrand. The magnetic logarithm follows from
the supplied prepotential. The physical cycle and BPS identifications require additional input.
The cubic premise is from Seiberg and Witten (1994a), and the quartic form is from Witten
(1997), equations (2.19)—(2.21). The invariant and degree-two comparison uses the translation
derived above. Seiberg and Witten (1994b), Section 11.1, supplies the pure-theory index-two
charge convention and a related isogeny. The algebraic degree-two map leaves the physical
cycle identification and full genuine-line lattice open. Seiberg and Witten (1994b) gives the
matter curves, and N. A. Nekrasov (2003) gives the instanton-counting derivation.

§1.5.5 Matter, decoupling, and BPS wall crossing. The matter central charge Z, = nea +
nmap + ), symy (1.5.53); the flavor-decoupling relation A;l\,;(ivlf_l) = mA;lV_fo (I.5.54); the
SU(2) window by = 4 — Ny (Table 1.5.3); the wall of marginal stability arg Z,, = arg Z,,
(I.5.60), the protected mass formula vs the chamber-dependent spectrum, and the pure-SU(2)
weak-coupling tower vs strong-coupling two-state chamber (operating Chapter 1’s BPS-stability
warning). The Kontsevich-Soibelman / spectral-network machinery is treated in later chapters.
The exponent arithmetic and the triangle-equality calculation are conditional [MATH]. The
flavor, scale and spectrum assertions, including the g4« matching relation, are cited physical
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inputs. (Seiberg and Witten (1994b) the matter curves; Gaiotto, Moore, et al. (2010) the
routed wall-crossing side). Additional calculations include the matter central charge linear
with the mass term present; the decoupling exponents 4 — (Ny — 1) vs 4 — N stepping by one;
the by window arithmetic.

§1.5.6 The hyperkdhler Higgs branch. The Higgs branch as hyperkéhler (three complex
structures rotated by SU(2)r), distinct from the special-Kéhler Coulomb branch; mixed
branches; the worked U(1)-with-N-hypers quotient with the moment maps (1.5.64), the
dimension count 4N —2 —1—1 = 4(N — 1) (1.5.65), and dimg = N — 1 (I1.5.66) (N = 2
the Ay / T*P'); the explicit C*/T" ALE geometry is the engine home Volume V ch. 4, with
the hyperkdhler-quotient construction routed to later chapters. The quotient count and
invariant ring follow mathematically [MATH] under the given assumptions. The physical
Higgs-branch and resolution identifications are inputs. (Kronheimer (1989) via Volume V.4).
Additional calculations include dimg = N — 1 for N = 1,...,5 and the constraint counting;
the Coulomb-branch complex dimension = rank, the Coulomb branch carries a special-Ké&hler
metric.

§1.5.7 S-duality and the marginal coupling. The exactly marginal coupling and its four-
dimensional S-duality; the canonical SU(2) with Ny =4 (bg = 2N.— Ny = 0 (1.5.69), marginal
7, an SL(2,7Z)-type S-duality plus Spin(8) triality 8, <> 85 +> 8., with the global-form/line-
operator/mass caveats stated and routed); Argyres—Seiberg duality, stated. The systematic
class S organization and its higher-dimensional origin are routed to later chapters and developed
nowhere in the body. The Ny = 4 triality is from Seiberg and Witten (1994b), Sections 6 and 17.
(Seiberg and Witten (1994b) the Ny = 4 marginal coupling; P. C. Argyres and Seiberg (2007)
Argyres—Seiberg duality; Gaiotto (2009) the routed class S program). Additional calculations
include bg = 0 at Ny =4 and by > 0 below it, only Ny = 4 marginal among 0, ...,4.

§1.5.8 Conformal central charges of a Lagrangian theory. The Lagrangian A/ = 2 central
charges a = (5ny + nn)/24, ¢ = (2n, + np)/12 (1.5.71) fixed by the free-field content; SU(2)
with Ny = 4 giving (a,c) = (23/24,7/6) (1.5.74); N' = 4 super Yang-Mills (n, = n;, = dim G)
giving a = ¢ = dim G/4 (1.5.75), the a = ¢ equality following from its equal vector and
hypermultiplet dimensions; the SU(N), Ny = 2N conformal family a = (7N? — 5)/24,
c = (2N? —1)/6 (1.5.78) reducing to (23/24,7/6) at N = 2 (Table 1.5.5). Non-Lagrangian
central charges (the Argyres—Douglas case) are routed onward, not invented. The anomaly
formulas [ANOM] give two coefficients a, ¢ in the Lagrangian cases and the combination 2a — ¢
in the Shapere-Tachikawa cases. The numerical substitutions are conditional calculations
[MATH]. (P. C. Argyres and Douglas (1995) the AD theory; the Lagrangian central-charge
formulas and the 2a — ¢ relation are textbook N = 2 results, the non-Lagrangian determination
routed). Additional calculations include the free vector (5/24,1/6) and hyper (1/24,1/12)
values, the Ny = 4 numbers (23/24,7/6), and the N' = 4 degeneracy a = ¢ = dimG/4.
The Shapere-Tachikawa relation 2a —c = 1 > (24A; — 1) (L5.79), used here under the freely
generated Coulomb-coordinate and low-energy measure assumptions, checked on SU(2), Ny = 4
(2a — ¢ = 3/4, matching a, ¢) and used to pin the Argyres—Douglas combination 2a — ¢ = 7/20
(1.5.81) from A(u) = 6/5 alone.

§1.5.9 Argyres—Douglas fixed points. Two mutually non-local BPS states (nonzero Dirac
pairing (1.5.82)) massless together; no duality frame makes both local, so the IR is an
interacting non-Lagrangian A/ = 2 SCFT; the scaling example 2% = 2° 4+ u, A\sw = xdz
(1.5.83) giving [2] = 2/5, [x] = 3/5 (1.5.86) and the fractional A(u) = 6/5 (1.5.87); the N’ =2
SCFT data card. The pairing and scaling calculations are conditional [MATH]. The existence
and interpretation of the Argyres—Douglas theory are physical premises. (P. C. Argyres and
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Douglas (1995)). Additional calculations include [z] = 2/5, [z] = 3/5, A(u) = 6/5 from [A\] =1
and 2[z] = 3(z], A(u) non-integer.

Further reading

The Seiberg—Witten solution has the pedagogical review Lerche (1997) and the lecture
notes Tachikawa (2014). Instanton counting and the prepotential are in N. Nekrasov and
Okounkov (2006), extended to quivers in N. Nekrasov and Pestun (2023); localization
on S* in Pestun (2012) with the review Pestun et al. (2017); the AGT correspondence
in Alday et al. (2010). BPS spectra and wall-crossing appear in Gaiotto, Moore, et al.
(2013) and Gaiotto, Moore, et al. (2012). Argyres—Douglas and other non-Lagrangian
fixed points are in P. C. Argyres, Plesser, et al. (1996) and Xie (2013), their central
charges in Shapere and Tachikawa (2008), the geometric constraints on Coulomb
branches in P. Argyres et al. (2018), and the associated chiral algebra in Beem et al.
(2015).

For modern entry points, see the comprehensive guide Akhond et al. (2022) and the
Coulomb-branch lectures Martone (2020a). Higher-rank central-charge formulae and
special-K&hler stratification are developed in Martone (2020b) and P. C. Argyres and
Martone (2020), while the protected chiral-algebra sector is reviewed in Lemos (2020).
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Chapter 1.6

3d supersymmetric field
theories

Reader contract. A photon in three dimensions has one propagating polarization.
At low energies an abelian photon can therefore be described by a compact scalar,
the dual photon. Combined with the scalar in a supersymmetric vector multiplet, it
gives a Coulomb branch whose local operators carry magnetic flux. This is why three-
dimensional gauge dynamics calls for monopole operators rather than scalar vacuum
expectation values alone. The chapter first derives the dual-photon and topological-
current normalizations, then computes monopole dimensions in SQED. It next uses the
round-sphere free energy to determine a free chiral’s R-charge, and follows the effect of
a Chern—Simons level on monopole charge and duality. ABJM illustrates the leading
N3/2 growth of that free energy. With eight supercharges, the same monopoles generate
a hyperkéhler Coulomb branch; mirror symmetry relates it to a Higgs branch that can
be computed by a hyperkdhler quotient. Chapters 1 and 2 supply the algebra and
multiplet grammar, while Chapters 3 and 5 supply the four-dimensional comparisons.
The local calculations here use established field-theory formulas and dualities whose
general proofs are identified in the chapter-end apparatus.
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What this chapter delivers

The 3d N' = 2 multiplets, the real scalar ¢ in the vector multiplet, and the dualization of
the photon (§1.6.1); the dual photon, the Coulomb branch as a quantum object, and the
topological U(1)s current j; = «F/27 (§1.6.2); monopole operators, the GNO magnetic
charge, flux attachment, and the Borokhov—Kapustin—-Wu dimension formula worked
on U(1) SQED (§1.6.3); F-maximization, the sphere free energy F[A] and the one-loop
function £(z), the free-chiral value A = 1, and the F-theorem (§1.6.4); Chern-Simons-
matter, the quantized level k, and the parity anomaly k + %T(R) € Z (§1.6.5); ABJM
U(N) x U(N)_, the N =6 — N = 8 enhancement, and the N*/? free energy (§1.6.6);
the Aharony and Giveon—Kutasov dualities, their rank maps, and the S* partition-function
identity as evidence (§1.6.7); the A' = 4 enhancement, the twin hyperkéhler Coulomb and
Higgs branches, the SU(2)c X SU(2) x R-symmetry, and the monopole-generated Coulomb
ring Vo V. = ®Ns (8§1.6.8); and three-dimensional mirror symmetry as the Coulomb <>
Higgs exchange, with the basic Ny = 1 pair and the T[SU(2)] self-mirror worked (§1.6.9).

1.6.1 N =2 multiplets and the dual photon

A 3d N' = 2 theory has four real supercharges. This is the same count as 4d N = 1:
dimensional reduction of a four-dimensional A/ = 1 theory on a circle gives a three-
dimensional N = 2 theory, so the two share their supercharge algebra and their
R-symmetry U(1)g. The supercharge table of Chapter 1 records this as the 4Q row
4dd N =1=3d N =2 = 2d (2,2). Four real supercharges is twice the minimal
three-dimensional spinor: a minimal 3d spinor is two-component real, so 3d N/ = 1
has two supercharges and 3d A/ = 2 has 2 x 2 = 4, the four-supercharge workhorse.
We take the count and the multiplet grammar as given and build the genuinely new
three-dimensional structure on top of it.

The R-symmetry is a single abelian U(1)g, inherited from the four-dimensional
U(1)r. As in four dimensions, the fermion in a chiral multiplet has R-charge one less
than the scalar, Ry, = A —1 (with A the scalar R-charge), and the gaugino has R-charge
+1. This shift is the input to the monopole dimension (I1.6.18) and to F-maximization
(§1.6.4); we recall it, and do not re-derive the multiplet R-charges, which are Chapter 2
grammar.

The two multiplets are the ones fixed in Chapter 2, read in three dimensions.

e Chiral ®: a complex scalar ¢, a Dirac fermion 1, and an auxiliary field F'.

o Vector V: a gauge field A, a gaugino, an auxiliary field D, and one extra real
scalar that is the first new fact of the chapter. Reducing a four-dimensional vector
multiplet to three dimensions, the gauge field Ay;, M = 0,1, 2,3, splits into a
three-dimensional gauge field A,, ;1 = 0,1,2, and one leftover component As.
That leftover has no gauge index to carry in three dimensions, so it becomes a
real scalar o sitting in the vector multiplet alongside the photon:

AM M} (AIJ«’ 0'), U'EAg. (161)
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The extra component supplies a real scalar in the 3d N’ = 2 vector multiplet. In the
gauge-field normalization of the covariant derivative, [0] = 1 and [g?] = 1; a canonically
rescaled free scalar instead has dimension % For a U(1) theory a nonzero (o) gives a
real mass |qo| to a field of charge g, so o parametrizes a direction of the moduli space
of vacua just like a four-dimensional adjoint scalar. But in three dimensions this is only
half of the story.

The photon dualizes to a scalar. The second new fact is special to three dimensions.
Count the physical polarizations. A free photon in d dimensions carries d — 2 on-shell
states, so in d = 3 it carries

d—2=3-2=1 (1.6.2)

single physical polarization: the little group is SO(1), trivial. A free real scalar also
carries one state, so the two are candidates to be the same degree of freedom. The
change of variables that identifies them uses the low-energy equation of motion, not the
Bianchi identity. In the free abelian infrared theory the Maxwell equation

dxF = 0 (16.3)

makes xF closed (the Bianchi identity dF' = 0 is a separate statement, the conservation
of the topological current j; of §1.6.2). On a topologically trivial patch xF' is then exact
and can be written as the gradient of a scalar,
Foy 16.4
*F = oody, (1.6.4)

the dual photon ~. We use Euclidean signature in this derivation and in the linking-
sphere charge below, with orientation da' A dz? A da® > 0 and > = (—=1)PG3-P) = 41
on p-forms. The factor of ¢ in (1.6.4) belongs to the Euclidean saddle; it is essential for
a positive scalar kinetic term. This description assumes an unlifted abelian Maxwell
region with g2 > 0, no effective Chern—Simons term, and the U(1) flux lattice with
minimal electric charge one. A massive Maxwell-Chern—Simons photon does not give
this massless scalar.

The dualization explains the normalization. In the Euclidean weight e~ 5%, treat F
as an independent two-form and impose its local Bianchi identity with a multiplier:

1 )
SglF,v]==— | FAxF+ — dF. 1.6.5
olPol = 55 [ Fasfr o [ (16.5)
Both integrands are three-forms; the first is the component action [ d*z F,, F},,/(4g%).
For variations of compact support, integration by parts turns the second term into
—i [dy A F/(2r). Varying v gives dF = 0 away from insertions. Varying F instead
gives

2

Lar=q Py S[]—g—/d A xd (L6.6)
92 - o s — o0 s E|Y] = 871'2 Y - V.

The Gaussian saddle for F' is complex, although its original integration contour is real.
Substitution gives —g?/(87?) from the Maxwell term and +g¢?/(47?) from the multiplier
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term, leaving the positive coefficient displayed above. Thus the photon becomes one
scalar with kinetic coefficient K = ¢?/(4n?) in Sg = & [ dy A *d-.

The global input is distinct from the local equation dF' = 0. We sum over U(1)
bundles with

F e 2rnZ, v~y 427, (1.6.7)
S2

The compact multiplier is dual to this integer flux lattice; its local equation alone
does not quantize the flux. Inserting a monopole of flux 27m at x imposes dF =
2mmd,, where §, is the oriented delta three-form. Replacing the constraint term by
i [ y(dF — 2mmd,)/(27) produces the factor e™7(*) in e=52. Integer m makes this
factor single-valued under the 27 shift. Conversely, the charge-one sector fixes the
period to 27 in this normalization. The expression is schematic in a supersymmetric
theory, where scalar factors and dressing also enter the monopole operator. Its shift
charge is already visible here.

For now the payoff is a counting statement. Assemble the Coulomb-branch coordi-
nates. Classically a U(1) theory has one real scalar o; dualizing the photon adds one
more, the compact v:

dimg C{Zh = 1 4+ 1 =2 (1.6.8)
94 y

a two-real-dimensional Coulomb branch, parametrized by the pair (o, ). This doubling,
one from the reduced gauge-field component and one from the dualized photon, is
the seed of everything that follows: it is why the 3d A/ = 4 Coulomb branch will be
four-real-dimensional and hyperkéhler (§1.6.8), and why its coordinates are quantum
monopole operators rather than classical VEVs. The classical vacuum equations (F-
flatness F; = OW/d¢; = 0 and 3d D-flatness modulo gauge equivalence, Chapter 2
grammar) are unchanged; what is new is that one vacuum coordinate, the dual photon,
is absent as an elementary scalar in the original gauge variables and is defined through
the flux (1.6.4).

At a generic value of o, charged matter becomes massive. In a nonabelian theory
an adjoint o can also break the gauge group to its Cartan subgroup; in U(1) it leaves
the gauge group intact. A chiral multiplet of gauge charge ¢ has a real mass

Mreal = Q<U>, (169)

This is the coupling to the vector-multiplet scalar. At a generic point (o) # 0, a charged
field of charge ¢ # 0 is massive and can be integrated out,

() #0 =  Myea = q{o) #0 for all charged fields, (1.6.10)

leaving an abelian Maxwell description when the effective Chern—Simons level vanishes
and no monopole potential lifts the branch. Semiclassically the Coulomb branch looks
like the o line; the quantum story (§1.6.3) fibers the dual photon over it.
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I.6.2 The Coulomb branch and the topological U(1);

The dual photon is not a spectator. For an ungauged topological current associated
with a U(1) factor, its shift symmetry acts on local monopoles. Their expectation values
give quantum Coulomb coordinates. Consider the current

= L WE 9t = L waFr =0 (1.6.11)

JJ = o ) uly — o ) +V-
conserved not by any equation of motion but by the Bianchi identity dF = 0. This is the
topological symmetry U(1)s; its normalization is fixed by the convention j; = xF/27
(the current for a U(N) factor is j = 5= x Tr F). The charge it measures is the total
magnetic flux,

1
= *xjy = — F. 1.6.12
QJ /32 JJ 27T S2 ( )

The current j; is a one-form; xj; = F/(27) is the two-form integrated on an outward-
oriented linking sphere. Given the chosen flux lattice, its charge follows by division. For
one flux quantum [g, F = 2m,

1 27 2mn
= | F =222 21, ta) = — = n, 1.6.13
Qr = - . 5 Qs(n quanta) = —— = n (1.6.13)
so the basic monopole has topological charge exactly 1 and the charge is linear in the
flux. The normalization is load-bearing: a mis-normalized current j = xF'/4r would
give Q; = (2m)/(47) = %, the wrong count. The current j; = *F/27 is the one for
which the basic monopole has integer charge 1.

Common misconception: the 3d Coulomb branch is a classical scalar-VEV space

It is tempting to picture the 3d Coulomb branch as the direct analog of the four-dimensional
one, a moduli space of classical adjoint scalar VEVs. It is not. The photon dualizes to a
compact scalar, so the branch is parametrized by o together with the dual photon ~, and
the operators whose VEVs coordinatize it are monopole operators (§1.6.3), not polynomials
in a classical field; in N' = 4 its chiral ring is monopole-generated and quantum-corrected
(§1.6.8). The adjoint-VEV picture is only the semiclassical approximation, valid far out
on o where the theory is weakly coupled.

In the original gauge variables j; is conserved by the Bianchi identity. In the dual
variables it is the shift Noether current, with the Euclidean Ward normalization made
explicit:

2

1
jj=-—xF=iKdy, K=~

by = R’ Q.] = /S2 *]g = m. (1.6.14)

Indeed a local shift 6y = a(z) varies the scalar action by 6Sg = K [da A xdy.
With ¢"™7(®) inserted, its Ward identity is d x (Kdy) = —imd, inside correlators.
Multiplication by i gives d x j; = md,, so the outward sphere measures charge m.
Here Kdr is the real Euclidean variational current, while j; = iKd~ is the current
normalized to generate the unitary shift U(c) = @7 and €™ s ™™, This

147



convention accounts for the Euclidean ¢; using a real Lorentzian relation without
continuing the current would mix conventions.

A magnetic point charge is not winding of v around a point. A point in three
dimensions is linked by S?, and 72(S') = 0. The charge is the shift Noether charge
of a local insertion, schematically e?” for one flux quantum. Winding of a compact
scalar around a linking circle describes a different defect. In the original gauge fields a
monopole is a disorder insertion, and its charge is the flux (1.6.12).

Two facts about U(1); recur throughout the chapter. First, it can be coupled to a
background vector multiplet through a mixed Chern—Simons term. The background
scalar supplies a Fayet-Iliopoulos (FI) parameter for the dynamical U(1); the BF term
below is its gauge-field component. Thus the FI parameter couples to the topological
symmetry,

1
Crr — Qs Spr = %/AJAF, (1.6.15)

where this BF action is written in Lorentzian signature with weight e**2¥. The real-time
Chern—Simons actions below use the same convention. The FI interpretation is a fact
we use in the mirror dictionary (I1.6.76). Second, under mirror symmetry U(1); is
exchanged with a flavor symmetry of the mirror theory (§1.6.9): the topological current,
which has no Lagrangian origin, becomes an ordinary flavor current with one.

Part I. The 3d NV = 2 language and Chern—-Simons matter

The dual photon gives magnetic flux a local operator. The next step is to compute the
dimension of that monopole operator from the charged fields in its flux background. The
same charged fields contribute to the sphere free energy that selects the superconformal
R-symmetry. A Chern—Simons level then attaches electric charge to the flux, changing
which monopoles can appear as gauge-invariant operators and hence changing the
duality map. We develop this sequence in N = 2 language, which also describes ABJM
before its supersymmetry enhancement. The eight-supercharge theory then reuses the
monopole operators to construct its Coulomb branch.

1.6.3 Monopole operators and their dimensions

A 3d monopole operator is a local operator, but not one built from the elementary
fields. It is a disorder operator: to insert it at a point x, one declares that the path
integral is taken over field configurations with a prescribed singularity at . On a small
two-sphere S? surrounding z, the gauge field is required to carry the flux of a Dirac
monopole of magnetic charge m,

F = m, (1.6.16)



with m valued in the GNO (Goddard-Nuyts—Olive) lattice, the coweight lattice of the
gauge group in its declared global form. For U(1) the charge m is an integer; for a
nonabelian group it is a cocharacter, an embedding U(1) < T into the maximal torus,
taken modulo the Weyl group. The operator is well defined because the flux (1.6.16) is
conserved: inserting it creates one unit (or m units) of the U(1); charge (1.6.12), so a
bare monopole operator of magnetic charge m carries topological charge @ ; = m.

To read off its quantum numbers one uses the state-operator map. In a conformal
field theory a local operator at the origin of R? corresponds, under the conformal map

R3\ {0} = S% xR, A(O) = E(state on S?), (1.6.17)

to a state on S2, the radial coordinate becoming Euclidean time, so the operator
dimension is the energy of that state. The monopole operator maps to a state of the
theory quantized on S? in the background of the magnetic flux m. At the superconformal
point the energy equals the R-charge of the lowest state in the flux sector. The flux
deforms the mode expansion of every charged field: a charged fermion in a monopole
background develops Landau levels on S2, and its filled Dirac sea carries a net R-charge.
Summing these contributions gives the dimension. The counting is the Borokhov—
Kapustin—Wu formula. Written so the matter and the gauge (gaugino) contributions
are kept separate,

A(m) = % ST =2) > |pm)] = > |alm)|. (1.6.18)

chirals ¢ pi€R; a>0

Here the sum ), runs over the chiral multiplets; A; is the R-charge of the i-th chiral,
so its matter fermion has R-charge Ry = A; — 1, and the prefactor (1 — A;) = —Ry,
is that fermion R-charge with a sign. The inner sum ) p; Tuns over the weights p; of
the gauge representation R;, and p;(m) is the pairing of the weight with the magnetic
charge. The last sum runs over the positive roots «; it is the gaugino contribution
of the vector multiplet, and it is written separately from the matter sum precisely so
it is not double-counted with it. The matter contribution raises the dimension and
the gaugino contribution lowers it. This is the one canonical dimension formula of the
chapter; every special evaluation below is a special case of (1.6.18), never a different
convention.

Worked instance: the U(1) SQED monopole

Take U(1) SQED with Ny flavors: Ny hypermultiplets, each of which is two chiral
multiplets Q (charge +1) and Q (charge —1), so 2N + chirals of unit charge. Feed this
content into (I1.6.18) piece by piece. The gauge group U(1) is abelian, so it has no
positive roots and the gaugino sum drops:

U(1) abelian = Z|a(m)| = 0. (1.6.19)
a>0
Each of the 2Ny chirals carries a single weight of charge 1, whose pairing with the
magnetic charge is

Z lpi(m)| = |£1-m| = |m| (one weight per chiral). (1.6.20)
pi€ER;
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In the N = 4 theory the hypermultiplet chirals have R-charge A; = %, fixed by the
R-symmetry, so every prefactor is 1 — A; = % Summing the identical contribution of
all 2Ny chirals,
1 Ny
Am) = = (1-3) @Ny) Im| — 0= ZL[m[, so A(l)= 5 (1.6.21)

——— N—— 2
per chiral # chirals

N =

The basic monopole (m = 1) has dimension Ny /2. This is the basic monopole dimension
of the chapter, and it is an evaluation of the general formula, not a separate rule. The
dimension is genuinely built from the matter: the R-charge enters through the prefactor,
so for a generic chiral R-charge A; the same theory gives

A, = %

(1—-A;)(2Ny) = Ny (1-A4A,), (1.6.22)
which equals Ny/2 only at A; = & (at A; = 2 it is Ny/3 instead). A matter-blind
assignment A = 0 is simply wrong: it ignores the flavor content.

To isolate the gaugino subtraction as a formal check (the output is negative, so this
is a sign test that exercises the root term, not a physical unitary monopole sector), keep
the same two unit-charge chirals (N; = 1) but add one positive root of an SU(2)-style
pairing «(m) = 2m. The matter sum is unchanged, and the gaugino sum switches on:

Atormal(1) = 3(1= 3@ — |a()] = 5-2 = -3, (1.6.23)
N——’ SN——"
1 =2
matter= 3
lower by exactly 2 than the no-root value % The chosen matter weights and root

are only an algebraic sign test; they do not specify a consistent SU(2) representation.
Folding the gaugino term into the matter sum, or using a fermion R-charge other
than A; — 1, gives a different (and wrong) dimension. Table 1.6.1 collects the SQED
evaluation across small V.

Ny chirals A(1) = N;/2  Coulomb geometry V. V_ = ®Ns

1 2 2 C? (smooth)
2 4 1 C?*/Z3 (A1)
3 6 3 C?/Zs (As)
4 8 2 C?/Z4 (As)

Table 1.6.1: The basic monopole dimension A(m = 1) = Ny/2 of U(1) SQED at A; = %,
from (I.6.18) (2N; unit-charge chirals, no roots), and the Coulomb-branch geometry
Vi V_ = ®Ns it seeds (§1.6.8), the Ay, _1 singularity.

For general magnetic charge the pairing of each unit-charge weight is |m|, so the
dimension is linear and doubles from m =1 to m = 2:

A(m) = %|m|, A2) = Ny = 2A(1). (1.6.24)
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The dimension is a function of the magnetic charge, not a fixed number attached to
“the monopole”; and the lowest monopole (m = £1) generates the Coulomb-branch
chiral ring in §1.6.8. When F-maximization (§1.6.4) moves the R-charges off 1, the same
formula (1.6.18) responds through the prefactor (1 — A;); this is how monopoles enter
the F-maximization of a gauge theory.

Bare and dressed monopoles. The operator constructed so far is the bare monopole:
it imposes the flux and nothing else. Acting with the elementary fields in the flux
background builds dressed monopoles. In N' = 4 the dressed tower of the vector-multiplet
adjoint scalar @,

Vin, Vi ®, V,, ®%, ... (m = +1), (1.6.25)

together with @ itself generates the Coulomb-branch chiral ring (§1.6.8). This is
the precise sense in which the Coulomb branch is “built from monopole operators”:
its coordinate ring has monopole generators, and the relation V,V_ = &7 fixes a
monopole-antimonopole product to a matter-determined power of the adjoint scalar.

Flux attachment. When the gauge field carries a Chern-Simons term of level k (§1.6.5),
a monopole of magnetic charge m is no longer gauge-neutral. The Chern-Simons term
ties the magnetic flux to electric charge: the Gauss law reads %FHQ = 4%, 50 a unit of
flux carries a unit of gauge charge weighted by k. A monopole of charge m therefore
acquires a gauge charge

Jgange = km, (1.6.26)

flux attachment (derived from the Gauss law in §1.6.5). Two consequences follow: a
bare monopole in a Chern-Simons theory is gauge-charged, so it must be dressed by
matter to be gauge-invariant; and flux attachment is why the Giveon—Kutasov dual
(§1.6.7) has no monopole singlets while the Aharony dual does.

1.6.4 F-maximization

When several abelian symmetries can mix into the R-symmetry, the superconformal R
is a definite linear combination, fixed by an extremization principle. In four dimensions
it maximizes the central charge a (Chapter 3); in three dimensions it maximizes the
real part of the round-sphere free energy. This is F-maximization, the 3d counterpart
of the a-maximization in Chapter 3.

The object that is extremized is the free energy of the theory on a round three-sphere.
Supersymmetric localization reduces the S® partition function to a finite-dimensional
matrix integral, a function Z[A] of the trial R-charges A; assigned to the matter. A
chiral multiplet of trial R-charge A contributes a factor to Z whose logarithm is the
one-loop function

U(z) = —zlog(l—e*™*) + %(7722 + %Li2(e2mz)) — %, (1.6.27)

evaluated at z = 1 — A. The one-loop function has the clean real-axis derivative

V'(z) = —mzcot(rz), (1.6.28)
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which is the handle by which the stationarity equations are written. The physical free

energy is
FlA] = — 10g|Z[A]|, Ztree chiral(A) = exp (1 — A), (1.6.29)

and F-maximization identifies the exact superconformal R-charges A¥ at a local maz-
tmum of Re F' along the allowed mixing directions. For the free chiral below, its
one-variable Hessian is strictly negative.

Worked instance: the free chiral

A single free chiral multiplet, with no superpotential and no flavor mixing, has one trial
R-charge A and free energy F(A) = —Re /(1 — A). To extremize it, use the derivative
identity (1.6.28). By the chain rule,

F
%A - —Re[z/a—A)-(—n} = Rel(1-A) = —n(1—A)cot(r(1 - A)), (16.30)
using ¢'(z) = —mzcot(mz) at z = 1 — A. The stationarity equation o F = 0 is

cot(m(1 — A)) = 0 (with the prefactor 1 — A nonzero on 0 < A < 1), which is solved by
m(l — A) = 7/2, that is

7T2

1 2Re F
T Rel) -5 <0 (1.6.31)

AT =g A2

A*
the free-field R-charge A = %, and the Hessian is negative, confirming a maximum.
The value 1 is exactly the free-field scaling dimension (d — 2)/2 of a 3d scalar and
saturates the 3d chiral-primary relation A = R (the three-dimensional analog of the
four-dimensional A = %R7 recalled from Chapter 1). For example, direct evaluation
gives

F(0.4) < F(3) > F(0.6): (1.6.32)

these nearby trial charges give smaller free energy. Once flavor or monopole mixing
is present the extremum moves off % to an interacting value determined by the same
stationarity equation; such interacting fixed points require the localization calculation
of Part III.

The stationarity equation identifies a candidate R-charge; its Hessian distinguishes a
maximum from a minimum. Here the negative second derivative —72/2 establishes the
local maximum. For a gauge theory, the matter determinant must also be integrated
over the vector-multiplet scalar before the same criterion is applied.

Common misconception: F-maximization is a-maximization in three dimensions

The extremization principle is shared, the quantity is not. F-maximization extremizes the
round-sphere free energy F' = —log |Z[A]|, a transcendental function of the trial R-charges
built from £(z) by localization; it does not extremize the four-dimensional fermion-trace
cubic 3%(3 Tr R® — Tr R). The superconformal R-charges are a local mazimum of Re F
(Jafferis), certified by a negative Hessian; F' is not a cubic, and its third derivative does
not vanish. The F-theorem, Fyv > Fig, is its monotonicity statement, the 3d analog of
the a-theorem, and F' is a different number from a.
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The F-theorem is the monotonicity companion. Under renormalization-group flow
the round-sphere free energy decreases,

Fyv > Fig, (1.6.33)

so I counts degrees of freedom the way a does in four dimensions. A clean way to
anchor the theorem is the free energy of the free chiral itself: evaluating (1.6.29) at
A* = % gives

Free chiral = — Ref(%) , (1.6.34)
a fixed, finite real number, the S? free energy of one free chiral multiplet (computed
numerically from ¢). A worked monotonicity check follows from giving one of several
chirals a real mass and integrating it out: the infrared theory has one fewer massless
chiral, so

FUV = NFfree chiral, FIR = (n_l) Ffree chirals FUV_FIR = Ffree chiral > 07

(1.6.35)
a strict decrease consistent with (I1.6.33). We state the theorem and route its proof
(with the localization derivation of Z[A] and the exact value of Fiee chiral) to Part II1.

Worked instance: the structure of SQED F-maximization

The step up to an interacting gauge theory is worth stating, with the scope honest:
this chapter runs F-maximization to a number only for the free chiral; the gauge-theory
extremum is stated here without a numerical solution. Take U (1) SQED with N flavors
as an N' = 2 theory. The trial R-charge of the 2N chirals, A, is one parameter,
but not the whole story: the topological U(1); and the flavor U(1) can mix into the
R-symmetry, with FI and real-mass parameters coupling to them. The sphere free
energy includes an integral over the vector-multiplet scalar o. At zero Chern—Simons
level, a localized integral with conjugate chiral charges takes the form

F[Ag,¢] = —log ’/ do exp{N;[l(1 = Ag +ic) +L(1 — Ag —io)] + 2miCa}],
R
(1.6.36)
and F-maximization is the same stationarity condition as before, now in several variables,
oF oF
— = _— = Hess F’ i 1.6.
9hg 0, A (mixing) 0, ess ' < 0 (a maximum), (1.6.37)

which fixes the exact superconformal R when the trial symmetries and convergence
conditions are specified. The integral, rather than its exponent at o = 0, is the object
to extremize; topological mixing changes the background parameters. Its interacting
extremum need not equal % The full evaluation requires the localization machinery
developed in Part III; this chapter delivers the principle, the ¢-function, and the
free-chiral extremum in full.

The extremization family. F-maximization sits in the family Chapter 3 opened, one
member per dimension:

4d : max a(R) (cubic), 3d: max Re F[R] (transcendental), 2d: c-extremization,
(1.6.38)
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the same idea, the exact R fixed by extremizing a trace- or localization-built quantity,
realized by a different object in each dimension. Common to all are the discriminating
Hessian and a monotonicity theorem (a-theorem, F-theorem); what differs is the
quantity, transcendental rather than polynomial in three dimensions. This chapter owns
the 3d member and signposts the prototype to Chapter 3.

1.6.5 Chern-Simons-matter theories and the parity
anomaly

Three dimensions admits a gauge coupling with no four-dimensional analog. A gauge
field can carry a Chern-Simons term,

k
Scs = - /Tr (A dA + %Ag), k € Z (pure bosonic normalization), (1.6.39)
v

with the pure bosonic level k quantized to an integer. The book always quotes the
bare level k; effective or shifted levels are derived statements, written explicitly when
they arise. Quantization of k is a topological requirement. Under a large gauge
transformation of winding number w € Z the Chern-Simons action shifts by 2wkw, so
for a pure non-spin Chern—Simons theory the requirement that the path-integral weight
be unchanged reads

Scs — Scs + 27k w, €908 invariant <= k€ Z. (1.6.40)

The spin theories with fermions used below refine this statement: the bare level can be
integer or half-integer, but only subject to the parity-anomaly condition (1.6.43). An
arbitrary fraction such as k = % is not admissible.

The Chern-Simons term changes the gauge dynamics in two ways we use. First,
it gives the photon a topological mass ~ kg2, so a pure Chern-Simons gauge field is
gapped rather than dualizing to a massless dual photon; the Coulomb branch is lifted.
Second, it attaches flux to charge. Vary (1.6.39) for a U(1) factor together with the

matter current: the equation of motion for the time component Ag reads

k

— Fy = §°, 1.6.41
o 112 J ( )
the 3d Gauss law with a Chern-Simons source. Integrating over a spatial slice, the left
side is % f F = km for a configuration of magnetic charge m, and the right side is the
total gauge charge, so a monopole of magnetic charge m carries gauge charge

Qgauge = km, (1.6.42)

which is (I.6.26), now derived from the Gauss law rather than quoted. The Chern-
Simons term thus ties magnetic flux to gauge charge: with k # 0 a bare monopole is
gauge-charged, so it is not a gauge-invariant operator on its own and must be dressed
by matter to become one. Depending on the global form of the gauge group and the
level, the continuous topological symmetry U(1); can then be reduced or mixed with
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the gauge data rather than remaining an independent global symmetry. We do not say
the Chern-Simons term simply Higgses U(1) s; the precise statement is flux attachment
and the dressing it forces. This is the origin of the difference between the Aharony and
Giveon—-Kutasov dualities in §1.6.7.

The parity anomaly. A single massless Dirac fermion in three dimensions cannot be
quantized in a way that preserves both gauge invariance and parity. Regulating the
fermion determinant induces a half-integer Chern-Simons term, so a theory with an
odd number of charged fermions requires a half-integer bare level to be consistent. This
is the parity anomaly. For the abelian and fundamental examples used here, the local
condition in the stated trace normalization is

k+iT(R) € Z, (1.6.43)

where T'(R) is the index (the Dynkin sum) over the charged fermions of R. For the U(1)
or U(N)-fundamental example with N unit-charge fermions the index is T'(R) = Ny,
so (1.6.43) becomes

Z, Ny even,

L (1.6.44)
5 +4, Ny odd.

N
ktslez = ke {
The condition is computed from the index: T(R) = 3 forces k € 1 +Z, T(R) = 4 admits
k € Z, and a level outside 3Z is inadmissible altogether: for T(R) =1,

k=3 = k+3=2¢1, (1.6.45)

so k = 3 is forbidden. The Ny/2 form (1.6.44) is the fundamental special case of the

general representation-dependent statement (I1.6.43); Table 1.6.2 tabulates small Ny.

Ny T(R)=N; k+ N;/2€Zrequires admissible bare k

1 1 ke % +Z half-integer
2 2 keZ integer
3 3 ke % +Z half-integer
4 4 kel integer

Table 1.6.2: The parity anomaly on the U(1)/U(N)-fundamental example. The index
is T(R) = Ny, and the admissible bare Chern-Simons level satisfies k + N¢/2 € Z:
half-integer for odd IV, integer for even Ny.

1.6.6 ABJM and the N®? free energy

The canonical Chern-Simons-matter theory is ABJM (Aharony-Bergman—Jafferis—
Maldacena). It is a
U(N)g x UN)_g (1.6.46)
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gauge theory (the first factor at level +k, the second at —k) with two bifundamental
hypermultiplets in the conjugate representations

A;e(N,N), B;e(N,N), ij=12, (1.6.47)

coupled through a quartic superpotential. It is A" = 6 superconformal for generic k,
and its supersymmetry enhances to N' = 8 at the special levels ¥k = 1,2. The two
Chern-Simons levels are opposite in sign, and each must independently satisfy the parity
anomaly (I1.6.43) for the bifundamental matter,

(k, —k), k+1iT(R) €z, (1.6.48)

which is compatible with the paired bifundamental content in this convention. ABJM
is the worldvolume theory of N M2-branes probing the orbifold C*/Z;, (constructed in
later volumes, Volume VIII); here it is the main Chern—Simons-matter example.

The reason it is the main example is a single number, the growth of its free energy
with the rank N. Localization and its M-theory limit give the leading round-sphere
free energy at fixed positive k and large NV

2
Fgs = % k12 N3/2 4 o(N3/2). (1.6.49)
The leading exponent is 3/2, rather than the naive 2 of a gauge theory with O(N?)
matrix degrees of freedom; the N 3/2 growth is the field-theory signature of N M2-
branes, the microscopic count of degrees of freedom on the M2-brane worldvolume. For
sufficiently large integer NV, the positive free energy obeys
. log F(N) 3
1 — = = 1.6.
N log N 2’ (16.50)
since log F(N) = 2 log N +log(mv'2k/3) +0(1) at fixed k > 0. This reads off the leading
power without differentiating the remainder. To illustrate the arithmetic of this leading
term, substitute £ = 2 and N = 4 into it. This substitution is not an exact finite-rank
free energy:
2 2 16
Fleaa(2,4) = %\/5-43/2 - %ﬁ.s - 7” (1.6.51)
The ratio of leading terms at two ranks cancels the overall constant:
Head(kv 4) 43/2

Foa(h1) — 192 = 8 (N3/? reading), versus 4% = 16 (wrong N?).
lead \ v,
(1.6.52)

Table 1.6.3 shows ratios of the leading function, not exact small-rank values. The
localization derivation of the ABJM matrix model and its M-theory limit (the constant
%/5 and the N3/2 law) is treated in Part IIL.

The N3/? scaling is the field-theory manifestation of the M-theory origin. On the
standard M2-brane branch with the usual global-form choice, the moduli space of vacua
and the supersymmetry both track the orbifold:

8, k=12,

M = Sym®" (CY/Z;). N = 1.6.53
ym" (C*/Zy) {6, - ( )

156



N F(k,N)/F(k,1) = N3/2 the N3/? reading the N? reading (wrong)
1 1 1 1
2 23/2 = 2\/2 ~ 2.83 4
4 43/2 = 8 8 16
9 93/2 = 27 27 81

Table 1.6.3: Ratios of the leading ABJM free-energy function Fleaq(k, V), which cancel
its overall constant and isolate the N exponent. The entries at small N evaluate that
function and are not exact finite-rank partition functions.

the configuration space of N indistinguishable M2-branes on the orbifold, with the level
k the order of the orbifold action. At k = 1 the orbifold is trivial (C*) and the theory
is the maximally supersymmetric worldvolume theory of M2-branes in flat space; at
k = 2 the Zy still preserves N’ = 8. The N3/2 number is the one to carry away.

Common misconception: the ABJM gauge group is SU(4) with an effective level

Two errors travel together here. First, the A/ = 6 R-symmetry is SU(4), and it acts on
the matter, but it is not the gauge group: the ABJM gauge group is U(N)i x U(N)_g,
with the declared global quotient as global-form data, and the ABJM matter weights
(1,1,1,1)/k lie in U(4), not SU(4). Second, the book quotes the bare level k. The parity
anomaly (1.6.43) is a quantization condition on the bare level (the k + Ny /2 € Z form is
the fundamental special case, not the general law), a constraint, not a redefinition. The
global form (the diagonal U (1), the Zy quotient) affects the line and monopole spectrum
and the C*/Zj, orbifold statement; the full line-operator classification is treated with the
global-form machinery.

I1.6.7 The Aharony and Giveon—Kutasov dualities

Three-dimensional N' = 2 gauge theories have their own Seiberg-type infrared dualities,
and the monopole operators of §1.6.3 make them differ from the four-dimensional Seiberg
duality of Chapter 3 in a way worth stating precisely. There are two, distinguished by
whether a Chern-Simons term is present.

Aharony duality (no Chern-Simons term). A U(N,) theory with N, flavors (and
no Chern-Simons term) is infrared-dual to a U(N; — N,) theory with Ny dual flavors, a
gauge-singlet meson M, and two extra gauge-singlet monopole operators V., all coupled
through a superpotential. The rank map is

U(N,) «— U(Ns—N.), (1.6.54)

and the monopole singlets V. are the three-dimensional feature with no four-dimensional
analog: the electric theory’s monopole operators are dynamical, so the magnetic dual
carries them as explicit singlet fields. The map is an involution, as any duality must be:

U(N.) — U(Ny—N.) — U(N;—(N;y—N.)) = U(N.). (1.6.55)
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Giveon—Kutasov duality (Chern-Simons level k). Turn on a Chern-Simons level
k. A U(N.)i theory with Ny flavors is dual to a

U(Ne)r «— U(Ny+ k| = N.)_, (1.6.56)

theory with Ny flavors and a meson, but no monopole singlets. The Chern-Simons
term lifts the monopoles by flux attachment (1.6.42): a bare monopole is no longer
gauge-neutral, so it does not survive as a light singlet, and the dual has none. The dual
level flips sign to —k, and the rank picks up the |k| shift. Re-dualizing returns U(N,)x,
an involution, and the k£ — 0 limit is the Aharony map,

k—0

U(Ny+ k[ = Ne)_, —— U(Ns = No), (1.6.57)

—k
at the level of rank arithmetic. The monopole singlets require an additional infrared
limit; setting £ = 0 in the Giveon—-Kutasov matter content alone does not produce the
Aharony dual.

The rank arithmetic on examples: for Aharony U(2) with Ny = 5, the dual and its
re-dual are

U@) M= uNy - N) = UB) Y UG -3) = U(2), (1.6.58)

back to the start. For Giveon-Kutasov take U(2); with Ny = 3: with the |k| shift and
the level flip,

U@y M UB+1-2) . =U@2) Y UB+1-2) = U2, (1.6.59)

again an involution (the second step uses level |—1| = 1). Dropping the |k| shift changes
the predicted rank, although that altered arithmetic can also be involutive. Table 1.6.4
collects the worked ranks.

Duality (Ne, Ny, k) dual rank re-dual involutive?

Aharony (2,5,0) U(3) U(2) yes

Aharony (3,7,0) U(4) U(3) yes
Giveon-Kutasov (2,3,1) U(2)_1 U(2)1 yes
Giveon—Kutasov (1,4,2) U(5)_o U(1) yes

Table 1.6.4: Worked rank maps. Aharony (k = 0): U(N.) — U(Ny — N.). Giveon—
Kutasov (k # 0): U(N¢)g — U(Ny + |k| — N.)—. Every map is involutive: re-dualizing
returns U(N,) (at the original level k for Giveon-Kutasov).

Common misconception: the 3d dualities are the reduction of 4d Seiberg duality

Reducing four-dimensional Seiberg duality on a circle does not give the three-dimensional
dualities on the nose. The reduction-and-flow generates extra monopole superpotential
terms, so the Aharony dual carries explicit monopole singlets Vi that the naive four-
dimensional map has no room for; and a Chern-Simons level changes the rank map
entirely, U(N¢)r — U(Nys + |k| — N¢)—r, which has no four-dimensional counterpart. The
same warning applies, even more sharply, to mirror symmetry (§1.6.9), which has no
four-dimensional analog at all.
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Duality Rank map Extra content

Aharony (k=0) U(N.) — U(Ny— N.) meson M and monopole singlets Vi
U

c)
Giveon—Kutasov (No)g = U(Ny + |k — meson M; no monopole singlets
(k#0) Ne)_k (lifted by the CS term)

Table 1.6.5: The two 3d N = 2 Seiberg-type dualities. Both rank maps are involutive
(re-dualizing returns N..), and the Giveon—Kutasov map reduces to the Aharony map at
k = 0. The monopole singlets are the intrinsically three-dimensional content: dynamical
in Aharony, lifted by the Chern-Simons term in Giveon—Kutasov.

The Aharony dual superpotential is where the monopole singlets earn their place.
The magnetic theory is U(Ny — N,) with dual quarks ¢, ¢, the meson M (a gauge singlet
with the flavor quantum numbers of the electric meson Q@), and the two monopole
singlets V., coupled by

W = Mqj+ VoV + V_V,, (1.6.60)

where V. are the monopole operators of the magnetic gauge group. The first term
is the meson coupling of four-dimensional Seiberg duality (Chapter 3); the last two
tie the electric monopole singlets to the magnetic monopoles and are the intrinsically
three-dimensional part: dropping them would leave extra massless singlets and spoil the
match. The field-theory content of the duality is the operator map, each gauge-invariant
chiral operator of the electric theory matched to one of the magnetic theory, collected
in Table 1.6.6.

Electric object (U(N.), Ny flavors)  Aharony magnetic object (U(Ny — N.))

meson Q@ gauge singlet M

monopoles Vi gauge singlets Vi (dynamical, coupled in
W)

magnetic monopoles YN/i lifted by W D VJJN/, +V_ ‘~/+

FI parameter / U(1); topological a flavor symmetry acting on M, V.

Table 1.6.6: The Aharony operator map. The electric mesons Q@ become the singlet
M; the electric monopole operators Vi appear as explicit singlets in the dual (the
intrinsically 3d content), coupled through the dual superpotential (I1.6.60); and the
topological U(1); maps to a flavor symmetry of the dual. Reducing 4d Seiberg duality
has no room for the monopole singlets, which is why the 3d duality is not that reduction.

Worked instance: the evidence on a small rank

The evidence for these dualities is the three-dimensional analog of Chapter 3’s four
checks, named on a concrete pair: U(1) with Ny flavors (Aharony), dual to U(Ny — 1)
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with the meson and monopole singlets. Global symmetries: both sides carry
SU(Ny) x SU(N;) xU(1) xU(1),, (1.6.61)

with the electric U(1); acting as a flavor symmetry on the dual mesons and monopoles.
Chiral operators: QC~2 — M and Vi — V4 of (1.6.60), a map with no four-dimensional
analog. Parity anomaly: the gauge and background contact terms must be compared
in the two frames; equality of bare fermion indices is not a general duality rule. The S®
partition function: the two round-sphere partition functions agree as functions of the
real masses m, and the FI parameter ,

Zicctric(mas ¢) = e'Peomec Mo 700 ie(mis (),

electric

. nagn (1.6.62)
(m.,¢") = the duality image of (m, ().

an identity of matrix integrals up to the scheme-dependent contact-term phase. It
tests a family of observables rather than one rank. The identity and the proofs of both
dualities are treated in Part III.

Part Il. The 3d N = 4 world

With eight supercharges the scalar fields of the vector multiplet form an SU(2)¢ triplet,
while hypermultiplet scalars transform under SU(2)g. The dual photon completes the
vector-multiplet directions to a hyperkédhler Coulomb branch. This puts the quantum
Coulomb branch and the hyperkahler-quotient Higgs branch in the same kind of
geometry. Mirror symmetry exchanges them between two theories, so a Higgs quotient
can reveal a monopole-generated Coulomb space. We first count the two branches and
determine an abelian Coulomb ring, then test the exchange on the basic and self-mirror
pairs.

1.6.8 The N =4 enhancement: two branches

Doubling the supersymmetry to 3d A/ = 4 gives eight real supercharges, the same count
as 4d N = 2: dimensional reduction of a four-dimensional N' = 2 theory on a circle
gives a three-dimensional N' = 4 theory, the 8@ row of the Chapter 1 supercharge table.
The enhancement changes the R-symmetry qualitatively. Where N' = 2 has a single
U(1)g, the N' = 4 theory has

SU(2)c x SU(2)y = Spin(4), (1.6.63)

two commuting SU(2) factors (Chapter 1 master table): so(4) = su(2) @ su(2), rank
1+ 1 =2, dimension 3 + 3 = 6. The two factors act separately on the two kinds of
branch. This is not a single SU(2)g; the two-factor structure is the whole point, and it
is what mirror symmetry will exchange.
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The multiplet content, read in N = 2 language. The cleanest way to see the
multiplet content is to decompose each A/ = 4 multiplet into N' = 2 pieces, exactly
parallel to Chapter 5’s decomposition of 4d N/ = 2 into N/ = 1. There are two
decompositions:

N =4 vector = N =2 vector + N = 2 adjoint chiral ®, (1.6.64)
—_—
Ay, o, gaugino 2 real scalars
N =4 hyper = N =2 chiral Q + A = 2 chiral Q, (1.6.65)
(R) (R)

a pair of N' = 2 chirals in conjugate representations. Read off the vector-multiplet
scalars from (1.6.64): the A" = 2 vector supplies the one real scalar o of (I1.6.1), and the
adjoint chiral ® supplies two more real scalars, so the N/ = 4 vector multiplet carries

1 + 2 = 3 real scalars, (1.6.66)
~—
o (N'=2 vector) ® (N'=2 adjoint chiral)

a triplet of SU(2)¢. The hypermultiplet’s four real scalars (two complex, one each in @
and Q) form a doublet of doublets under SU(2)y. On the abelian Coulomb branch the
photon again dualizes to the compact 7, which is not one of the three triplet scalars:
it is the separate fourth real coordinate of the local Coulomb geometry. For a rank-1
(U(1)) theory the count is

3 + 1 = 4 real = 1 quaternionic, (1.6.67)
<~ ~—
SU(2)¢ triplet o, dual photon ~

four real coordinates assembling one quaternionic (hyperkéhler) dimension: locally
a hyperkihler C2. For gauge rank r the generic abelian Coulomb branch has real
dimension

dimg C = 3r + r = 4r = 4dimygC, dimy C =r, (1.6.68)

triplet scalars  dual photons

the 3r triplet scalars plus the r dual photons, assembling r quaternionic coordinates.
The factor of 4 is the hyperkédhler signature: a hyperkéahler manifold has real dimension
a multiple of 4. Compactifying the 4d A' = 2 Coulomb branch (complex dimension
r, real 2r) on a circle adds the r Wilson lines and the r dual photons, promoting the
2r-real special-Kéhler branch to this 4r-real hyperkahler one; the dual photon is the
piece with no four-dimensional counterpart.

The two R-symmetry factors act on the two branches separately, the structural fact
mirror symmetry exploits:

SU(2)¢ : C rotated, H fixed; SU(2)g : H rotated, C fixed. (1.6.69)

The SU(2)¢ factor rotates the three triplet scalars of the vector multiplet, the SU(2) g
factor the hypermultiplet scalars, and the branch each acts on is identified by which
factor moves it. Because the two factors are on an equal footing in the algebra,
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exchanging them is a symmetry of the abstract structure, and mirror symmetry (§1.6.9)
realizes that exchange by a pair of physical theories.

Both branches are hyperkahler. The Higgs branch is the hyperkédhler quotient of
the hypermultiplet scalars by the gauge group, and it is classically exact, precisely the
object Chapter 5 built for the four-dimensional N' = 2 theory; for U(1) with Ny hypers
its quaternionic dimension is

ANy —3—1

dimH H = 4

= Ny —1, (1.6.70)
the 4Ny real hypermultiplet scalars, minus the 3 real moment-map (triplet D-term)
constraints, minus the 1 gauge direction, all over 4. The Coulomb branch is also
hyperkahler, but quantum-corrected and monopole-built: the dual photon supplies the
extra real direction (I.6.67) that completes the local geometry to a quaternionic space,
promoting the special-Kahler Coulomb branch of Chapter 5’s 4d N’ = 2 world to a
hyperkéhler one while the Higgs branch is unchanged. For U(1) with two hypers both
branches are A; singularities, which is why T[SU(2)] can be self-mirror. For larger
Ny the Higgs quotient has quaternionic dimension Ny — 1 and is not the same Ay, 1
surface as the one-dimensional Coulomb branch.

Common misconception: the A" = 4 Coulomb branch is special-Kiahler

The four-dimensional A’ = 2 Coulomb branch is special-Kéahler; the three-dimensional
N = 4 Coulomb branch is hyperkdhler. It is not the four-dimensional special-Kéhler
object reduced naively. The dual photon supplies the fourth real coordinate (I1.6.67),
promoting the local geometry to quaternionic, and the branch is quantum-corrected and
monopole-built rather than governed by a classical prepotential. Nor is the R-symmetry a
single SU(2)g: it is SU(2)c x SU(2) u, two factors acting on the two branches separately,
and this two-factor structure is what mirror symmetry exchanges.

Worked instance: the U(1) Coulomb-branch chiral ring

The monopole operators do more than carry topological charge; in A/ = 4 they generate
the Coulomb-branch chiral ring. For U(1) with Ny flavors the ring is generated by
the two bare monopoles V (charge +1) and V_ (charge —1) together with the vector-
multiplet complex scalar ® (the independent adjoint chiral scalar, made from the other
two real vector-multiplet scalars). The product V. V_ has vanishing topological charge,
so it can be a function of ®; its R-charge is fixed by the monopole dimensions. Using
the SQED value A(+1) = N;/2 from (1.6.21),

R(V,V.) = RV)+R(V.) = L4+ L — N, R@®) =1, (L6.71)

so V, V_ has the R-charge of ®V7. Charge matching permits this power but does not
determine its coefficient or exclude other terms. In this ' = 4 abelian theory the
monopole product calculation supplies the chiral-ring relation

V.V = o, (1.6.72)
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In coordinates (z,y,2) = (V,,V_,®) this is zy = 27, the equation of the AN
singularity, the orbifold C?/Z ~;- The orbifold order is Ny, read off the exponent of
z in the ring relation, not asserted: the Zy, acts on C?% = {(u,v)} and its invariants
satisfy the relation identically,

— eQﬂ'i/Nf ) N

(u,v) = (wu,w 'v), w z=uNr, y=0™, z=w

(1.6.73)
= ay = vl = (u)Nr = N1,

These generators give the whole invariant ring. An invariant monomial u®v® has a — b
divisible by N;. Removing (uv)™2(@b) Jeaves a power of uNs or v/, Conversely,
reducing by zy = zV/ leaves monomials 2%z¢ or y’2¢ with b > 0, whose images in
Clu,v] are distinct. There is therefore no further polynomial relation. This determines
the complex algebraic surface, without fixing its hyperkéhler metric.

Two special cases anchor the mirror computation of the next section. For Ny =1
and Ny = 2,

Ny=1: V,V_=® = zy=2%, smooth C?,

N v o e ey (1.6.74)
r=2: V,V_= = zy = 2%, /Lo = A;.

The Ny = 1 ring solves for z = zy, a smooth C? in coordinates (z,y); the Ny = 2
ring xy = 22 is the A; singular point, not smooth, and getting the order wrong by one
misidentifies the geometry. This ring is the quantum geometry that mirror symmetry
will map to a classical Higgs geometry; the general machinery (abelianization, Hilbert
series) is developed in Part IIT and later volumes.

I.6.9 Three-dimensional mirror symmetry

Three-dimensional mirror symmetry is the sharpest duality in Volume 0. It is a duality
of N/ = 4 theories that exchanges the two branches: for a theory T and its mirror T,

c(T) = H(TY), H(T) = O(TY), (1.6.75)

the Coulomb branch of one theory equal to the Higgs branch of the other and vice versa
(the branch frame is always carried: C(T) = H(T) is a claim, not a renaming). Under
the exchange the two R-symmetry factors swap, SU(2)¢ <> SU(2)y, and the exchange
dictionary swaps the data that source the two branches:

FI parameters <— hypermultiplet masses, U(l); +— a flavor symmetry.
(1.6.76)
Written as a single line, with the branch frame carried and the FI parameter {(; and
mass mpv named on the two theories, the mirror dictionary is

Coulomb branch of T <+ Higgs branch of T,

1.6.77
CT > mrpv, U(].)J’T <~ U(].)FyTv. ( )

The dictionary is an involution: applying it twice returns each item to itself. Its
computational power is the asymmetry of difficulty between the branches: the Coulomb
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branch is quantum and monopole-generated, the Higgs branch a classical hyperkahler
quotient, so mirror symmetry turns a hard monopole computation on one side into an
easy polynomial computation on the other.

Worked instance: the basic pair and the self-mirror

Two pairs make the exchange concrete, and each is worked by computing the two
branches independently and only then matching them.

The basic pair: U(1) with Ny = 1 against a free hyper. Compute the four branch
dimensions. The gauge theory has a one-dimensional (quaternionic) Coulomb branch
and a point Higgs branch,

dimg C(U(1), Ny=1) =1,  dimg H(U(1), Ny=1) = Ny — 1 =0, (1.6.78)

while the free hyper has a one-dimensional Higgs branch (its four real scalars) and no
Coulomb branch. The geometries match crosswise. From the ring (1.6.72) with Ny =1
the Coulomb branch is the smooth C?, which equals the free hyper’s Higgs branch:

CU(1),Ny=1) = C? = H(free hyper),

(1.6.79)
H(U(1), Ny =1) = {-} = C(free hyper),
the quantum Coulomb branch of the gauge theory equal to the classical Higgs branch
of the free hyper, and the trivial branches likewise exchanged.

The self-mirror: U(1) with Ny = 2, the theory T[SU(2)]. Now both branches are
one-dimensional. The Coulomb branch is read from the ring, the Higgs branch from
the hyperkéhler quotient (Chapter 5):

cWU),Ny=2) “E?P 2z, = A, H(UQ),Nyj=2) = C?/Zy = A;. (16.80)

The Higgs identification uses more than its dimension. At vanishing FI parameter
the complex moment map imposes Q1Q1 + Q2Q2 = 0. The gauge-invariant meson
M;; = Q;Q); is then a traceless rank-one 2 x 2 matrix. Writing its entries as (z, z,y, —2),
det M = 0 gives zy = —22, equivalent over C to the A; equation zy = 2z2. This
independent Higgs-branch calculation supplies the geometry matched to the monopole
ring. Both branches are the same A; singularity C?/Zs, so mirror symmetry maps the
theory to itself:

C(T[SU(2)]) = H(T[SU(2)]) = C*/Z,, TISU(2)Y =T[SU(2)]. (1.6.81)

The branch geometries here are computed, the Coulomb branch from the monopole
ring and the Higgs branch from the hyperkéihler quotient, and only then matched; they
are not asserted equal.
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Theory T Coulomb C(T) Higgs H(T) Mirror T

U(l), Ny =1 C? {} free hyper
Ul), Ny = 2 C%/Z, C?/Zs itself
(T[SU2)])

Table 1.6.7: The basic mirror pairs. For Ny = 1 the gauge theory’s quantum Coulomb
branch C? equals the free hypermultiplet’s classical Higgs branch C2. For N; = 2,
T[SU(2)] is self-mirror, both branches the A; singularity C?/Zs. The Coulomb branches
are read off the ring V, V_ = ®"7; the Higgs branches from the hyperkihler quotient.

The 3d N = 4 deformation dictionary

The two deformation parameters affect the branch geometry differently in a 3d N/ = 4
gauge theory. An FI parameter resolves a Higgs quotient where one exists; a real mass
can deform the Coulomb geometry. Either deformation can also lift a branch:

FI ( resolves Higgs, real mass m resolves Coulomb.
Mirror symmetry exchanges the two deformations along with the two branches:
T) +— m(TY), H(T) +— C(TY).

So the FI parameter of T resolves the Higgs branch of T', which is the Coulomb branch
of TV, resolved there by the mirror mass. Do not say the FI parameter resolves the
Coulomb branch of the same theory: it resolves that theory’s Higgs branch (equivalently,
the mirror’s Coulomb branch).

The exchange dictionary makes the match more than a coincidence of geometries,
though the basic pair realizes its deformation map degenerately. Under (1.6.76) the
FI parameter ¢ of the gauge theory maps to a real mass of the mirror free hyper. A
nonzero FI parameter lifts the gauge theory’s Coulomb branch; the mirror mass lifts
the free hyper’s Higgs branch. Both leave an isolated vacuum:

CU(I),Nle % Mfree hyper; MC#O (U(]-)a Nle) = Mm;ﬁO(free hyper) = {}

(1.6.82)
Here M denotes the full space of supersymmetric vacua. The isolated gauge-theory
vacuum lies on the Higgs side. To see this directly, set the complex FI parameter and
all masses to zero, take g? > 0, and write a = |Q|?, b = |Q|? for the charged hyper. The
scalar potential, in a normalization where the real moment map is a — b, is

V="(a—b-0)+2¢%ab+[¢|*(a+Db).

Each term is nonnegative. On the Coulomb locus a = b = 0, the energy is g2¢?/2, so
no supersymmetric Coulomb vacuum survives for ¢ # 0. Vanishing of the first two
terms requires a — b = ¢ and ab = 0. For ¢ > 0 this givesa = (, b = 0; for ( < 0
it gives a = 0, b = —(. In either case the last term sets 5 = 0, and quotienting the

165



phase of the nonzero charged field by U(1) leaves one Higgs vacuum. As ¢ — 0 the
charged expectation value vanishes. At exactly zero FI the potential instead permits
a = b = 0 with arbitrary (E; the photon is un-Higgsed and its dual scalar completes
the reopened Coulomb branch. The limiting isolated vacuum approaches its origin,
while the zero-FI theory has the whole branch. On the mirror side the massive free
hyper has potential m?(|q|? + |¢]?), whose only vacuum for m # 0 is ¢ = ¢ = 0; its
flat hypermultiplet space reopens at m = 0. The basic pair therefore illustrates the
parameter exchange by lifting the matched branches, not by resolving a nontrivial
singularity. In the self-mirror T[SU(2)], an FI parameter resolves its Higgs A; branch
and maps to a mass deformation of the mirror Coulomb A; branch. The symmetries
map the same way,

UW)(T) = UDaor(TY),  SU@e(T) +— SU@u(TY),  (16.83)

the topological current with no Lagrangian origin becoming an ordinary flavor current
with a manifest Noether one. Every piece of data that sources one branch on one side
sources the exchanged branch on the other, which is what promotes the geometric
match to a duality.

For the self-mirror T[SU(2)] the dictionary closes on itself: at Ny = 2 the topological
symmetry enhances, and the exchange of the flavor SU(2) (Higgs side, rotating the two
hypers) with it,

SU(2)fiavor <— SU(2)s (topological, enhanced at Ny=2), (1.6.84)

is a symmetry of the theory itself, the two factors on an equal footing.

Beyond these worked pairs, the systematic construction of mirror pairs, by brane
realizations (the Hanany—-Witten setup) and magnetic quivers, is developed in later
volumes; the proof of mirror symmetry is treated in Part III. Volume 0 delivers the
statement, the exchange dictionary, and the two worked pairs.

Exit checklist

After this chapter the reader can

1. identify the 3d A/ = 2 multiplets, name the real scalar o in the vector multiplet,
dualize the photon to the compact dual photon 7 (xF' ~ dy), and state that a
rank-1 Coulomb branch is two-real-dimensional;

2. write the topological current j; = *F/2m, compute the basic-monopole U(1)
charge @Q; = 1 from the flux quantum f g2 F'=2m, and explain why the Coulomb
branch is a quantum object built by monopole operators, not a classical scalar-VEV
space;

3. define a monopole operator by its GNO magnetic charge m, apply the Borokhov—
Kapustin-Wu formula A(m) = 13.(1 - A;) 2op; lpi(m)] =320 l(m)|, recover
the SQED value A(1) = Ny/2 as its special case at A; = 3, and attach flux by

Ggauge = km;
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4. run F-maximization, extremize Re ' = —log|Z[A]| built from the one-loop
function £(z) (¢'(z) = —mzcotmz), get the free-chiral value A* = 1 with a
negative Hessian (a maximum), and state the F-theorem Fyy > Fig;

5. write a Chern-Simons term with pure bosonic integer level, then impose the
spin-theory parity anomaly &+ %T(R) € Z (allowing integer or half-integer bare k,
and reducing to k + Ny /2 € Z for the stated fundamental matter), and recall that
ABJIM is U(N)y x U(N)_j with the N'=6 — N = 8 enhancement at k = 1,2

and free energy F = 7r\T@klﬂ]\fgﬂ, the N3/2 M2-brane scaling;

6. write the Aharony rank map U(N.) — U(N; — N.) (with monopole singlets) and
the Giveon-Kutasov map U(N.)r — U(Ny + |k| — N¢)—x (no monopole singlets),
check both are involutive, and name the S® partition-function identity as the
strongest evidence;

7. state the 3d N = 4 R-symmetry SU(2)c x SU(2) g, count the four real Coulomb
coordinates (three triplet scalars plus the dual photon) into one quaternionic di-
mension, explain why both branches are hyperkahler while the 4d A' = 2 Coulomb
branch is only special-Kéhler, and read off the Coulomb ring C[V,, V_, ®]/(V,V_—
®Ns), the coordinate ring of C?/Zy;

8. use three-dimensional mirror symmetry as the Coulomb <« Higgs exchange, apply
the dictionary (FI <+ mass, U(1); <> flavor), work the basic Ny = 1 pair (C' =
C? = H of the free hyper) and the T[SU(2)] self-mirror (both branches C?/Z,),
and state which deep theorems (F-maximization, the F-theorem, mirror symmetry,
the 3d dualities) are cited rather than proved.

Status and sources

The chapter quotes bare Chern—Simons levels, including U(N), x U(N)_i for ABJM, uses
jo = =F /27 as the topological current, and specifies the GNO or coweight lattice for the chosen
gauge-group form. It uses the supercharge count of Chapter 1 and takes the quiver gauge groups
to have form Hz U(N;). The geometric interpretation uses the indicated Hanany—Witten axes.
F-maximization is compared with the a-maximization example of Chapter 3.

The multiplet assignments, symmetry enhancement and mirror identification are physical
inputs. The mathematical tags apply to the conditional calculations stated below.

§1.6.1 Multiplets and the dual photon. The 3d N = 2 four-supercharge count as the reduction
of 4d N = 1, the vector multiplet’s real scalar o = A3 (1.6.1), the dualization of the photon xF ~
dry (1.6.4), and the two-real-dimensional rank-1 Coulomb branch. The multiplet assignments
and Maxwell-region description are physical inputs. [MATH] applies only to the local implication
dx F = 0 = «F exact on a contractible patch, and to the Gaussian elimination in (1.6.6)
with the stated Euclidean action and boundary conditions. The proofs are the Poincaré
lemma and the displayed variation. (Aharony, Hanany, et al. (1997) the 3d Coulomb-branch
spine). Additional calculations include the 3d A/ = 2 = 4 real supercharge count from the ch.1
supercharge table and the U(1)r R-symmetry. Misconception
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§1.6.2 The Coulomb branch and U(1);. The topological current j; = xF /2w (1.6.11), con-
served by the Bianchi identity, its charge the flux (1.6.12), and the basic-monopole charge
QJ = 1; the FI parameter as the U(1); background and the U(1)s ++ flavor mirror exchange
previewed. The chosen flux lattice and physical BF/FI identification are inputs. [MATH]
applies to dFF = 0 = d % j; = 0 under the stated Euclidean Hodge convention, and to
f F =2mm = @ = m, proved by substitution. The Ward-current derivation uses the stated
Gaussian functional integral; its physical applicability remains conditional. (Aharony, Hanany,
et al. (1997) the topological symmetry). The stated current normalization gives charge m for
flux 2mm.

§1.6.3 Monopole operators and their dimensions. The monopole as a GNO-flux disorder
operator (I1.6.16), the topological charge Qs = m, the Borokhov—Kapustin—-Wu dimension
(1.6.18) with the gaugino term kept separate, the worked SQED A(1) = N;/2 (1.6.21) as
a special case, and flux attachment ggauge = km (1.6.26). The monopole formula and the
shortening and dressing conditions are physical inputs. [MATH] applies only to the displayed
weight sums once the representation weights, trial R-charges and formula are supplied; their
proof is finite summation. (Borokhov, Kapustin, and X.-k. Wu (2002) treats nonsupersymmetric
disorder operators; Borokhov (2004) treats nonabelian monopoles). The direct SQED source is
Borokhov, Kapustin, and X. Wu (2002), §2.3, p. 11 and §3.2, p. 17 (printed pages of arXiv
v2): E = |m|N;/2 for paired unit charges at large Ny. In N' = 4, the fixed R-symmetry
and shortening underlie its continuation beyond that expansion; generic A' = 2 requires the
actual infrared R-charge. Additional calculations include A(1) = N;/2 evaluated from the
SQED matter content over Ny = 1...5, the Aj-dependence A(1) = Ny(1 — A;), the gaugino
term subtracting |a(m)|, and flux attachment. The radial-quantization derivation is routed.
Misconception

§1.6.4 F-maximization. The sphere free energy F' = —log|Z[A]| built from the one-loop
function £(z) (1.6.27) with ¢'(z) = —7wzcot 7z (1.6.28), the free energy (1.6.29), the free-chiral
extremum A* = 1 with Hessian —7°/2 < 0 (1.6.31) (a maximum, the 3d A = R chiral-primary
relation), the signpost to a-maximization (Chapter 3), and the F-theorem Fyv > Frr. The
localization formula, physical extremization principle and RG monotonicity remain stated
physical inputs. [MATH] applies to the free-chiral stationary point and Hessian, obtained by
differentiating the given smooth ¢ function near A = 1/2. (Jafferis (2012) F-maximization;
Kapustin, Willett, et al. (2010) the S* localization; Pufu (2017) the F-theorem review).
Additional calculations include the ¢ identity at rational points, the free-chiral A* = % solved
from the assembled free energy with a negative Hessian, and F' (%) the local maximum. The

localization derivation of Z[A] is routed.

§1.6.5 Chern-Simons-matter and the parity anomaly. The Chern-Simons action (I1.6.39) with
integer pure bosonic level, the spin-theory refinement by the parity anomaly k& + %T(R) S/
(1.6.43) (so the bare level may be integer or half-integer, not arbitrary fractional), the topological
photon mass, and flux attachment, reducing to k + Ny/2 € Z on the stated fundamental
example. The parity-anomaly condition and physical level quantization are inputs. [MATH]
applies only to Q = km given the displayed abelian Gauss law and flux lattice, and to the
integer /half-integer arithmetic given the stated representation index. (Redlich (1984) the
parity anomaly). Additional calculations include pure integer normalization (with k = 3/4
rejected), T(R) = Ny, the odd-N; half-integer / even-N; integer admissibility computed from
T(R), and flux attachment.

§1.6.6 ABJM and the N°/? free energy. ABJM U(N)i X U(N)_x (1.6.46) with bifundamental
hypers, N’ = 6 superconformal, the N' =6 — A = 8 enhancement at k = 1,2, the M2-brane
at C'/Zy, and the leading fixed-k, large-N free energy F ~ ’TT‘/§I€1/2N3/2 (1.6.49) with the
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N3/2 M2-brane scaling. ABJM dynamics, enhancement, M2 interpretation and the asymptotic
coefficient remain stated physical inputs. [MATH] applies only to the exponent and ratios of
the supplied leading function at fixed positive k, together with the displayed logarithmic-ratio
limit, proved by taking the logarithm of the supplied positive asymptotic and by substitution;
it says nothing about exact small-N free energies. (Aharony, Bergman, et al. (2008) ABJM;
Drukker et al. (2011) the N3/? free energy). Additional calculations include the N-exponent
3/2 read off the imported leading expression (not 2), the levels (k, —k), the formal leading-term
value Fiead(2,4) = 167/3, the leading-term ratio Fiead(4)/Fiead(1l) = 8 (not 16), and the
enhancement set {1,2}. The localization matrix model and its M-theory limit are routed.

§1.6.7 Aharony and Giveon—Kutasov dualities. The Aharony rank map U(N.) — U(Ny — N.)
with monopole singlets (1.6.54), the Giveon—-Kutasov map U(N.)r — U(Ny + |k| — No)—k
without them (1.6.56) (Table 1.6.5), the rank-map involutions, the & — 0 rank-formula limit, and
the evidence (global symmetries, the chiral-operator/monopole map, contact-term matching,
and the S* partition-function identity). The infrared transfers and operator maps have
unresolved DUAL classification: no covering chain IDs are supplied here. [MATH] applies
only to the rank-map involutions for integers N., Ny, k with nonnegative displayed ranks.
Substitution proves them; it does not prove duality. (Aharony (1997) Aharony duality; Giveon
and Kutasov (2009) Giveon—Kutasov duality; Willett and Yaakov (2020), §3.1 and §4, the
mass/FI-deformed partition-function identities and relative phase). Additional calculations
include both rank maps computed and involutive, the GK dual level —k, the k = 0 rank
equality, and the hardcoded monopole-singlet presence/absence. The proofs and the partition-
function-identity machinery are routed.

§1.6.8 The A = 4 twin hyperkahler branches. The 8Q count as the reduction of 4d N = 2,
the R-symmetry SU(2)c x SU(2)g = Spin(4) (1.6.63), the vector multiplet’s three triplet
scalars with the dual photon the separate fourth Coulomb coordinate (I.6.67), both branches
hyperkéhler (Coulomb quantum/monopole-built, not special-Kéahler), and the Coulomb relation
Vo V_ = ®Vs defining the complex quotient (CQ/ZNf (1.6.72); recall the Coulomb and Higgs
branches of Chapter 5. Physical multiplets, hyperkahler metrics and the monopole product
are physical inputs. [MATH] applies to the dimension count on a regular free quotient stratum
and to the complex invariant-ring calculation under the stated cyclic action. The displayed
monomial argument proves the ring statement, not a metric identification. (Intriligator and
Seiberg (1996) the N = 4 branches; Borokhov, Kapustin, and X. Wu (2002), §3.3, pp. 20-21,
equation (3), the product V4 V_ ~ ®N7 modulo descendants and its large-N + nonzero-coefficient
argument. Here SQED has Ny charge-paired hypers, zero masses, FI and CS coupling; a
nonzero operator rescaling sets the coefficient to one. The algebraic ring does not determine a
hyperkéahler metric. The same source’s §4.1, pp. 2223 explains charge non-renormalization,
while §4.2, p. 23 assumes convergence of the 1/Ny expansion at Ny = 1 for its free-mirror
inference; Tachikawa (2014) the 4d N' = 2 reduction). Additional calculations include the
3d N =4 =8 count and SU(2)¢ x SU(2)n (so(4), rank 2, dim 6), the three-scalar triplet
with the dual photon separate, the rank-1 four-real quaternionic Coulomb count, the Coulomb
branch hyperkahler-not-special-Kéhler, the Higgs dimyg = Ny — 1, and the ring zy = 2N for
the complex quotient C?/Zy e

§1.6.9 Three-dimensional mirror symmetry. The Coulomb < Higgs exchange (1.6.75), the swap
SU(2)c <> SU(2)m and the dictionary (FI <> mass, U(1)s > flavor) (1.6.76), the basic Ny =1
pair C = C? = H of the free hyper (1.6.79), and the T[SU(2)] self-mirror (both branches
C? /Z2), Table 1.6.7. Mirror equivalence and the deformation dynamics are physical premises.
[MATH] applies only to the complex branch rings conditional on the supplied monopole product
and Higgs moment-map quotient. The Ny = 2 meson derivation proves the algebraic A;
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equation; mirror equivalence and its metric are separate inputs. (Intriligator and Seiberg (1996)
3d mirror symmetry; Boer et al. (1997) the brane realization). The two Ny = 1 branches are
C?. In the T[SU(2)] example the two complex branches are C?/Zy with dimension Ny —1 = 1.
The analytic meson derivation establishes the displayed algebraic equation. The FI potential
above likewise gives a conditional vacuum calculation; identifying its massive free-hyper mirror
still uses the sourced duality. The agreement of complex branch equations does not establish
physical mirror symmetry. The systematic construction (magnetic quivers, brane realizations)
is routed to the engine volumes; the proof to Part III.

Routed (stated, not proved). F-maximization, the F-theorem, and the $* localization
derivation of Z[A]; the proof of three-dimensional mirror symmetry, the systematic N’ = 4
Coulomb-branch geometry (abelianization, Hilbert series, magnetic quivers), the monopole-
operator conformal-dimension derivation by radial quantization, and the proofs of the Aharony
/ Giveon—Kutasov dualities with the partition-function-identity machinery; and the gauge
global-form / GNO-coweight lattice classification. These are cited physical inputs. Their fuller
treatment is deferred to Part III and the engine volumes.

Further reading

Three-dimensional mirror symmetry originates in Intriligator and Seiberg (1996) and
Boer et al. (1997), with the abelian case in Kapustin and Strassler (1999) and its
brane realization in Hanany and Witten (1997). Monopole operators are quantized in
Borokhov, Kapustin, and X.-k. Wu (2002) and their supersymmetry enhancement in
Bashkirov and Kapustin (2011); the Coulomb-branch Hilbert series in Cremonesi et al.
(2014) and the full branch geometry in Bullimore et al. (2017). F-maximization is treated
in Jafferis (2012) and Closset, Dumitrescu, et al. (2012). The ABJM theory appears in
Aharony, Bergman, et al. (2008), with the Bagger—Lambert—Gustavsson construction
Bagger and Lambert (2007) and Gustavsson (2009) and the boundary theory T[SU(N)]
in Gaiotto and Witten (2009). Three-dimensional dualities are surveyed in Aharony,
Razamat, et al. (2013), and supersymmetric partition functions and indices in Benini
and Zaffaroni (2015), Closset and Kim (2016), Dimofte et al. (2014), and Gaiotto and
Koroteev (2013).

For modern perspectives, see Webster and Yoo (2023) for the Higgs/Coulomb-
branch formulation of three-dimensional mirror symmetry and Benvenuti et al. (2021)
for monopole maps in N’ = 2 quiver dualities. Magnetic-quiver technology and modern
tests of 3d NV = 4 dualities using sphere partition functions, supersymmetric indices,
and line defects are developed in Bourget et al. (2020) and Nawata et al. (2022).
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Chapter 1.7

bd supersymmetric field
theories

Reader contract. The eight supercharges of 4d N' = 2 also fit in five dimensions,
but the extra dimension changes the geometry of the vacua. A five-dimensional vector
multiplet has one real adjoint scalar, so its Coulomb branch is a real Weyl chamber.
Its metric follows from a real, piecewise cubic prepotential. At the same time g® has
negative mass dimension. The Yang—Mills description is therefore useful at low energy,
while its ultraviolet behavior calls for more than perturbative gauge theory. For SU(2)
with suitable matter, the strongly coupled fixed point has an enhanced Ey, 1 flavor
symmetry whose extra currents carry instanton number.

We first identify the multiplets and the real branch. The masses of W-bosons and
hypermultiplets then determine the cubic prepotential and its metric. The SU(2) + Ny
calculation fixes the coefficient 8 — Ny and shows where a mass wall changes that
metric. An instanton operator supplies a second way to read the fixed-point symmetry,
illustrated by the SO(10) x U(1); C Eg current count. The final section relates this
count to the conserved-current term of the superconformal index. Chapter 5 supplies
the four-dimensional comparison; the existence and classification of the five-dimensional
fixed points and the full instanton partition function lie beyond the calculations here.

174



What this chapter delivers

The 5d N = 1 vector and hypermultiplet, and the irrelevant coupling [92] = —1 that makes
1/g3 a mass parameter (§1.7.1); the real Coulomb branch as a Weyl chamber, contrasted
with the complex special-Kéhler branch of 4d N = 2 (§1.7.2); the real cubic prepotential
F (o), classical plus one-loop exact, with the instanton data held separate, and its second-
derivative metric worked on SU(2) + Ny to the leading cubic coefficient 8 — Ny (§1.7.3);
instanton operators, the topological U(1); current j; = #TI‘(F A F), and the En, 41
flavor enhancement counted through the Ny = 5 — Eg branching 78 =45+ 1+ 16 + 16
(§1.7.4); the 5d superconformal fixed points, the no-Lagrangian fact, and the boundary
fact that there is no interacting 5d N' = 2 superconformal theory (§1.7.5); and the 5d
superconformal index on S* x S in which the enhancement is visible as the adjoint
character of En, 41 (§1.7.6).

I.7.1 Multiplets and the irrelevant coupling

A 5d N =1 theory carries eight real supercharges. The Chapter 1 spinor table fixes
the count from the minimal five-dimensional spinor and reads off the R-symmetry in
one line,
#Q = (min 5d spinor) x N' = 8§ x1 = 8§,
R = SU(2)g = Spin(3), dimSU(2)r = 3.

The same eight land on 4d N = 2 (Chapter 5), 6d (1,0) (next chapter), and 3d N = 4
(Chapter 6):

(17.1)

5AN=1=4dN =2 = 6d(1,0) = 3d N =4 = 8 Q. (L7.2)

The count identifies which four- and six-dimensional multiplets can arise by reduction.
Two multiplets carry the supersymmetry. The vector multiplet is a gauge field A,
one real adjoint scalar ¢, and a symplectic-Majorana gaugino in the SU(2)g doublet,

V= (A4 6, N),  o=9¢ cadi(@), (L7.3)

with ¢ the single scalar that parametrizes the Coulomb branch of §1.7.2. The hypermul-
tiplet is four real scalars, packaged as an SU(2)gr doublet of complex scalars, together
with a Dirac fermion,

H = (¢% ), a =1,2 (the SU(2)r doublet), (I1.7.4)

identical to the 4d N' = 2 hyper, since its scalars are R-symmetry data, not spacetime
data. A fundamental hyper of G sits in the fundamental of G; one full flavor of SU(2)
is one hyper in the doublet.

The on-shell degrees of freedom balance in each multiplet. The vector has a gauge
field with 5 — 2 = 3 transverse polarizations plus the one real scalar, matched by the
four real states of the symplectic-Majorana gaugino,

Vo _ —
ng = 5-2)+_1
A, ¢

=4 =k =4(0\). (1.7.5)
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The hyper matches its four real scalars against the four real states of the Dirac fermion,
nll = 4(q") = nll = 4 (). (L7.6)

The matching confirms that each multiplet closes with the stated on-shell content.
The single real scalar of (I.7.3) is the source of every difference this chapter accu-
mulates against Chapter 5, whose A/ = 2 vector carries a complex adjoint scalar. The
apparent missing scalar reappears on a circle: reducing on radius R, the gauge field
acquires a fifth component As, a periodic scalar, and the pair assembles the 4d complex
adjoint,
Dyy = ¢+ 145, As ~ A5 + 1/R, (177)

so the 5d real Coulomb branch of §1.7.2 becomes the 4d complex branch on compactifi-
cation, with As the imaginary part. In five dimensions proper there is one real scalar,
and the branch is genuinely real.

The sign flip in the coupling. The decisive structural fact of five dimensions is
dimensional. The Yang-Mills density g%Tr F? must have mass dimension d, and

[F,.] = 2 gives [Tr F?] = 4, so the inverse coupling carries the rest,

[g% TrFQ} —d — [i} —d—4, [¢]=4-d (1.7.8)

92
Applying (I1.7.8) in three dimensions gives

+1, d =3 (relevant, super-renormalizable),
¢?] = 4—d = 0, d =4 (marginal, logarithmic running), (1.7.9)
—1, d =75 (irrelevant, non-renormalizable).

Only d = 4 sits at the marginal edge. In five dimensions [¢?] = —1, so the inverse
coupling
[1/g2] = d—4 = +1 (1.7.10)

carries mass dimension one: it is a dimensionful mass parameter, not a coupling to
be tuned. The Yang—Mills theory is then non-renormalizable and serves as a low-
energy effective description. For the SU(2) + Ny families considered below, known
superconformal fixed points provide ultraviolet completions. Dimensional analysis alone
does not establish that a fixed point exists.

Because (1.7.10) makes 1/g3 a mass, it is precisely the real mass of the topological
U(1); symmetry of §1.7.4: turning it on is a relevant deformation from the fixed point to
the gauge-theory regime. A separate vev of ¢ selects a vacuum on the Coulomb branch.
The inverse coupling is not a Coulomb-branch modulus; the branch is parametrized by
¢, while 1/g2 is a fixed external parameter, the coefficient of the quadratic term in the
prepotential of §1.7.3. There is no 5d holomorphic coupling 7: the classical data is the
single real number 1/g2, and the branch dependence is carried entirely by ¢.
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1.7.2 The real Coulomb branch

Give the real adjoint scalar ¢ of the vector multiplet a vacuum expectation value in
the Cartan subalgebra of the gauge group G. Generically this breaks G to its maximal
torus,

G — U1, r =rank G, (I.7.11)

and the low-energy theory is r free abelian vector multiplets. The moduli space of these
vacua is the Coulomb branch, parametrized by the r real Cartan components ¢’ modulo
the residual Weyl action. It is a real cone of dimension r, a Weyl chamber,

dimgr Mcoulomb = rank G. (1.7.12)

A charged state of weight w acquires mass |w - ¢| on the branch; the W-bosons carry
the roots, so their mass is |« - ¢|, vanishing on a root wall where the gauge symmetry
re-enhances.

For SU(2) the Cartan is one-dimensional, the Weyl group is Zy acting by ¢ — —¢,
and the chamber is the half-line

¢ > 0, my = |la-¢| = 2¢, (1.7.13)

one ray with a single wall at the origin. At ¢ = 0 the W-bosons become massless and
the full SU(2) is restored; for ¢ > 0 the theory is a free U(1) with massive charged
states. This half-line is the arena for every SU(2) computation in the chapter.

SU(3) shows the chamber structure in rank two. Parametrize the Cartan by
(01, P2, ¢3) with Y. ¢; = 0; the Weyl group is S3 and the fundamental chamber is the
ordering

¢1 > P2 > 3, ¢1+ P2+ p3 =0, (1.7.14)
a two-dimensional wedge. Its walls are the root loci
a-¢=¢;i—¢; =0 = {¢1=0¢2} U {d2 =3}, (1.7.15)

where a pair of W-bosons goes massless and an SU(2) subgroup reappears. The wedge
interior is the generic branch, SU(3) — U(1)?, of real dimension rank SU(3) = 2. For
any G the branch is the fundamental Weyl chamber, a real cone of dimension rank G,
walled by the root loci.

Matter refines the tiling. A hypermultiplet of weight w and real mass my becomes
massless on the weight wall

SU(2) fund (w=+£1)

w-p+my =0 ¢ = |myl, (1.7.16)
which does not restore gauge symmetry but does change the massive spectrum being
integrated out, so the low-energy prepotential of §1.7.3 is a different cubic on either
side. The branch is tiled into sub-chambers by the root and weight walls together, and
F is piecewise cubic.

The real dimension (I.7.12) is the second structural break from Chapter 5. The
4d N = 2 branch is complex of complex dimension r, real dimension 2r, carrying the
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special-Kéhler geometry of the Seiberg—Witten curve. The 5d branch is real, dimension
r; the missing factor of two is exactly the circle holonomy of (1.7.7),

dimp M4 = r —>XS1’ $o¢tids

dime M =1, (1.7.17)
so a 5d real branch of dimension r complexifies to a 4d complex branch of complex
dimension r. In five dimensions itself the branch is real, and its low-energy data is the
real cubic prepotential of §1.7.3, not a holomorphic special geometry.

Common misconception: the 5d Coulomb branch is the complex special-Kdhler branch
of dd N =2

It is tempting to carry over the 4d N' = 2 picture wholesale: a complex Coulomb branch
with a holomorphic prepotential, a Seiberg-Witten curve, and a marginal gauge coupling
7. All three fail in five dimensions. The 5d A/ = 1 Coulomb branch is real, parametrized
by the single real adjoint scalar ¢ of each Cartan vector multiplet; it is a real cone, a
Weyl chamber, not the complex special-Kéhler manifold of 4d N' = 2 (which carries the
holomorphic prepotential and the Seiberg—Witten curve of Chapter 5). The 5d gauge
coupling g has mass dimension —1, so the Yang-Mills term is irrelevant and 1/g¢3 is a
dimensionful mass parameter (the real mass of the topological U(1); symmetry, a relevant
deformation of the ultraviolet fixed point, appearing as the bare quadratic piece of the
cubic prepotential), not a marginal coupling and not a Coulomb-branch modulus. The
complex special geometry of four dimensions is recovered only after compactifying on a
circle, where the holonomy As complexifies ¢.

I.7.3 The cubic prepotential and its metric

The low-energy effective action on the 5d Coulomb branch is controlled by a single real
function F(¢), the prepotential. It plays the same role as the holomorphic prepotential
of 4d N =2 (Chapter 5), encoding the branch metric as a second derivative, but it is a
real cubic rather than an arbitrary holomorphic function.

What fixes the cubic and its one-loop coefficient? The prepotential enters the
two-derivative effective Lagrangian through

PF

Leg D F¢j8¢iA*a¢j + .FijkAi/\Fj/\Fk, -Fijk = Wa

(1.7.18)

so Fijk is a Chern-Simons coupling: dimensionless, and quantized for the classical piece.
Since [¢] = 1 and [F;;x] = 0, dimensional analysis caps the degree,

[./—"] =3, []:'”k] =0 — deg¢f < 3, (1719)

within the local two-derivative vector-multiplet action. A higher power of the scalar
would need a coefficient of negative mass dimension; dimensional analysis alone does
not exclude such a term in a general effective theory. Supersymmetry and the quantized
Chern—Simons coupling supply the additional restriction.
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Why the cubic is one-loop exact

The cubic describes the local two-derivative vector-multiplet action. Its one-loop exactness
is a supersymmetric nonrenormalization statement, resting on three inputs: eight super-
charges constrain the two-derivative vector-multiplet action to the special-real form F;
locality plus the quantization of the 5d Chern—Simons level forbid a continuous renormal-
ization of Fijx; and integrating out a massive BPS multiplet shifts the cubic Chern—Simons
coupling only at one loop, by the |m|® term below. Higher-loop corrections are excluded
from this two-derivative vector-multiplet prepotential, and higher-derivative terms belong
to separate effective couplings, not to this local cubic. The instanton data of §1.7.4 is
separate protected/index data, not a local polynomial tail: it is never a third additive
piece of this cubic.

The one-loop shift is fixed by the same counting. A massive multiplet of mass
m contributes a dimension-three, parity-even term built from m, hence « |m|® (the
physical mass is |m|), with a sign set by statistics,

1
0F1doop = £ 2 Im|3, + vector, — hyper. (1.7.20)

Summing (1.7.20) over the W-bosons at the roots and the quarks at the weights gives
the one-loop piece below.
The prepotential has two pieces,

F(g) = ihij o'+ gdijk PP+ Fiiioop(). (1.7.21)

293

classical
The classical piece is the bare quadratic ﬁ&, with the dimensionful inverse coupling
of §1.7.1, plus a Chern—Simons cubic of level x and symbol

diji, = 5 Te(T{Ty, Th}), (1.7.22)

present only for groups with a nonzero cubic Casimir, such as SU(N > 3). Since SU(2)

has no cubic Casimir,
SU(2
dijk( =0 = ksu(2) =0, (1.7.23)
s0 SU(2) carries no classical cubic and its entire cubic comes from the one-loop piece:
this is why it is the cleanest worked example.
The one-loop piece sums (I1.7.20) over the roots a of G (vector, +) and the weights

w of each hyper Ry of real mass my (hyper, —),

Fiiloop(¢) = 112< Sofacgl = > > w-¢+mf|3>. (1.7.24)

« € roots f we Ry

The absolute values are essential: each |m|3 is a genuine cubic only inside a region
where its argument keeps a fixed sign, so F is piecewise cubic, one polynomial per
sub-chamber, switching across the walls where an argument vanishes,

a-¢p=0 w-p+my=0 . (1.7.25)
~—— —_————
W-boson (root) wall hyper (weight) wall, ¢=|mg|
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Crossing such a wall is a flop of the effective theory, a genuine change of the low-energy
prepotential, not a coordinate artifact.

The physical content is the second derivative, the effective gauge-coupling matrix,
equivalently the branch metric,

0?F
Ot Opd
Unitarity requires 7;; > 0 in the physical chamber. This positivity is a real constraint,

not a formality: it bounds how much matter a 5d gauge theory can carry, as the
SU(2) + Ny example now shows.

7ii(8) = (1.7.26)

Worked instance: SU(2) with N; flavors

Take SU(2) on its half-line ¢ > 0 with N; fundamental hypermultiplets. Fix the
normalization once: the roots and fundamental weights are

a-¢d = £2¢ (mw = 29), w = £1 (Mquark = |¢ £ myl). (1.7.27)

The roots £2 and weights +1 specify the Cartan coordinate and charge convention
used below. A consistent rescaling also rescales the bare term and leaves the physics
unchanged. With rgy(2) = 0 from (1.7.23), the full prepotential is the bare quadratic
plus the one-loop assembly (1.7.24),

Ny
Flo) = 2;2)& + 112<|2¢|3+|—2¢|3 - Z(I¢+mf|3+|—¢+mf3)>- (1.7.28)
f=1

Now read the leading cubic coefficient in the large-¢ chamber, where all the masses are
negligible against ¢ and every absolute value resolves to its argument’s magnitude on
¢ > 0. The vector piece gives

1, . [ 1 .16 ., 1
(20 +1-20P) = S (8+8)¢° = S ¢° = <84, (1.7.29)

the number 8 being the sum |2|3 + |—2]*> = 16 divided by two, the 8 that starts the
count. FEach fundamental hypermultiplet, with its two weights 1, subtracts

1 2 1
Rl +I-0P) = 5¢° = 54", (1.7.30)

one unit of the same %. Adding the vector piece and subtracting Ny copies of the hyper
piece, the large-¢ prepotential is

F(¢) = 2234252 + %(S—Nf)czﬁ?’ + o (1.7.31)

so the cubic coefficient of 6F is exactly 8 — Ny. This follows by summing the root
and weight contributions in (I.7.28); taking three derivatives gives the same coefficient.
Substituting a = +1, w = i% while holding ¢ and the bare term fixed would give

LA+1)=4¢, +-2-4 =L (per flavor), (1.7.32)
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a different numerical slope in that inconsistent substitution. With ¢ = 2¢, the same
masses have roots +¢ and weights +¢/2, while the bare term becomes ¢?/(8¢2) and
the cubic becomes (8 — N f)&” /48. The third derivative changes by a coordinate factor
of 1/8; metric positivity and the Ey, ;1 window do not. The integer-charge basis above
is convenient for Chern—Simons quantization.

The Coulomb-branch metric is the second derivative (1.7.26) of (1.7.31),

m(p) = F'(¢) = % + 8=Np)op + -, (1.7.33)

affine in ¢: constant term 1/g2, slope 8 — Ny. It is the second derivative, not the first,

Fl(4) = ;%+;(8—Nf>¢2 + (@), (1.7.34)

so using F’ for the metric is an off-by-a-derivative error. Positivity on ¢ > 0, with
1/g% > 0 and ¢ — oo, needs a non-negative slope,

() >0 V¢ >0 <= 8—-Ny >0 <= Ny <8. (1.7.35)
The sourced En, 1 fixed-point family lies in the stricter window 8 — Ny > 0,
8—Ny>0 < N;<7, ENf+1’Nf:7 = Es (the last enhanced row). (1.7.36)

So Eg is the Ny = 7 row, where 8 — Ny = 1. At N; = 8 the coeflicient hits zero:
the marginal boundary, an affine-FEg / 6d-lift situation, not the ordinary 5d Es fixed
point. For Ny > 9 the coefficient is negative and the metric goes negative at large ¢,
obstructing this gauge-phase route to an ordinary fixed point. Table I.7.1 collects the
chamber data.

Normalization check. A common slip double-counts the two weights of each flavor
into a coefficient 8 — 2N;. But the two weights already sit inside one unit of %,

L8 +1-9P°) = 5 -2¢> = L¢® (one unit, not two), (1.7.37)

so the coeflicient is 8 — Ny, not 8 — 2Ny. The doubled version would go negative already
at Ny =5,
8 — sz\Nf:S = -2 <0, (1.7.38)

forbidding the Fs, E7, Eg theories that manifestly exist; the correct 8 — Ny stays
non-negative through Ny = 7.

Worked instance: the classical cubic of SU(3)

The group SU(2) had no classical cubic, so its entire cubic prepotential came from the
one-loop piece. To see the classical Chern—Simons cubic that only larger groups carry,
take pure SU(3), whose rank-two Coulomb branch was the wedge (1.7.14). Parametrize
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Ny 6F cubic coeff. 8 — Ny metric slope dr/d¢ metric on ¢ > 0

0 8 8 positive

1 7 7 positive

2 6 6 positive

3 5 5 positive

4 4 4 positive

5 3 3 positive

6 2 2 positive

7 1 1 positive (last enhanced row, — E3)
8 0 0 flat (boundary)

9 -1 -1 negative at large ¢ (no fixed point)

Table 1.7.1: The SU(2) + Ny Coulomb-branch chamber data. The leading cubic
coefficient of 6F is 8 — Ny, computed by differentiating the |m|® assembly (I.7.28); it
equals the slope of the affine metric 7(¢) = 1/g3 + (8 — Ny)¢. Positivity on the half-line
requires 8 — Ny > 0, i.e. Ny < 8; the strict En, 41 fixed-point window is the subwindow
8— Ny >0, Ny <7, with Ny =7 giving Fs, while Ny = 8 (8 — Ny = 0) is the marginal
boundary (affine-Fg / 6d-lift), not an ordinary Fg. The sub-chamber walls, where a
hypermultiplet becomes massless, sit at ¢ = |my|; the origin ¢ = 0 is the W-boson wall.
Every number is differentiated from the assembly, not quoted.

the Cartan by (¢1, ¢2,¢3) with > . ¢; = 0. The 5d Chern-Simons term at level s
contributes the classical cubic

3
Fes(@) = 567 = 5 1620, (1.7.39)
i=1

where the second form uses the trace identity valid on the SU(3) Cartan,

Pr+datd3 =0 = &+ 5+ 3 =3p1pacps. (1.7.40)

This is a genuinely cubic classical contribution, present because SU(3) has a nonzero
cubic Casimir; x is a quantized level (an integer, up to a matter-set half-integer shift),
not a modulus. The one-loop vector piece sums over the six roots £(¢; — ¢;),

1 1
Vloop = EZ (I@ — ¢;° + |9; —¢i|3) = 62 b — ;1% (1.7.41)
i<j 1<j

smooth inside the chamber (I1.7.14) where each ordered difference keeps a fixed sign,
and jumping across the walls (I1.7.15). So SU(N > 3) carries both the classical cubic
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(1.7.39) and the one-loop cubic, whereas SU(2) carries only the one-loop cubic. The
metric is again the second derivative, now a rank-two matrix,

0% F
0Pt DI
and its positive-definiteness is the same convexity constraint that bounds the matter
and the level.

Tij(}) =

€ Sym,(R), 7i; > 0 in the chamber, (1.7.42)

Worked instance: the flop across a mass wall

The leading cubic was read at large ¢. Keeping a mass on shows the piecewise structure
explicitly. Take SU(2) with one fundamental of real mass m > 0, quark masses |¢ + m|
and |¢ — m|, so

1 1
F(o) = %qu + ﬁ(2l2¢>l3— ¢ +m|® — |¢—m|3), (1.7.43)

where |2¢|®> = |~2¢[ has been combined. On the branch ¢ > 0 the term |¢ + m/|® =
(¢+m)? is smooth, but |¢ —m|? switches its resolution at the wall ¢ = m: it is (m — ¢)?
in the inner sub-chamber 0 < ¢ < m and (¢ — m)? in the outer sub-chamber ¢ > m.
Resolve the two pieces. In the outer chamber ¢ > m, with [2¢[® = 8¢3,

,éﬁis 3,,s,¢ii3z
Foom(@) = g + 15(160° =@ +m)’ =0 =m)) = 55 + 35 (146" — 6m’6),
(I.7.44)
using (¢ +m)3 + (¢ — m)? = 2¢® + 6m2¢. Its second derivative is the outer metric
1 1 1
To>m(P) = o + 5(84@ =z + 76, (1.7.45)

whose slope is 7 = 8 — Ny at Ny = 1, matching (1.7.33). In the inner chamber 0 < ¢ < m,
where |¢ — m|? = (m — ¢)3,

¢ 1 3 3 3 ¢? 1 3 2 3
Py = —_— 1 —_ —_ = - 1 - —2 3
Foem(d) = 5o+ 15 (160" (@0+m ~(n=0)°) = 505 + 5 (166°—6me? —2m’)
(1.7.46)
using (¢ +m)3 + (m — ¢)® = 6me@? + 2m3, and its second derivative is the inner metric
1 1 1
Toem(®) = = + (960 —12m) = — + 8¢ — m. (1.7.47)
90 12 90

The inner slope is 8, the pure-SU(2) value. The two hyper weight contributions cancel
each other’s cubic dependence for 0 < ¢ < m; the outer slope is 7 = 8 — Ny once the
hyper is light. The metric is continuous at the wall while the slope jumps,

To<m(m) = % +8m—m= % +Tm = Tysm(m), T 8= T. (1.7.48)

This kink, continuous value and jumping slope, is the flop: a genuine change of the low-
energy prepotential where the hyper becomes massless, a change in the five-dimensional
effective coupling caused by a massless hypermultiplet.
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[.7.4 Instanton operators and the F, flavor enhance-
ment

A 5d gauge theory carries a topological symmetry with no local 4d counterpart. Its
current is the instanton-number four-form,

1
i1 = —Tr(FAF 1.7.49
ji = 5 THEAF), (1.7.49)
conserved for a topological reason. In a gauge patch it is locally a Chern—Simons
derivative; the Bianchi identity makes it closed globally,

Tr(F A F) Wi dwes = dTr(FAF)=0, dx(xj;)=0, (1.7.50)

ocally
so its Hodge dual J; = «j; is a conserved one-form current, with d J; = 0, generating a
U(1);. Closure of the four-form j; is the conservation statement; it does not require the
one-form Jj itself to be closed. The conserved charge is the integer instanton number

1

This U(1); is a global flavor symmetry, not an R-symmetry: the R-symmetry stays
SU(2)g.

The operators charged under U(1); are the instanton operators, disorder operators
defined by a boundary condition rather than a polynomial in the fields. An operator
of charge k is inserted by demanding instanton flux &£ through a small surrounding
four-sphere,

1
) Tr(FAF) = k (S* around the insertion), k=1: charge 1. (1.7.52)

T S4
This is the 5d analog of the 3d monopole operator of Chapter 6. The two sit in
one dimensional pattern: a disorder operator in d dimensions carries the flux of a
characteristic class on the surrounding S~ 1,

1 1
d=3: — [ F (monopole, U(1);), d=5: — | Tr(FAF) (instanton, U(1)g).
2 S2 8’/’1’2 S4
(1.7.53)

What is special to five dimensions is that the flux is quadratic in F', so the surrounding
sphere is four-dimensional and the charge is instanton number rather than magnetic
charge. These operators act on the Hilbert space even though they are invisible in the
classical Lagrangian.

There is also an instanton particle, a finite-mass BPS state of unit U(1); charge. Its
mass is its charge times the U(1); real mass 1/g2, up to 872,

872 9
Minsy ~ ?7 [Minst} = [1/‘90] = 41, (1754)
0
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a genuine mass in five dimensions. In a given chamber the full BPS central charge may
pick up extra ¢-dependence, but the dimensional anchor is 872/g2. The naive form
¢/g? fails the dimension test,

[6/9°] = [Pl +[1/g°] = 1+1 = 2 # 1, (1.7.55)
so it cannot be a 5d mass; the correct anchor (I1.7.54) has dimension one.

The enhancement. At weak coupling the flavor symmetry rotating the hypers, times
U(1);, is the perturbative group. For SU(2) + N the flavor factor is orthogonal, not
unitary, because the SU(2) fundamental is pseudoreal: each full flavor splits into two
half-hypers, and the symmetry rotating them while preserving the symplectic pairing is

Ny flavors = 2Ny half-hypers = flavor = SO(2N;) (not U(Ny)). (L1.7.56)
The full perturbative symmetry is then
SO(2N;) x U(1);. (1.7.57)

At the fixed point 1/g2 — 0 the k = 41 instanton currents combine with the perturbative
currents to close an exceptional algebra,

1/g5—0

SO@2Ny) x U(1); Exy1 (Np<7), (1.7.58)

the Seiberg F,, fixed points. This is a flavor enhancement; the R-symmetry SU(2)g
does not participate.

What enhances is the conserved-current content. At weak coupling the currents
are those of SO(2Ny) x U(1)1, conserved for all 1/g3. At the fixed point the k = +1
instanton operators, ordinary charged operators of nonzero dimension at generic coupling,
hit the protected dimension of a 5d conserved-current multiplet,

instanton currents € Sy @®S_; (spinor of SO(2Ny), U(1); charge +1), (1.7.59)

and their currents join the perturbative ones. The enlarged set closes on E, 11 because
the spinor at U(1); charge £1 is exactly what completes the SO(2Ny) x U(1) adjoint
to the exceptional adjoint. The enhancement recruits new currents from the instanton
sector; it is not a rearrangement of the perturbative ones, and it is visible only at the
fixed point.

Common misconception: the E, enhancement enlarges the R-symmetry

The enhanced exceptional symmetry En,+1 at the 5d ultraviolet fixed point is a flavor
symmetry, not an R-symmetry. The 5d N’ = 1 R-symmetry is SU(2)r everywhere along
the flow and at the fixed point; the Chapter 1 master table is explicit on this. The
enhancement assembles the perturbative flavor symmetry SO(2Ny) x U(1), in which the
U(1); is the topological instanton-number symmetry (also a flavor symmetry, not R), with
the conserved currents carried by the k£ = 41 instanton operators, into the flavor group
En;+1. The R-symmetry SU(2)r, of dimension three, is untouched: dim Es = 78 is a
flavor symmetry, not a three-dimensional R-symmetry. Conflating the flavor enhancement
with an enlargement of the R-symmetry is the standard five-dimensional trap the master
table warns against.
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Worked instance: the Fs enhancement of SU(2) + 5 flavors

The cleanest enhancement to count is Ny = 5, where SO(10) x U(1); — Eg. Assemble
the dimensions. The perturbative flavor group SO(10) has dimension

dim SO(2Ny) = Ny(2N;—1),  dimSO(10) = 5-9 = 45, (1.7.60)

the antisymmetric-matrix count. Add the one U(1); current. The instanton operators
at k = £1 supply the two chiral spinors of SO(10), each of dimension

dim(chiral spinor of SO(2N;)) = 2V7/=1 dim16 = 2 = 16, (1.7.61)

so the k = +1 operator gives the 16 and the k = —1 operator the conjugate 16. The
total conserved-current count is

dim SO(10)+dim U (1) ;+dim 16+dimT6 = 45+1+16+16 = 78 = dim Es. (1.7.62)

The dimension of Eg follows from its 72 roots and rank 6. Generating the roots from
its Cartan matrix gives 72 + 6 = 78, matching the assembled left-hand side exactly.
The identity has a clean group-theoretic reading: the adjoint of Eg branches under its
maximal subgroup SO(10) x U(1) as

78 = 459 + 19 + 164, + ﬁ_l, (1763)

the perturbative adjoint 45¢ plus the U(1) current 1o plus the two instanton spinors at
U(1)r charge £1. The £1 subscripts are the instanton numbers: the 16 is carried by
the k = +1 instanton operator and the 16 by k = —1. The count connects perturbative
and instanton currents. Here dim SO(10) follows from the antisymmetric tensor, dim 16
from the spinor rank, and dim Eg from its root system.

Two structural guards. Dropping the U(1); current, or replacing the spinor by the
vector, both break the count,

45+ 16416 =TT #78,  45+1+2-(2N; = 4541420 = 66 £ 78, (1.7.64)

v =5

so the topological current is essential and the instanton currents must be in the spinor,
not the vector.

The same count closes at the low end of the window, where the exceptionals are
small and recognizable,

Ny=1: dimSO2)+142-2°=141+2=4=dim (SU(2) x U(1)) = dim Ey,

Ny=4: dimSO(8)+1+2-2% =28+ 1+ 16 =45 = dim SO(10) = dim F,
(1.7.65)
using dim SO(2Ny) = Ny(2Ny — 1) and the chiral spinor 2/ =1, The window is En, 11
for Ny =1,...,7: the classical Ey = SU(2) x U(1), E5 = SU(3) x SU(2), E4 = SU(5),
E5 = SO(10), then the genuine exceptionals Fg, E7, Es.
A caution belongs with the higher rows: only Ny < 5 closes with the simple
two-spinor count. At Ny = 6,7 the two basic k¥ = %1 spinors under-count,

Ny=6: 66+1+2-32=131 < 133 = dim E¥,

: (1.7.66)
Np=7: 914+1+2-64=220 < 248 = dim Ej,
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so the true instanton content is richer. The total nonperturbative current contribution

beyond SO(2Ny) x U(1)g is

66, Ny =6,

(1.7.67)
156, Ny =1,

dim En, 41 —dim SO(2Ny) =1 = {
of which the two basic spinors account for 64 and 128, respectively. The remaining
shortfalls are 2 for F; and 28 for Eg, supplied by higher/dressed instanton sectors
(higher instanton charge, operators dressed by the gauge and flavor data), whose
full enumeration is developed in Part IIT and the five-dimensional construction in
Volume X. The basic £ = %1 spinors alone do not prove E7 or Eg; Ny =5 — Eg is the
unambiguous worked instance, and the higher rows carry the honest note that the naive
count under-counts.

N;  perturbative enhanced En, 11 dim Ex,41 nonperturbative currents
0 U(l); Eq /El (see below) (n/a) discrete-6 pair

1 SO@2)xU(l) E»=SU(@2)xU(®) 4 20 420 =2

2 SO(4)xU(l) Es=SU(3)x SU(2) 11 2! 2l =4

3 S0(6) x U(1) Ey = SU(5) 24 22 422 =8

4 SO(8) x U(1) Es = SO(10) 45 23 +2% =16

5 SO(10) x U(1) FEs 78 2* +2* = 32 (closes)

6 SO(12) x U(1) E; 133 66 total (64 + 2)

7 SO(14) x U(1) Eg 248 156 total (128 + 28)

Table 1.7.2: The SU(2)+ Ny ultraviolet flavor-symmetry enhancement. The perturbative
SO(2Ny) x U(1); enhances to En, 11 at the fixed point; the “nonperturbative currents”
column is dim By, 1 —dim SO(2Ny) — 1. For Ny <5 these are exactly the two k = +1
chiral spinors of SO(2Ny), of dimension 2¥f~! each; Ny = 5 — Eg is the worked
case (45 + 1+ 16 + 16 = 78). At Ny = 6,7 the simple two-spinor count under-counts
(131 < 133, 220 < 248); the total nonperturbative dimensions are 66 and 156, with extra
shortfalls 2 and 28 beyond the two basic spinors supplied by higher/dressed instanton
sectors. The full enumeration is developed in Part III, so the basic k¥ = 41 spinors
alone do not prove E;/Eg. The Ny = 0 row is not a single enhancement row; it is the
discrete-0 pair E;/ El discussed in §1.7.5. The exceptional dimensions Eg, Fr, Eg follow
from their root systems; the lower rows use classical-group dimension formulas.

I.7.5 The 5d superconformal fixed points

The positive metric slope is compatible with the known ultraviolet fixed points in the
SU(2) + Ny sequence. In those theories, 1/g2 — 0 reaches a 5d superconformal field
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theory; the prepotential test alone cannot establish its existence. The gauge theory is
not its own completion; it is a relevant (mass) deformation of the fixed point by the
U(1); mass 1/g3,
1/g§ >0 .
SCFT (En;4+1) ———— gauge-theory regime, (1.7.68)
relevant
so switching 1/g2 on moves away from the fixed point. A Coulomb vacuum additionally
requires (¢) # 0. Sending the deformation to zero returns to the superconformal theory
with its enhanced En, 11 symmetry.
These theories are strongly coupled at the fixed point and have no known weakly
coupled Lagrangian description. The gauge Lagrangian describes a mass deformation
away from that point. The exceptional symmetry Ex, 1 is invisible in that Lagrangian,

Lagrangian shows SO(2Ny) x U(1)y, fixed point has En, 41 D SO(2Ny) x U(1)7,

(1.7.69)
The perturbative description sees only the subgroup; instanton currents supply the
missing generators at the fixed point.

Common misconception: a 5d theory without a Lagrangian is not a real theory

For the SU(2)+ Ny families in this chapter, the non-renormalizable gauge theory flows from
an F, superconformal fixed point with no known weakly coupled Lagrangian description;
the gauge theory is a relevant (mass) deformation of the fixed point, not the other way
around. These 5d superconformal theories are genuine quantum field theories. They
have well-defined Coulomb-branch prepotentials, instanton operators, exceptional flavor
symmetries, and superconformal indices, and their observables can be computed, even
though no weakly-coupled Lagrangian exists. A missing Lagrangian is not a missing
theory. This continues the non-Lagrangian boundary named in Chapter 2 and echoes the
four-dimensional Argyres—Douglas theories of Chapter 5: the absence of a Lagrangian is a
feature of many strongly-coupled fixed points, not a defect.

The convexity of the prepotential is a local field-theory test of the proposed fixed
point. For ¢ > 0 and a strictly positive inverse bare coupling, metric positivity (I1.7.35)
bounds the allowed matter,

7(¢) >0forall >0, 1/gi>0 <= 8—-N;>0 (N;<8). (1.7.70)

At 1/g3 =0, Ny = 8 gives 7 = 0, so strict positivity fails even though the asymptotic
slope is nonnegative. At Ny = 7 in the same limit, 7 = ¢ > 0 for ¢ > 0 and vanishes
at the chamber origin. The ordinary Ex, 1 SCFT window is the strict subwindow
8 — Ny >0, Ny <7 (with Ny = 7 giving Fg), while Ny = 8 (8 — Ny = 0) is the
affine-Fg / 6d-lift boundary, not an ordinary 5d Ey fixed point. The prepotential does
not prove the fixed point exists, but it detects the obstruction when the theory is too
heavily matter-loaded to have one. The sequence runs En, 41 for Ny =1,...,7, up to
Eg at Ny = 7; the existence and classification are developed in Part III and Volume X.

The Ny = 0 caveat. Pure SU(2) is not a single row. Its instanton sectors are classified
by a Zs,
ma(SU(2)) = Zo = 0€{0,n}, (I.7.71)
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a discrete theta angle. The two choices give different theories,
0=0: UQ1); — SU©2); (E1), O=m: only U(1); (E1), (1.7.72)

with a further mass deformation reaching the rank-zero Ey. Conventions for the lower
Ey/E1/E; rows vary, so we keep Ny = 0 compact as this discrete-theta pair and lean
on Ny =5,6,7 — Eg, E7, Eg as the unambiguous anchors.

No 5d N = 2 superconformal algebra. The Nahm classification of Chapter 1 permits
a bd superconformal algebra for exactly one amount of supersymmetry,

5d SCA: F(4), N =1 (8Q), (1.7.73)

the exceptional superalgebra F'(4). The 5d A/ = 2 theory has twice as many supercharges,
above the ceiling,

5d N=2=16Q > 8Q = no interacting 5d N' = 2 SCFT, (1.7.74)

so maximal 5d super Yang—Mills has no fixed point of its own; its completion is the
6d (2,0) theory on a circle, developed in the next chapter. We state this boundary
fact and recall the classification from Chapter 1; this supercharge count explains the
boundary of the five-dimensional case.

Geometric realizations

The field-theory quantities above also have geometric realizations. The following
correspondences provide a picture of the fixed-point physics; their construction is
developed in later volumes. Two constructions realize the 5d superconformal theories:
the (p,q) five-brane web in type IIB string theory, and geometric engineering by M-
theory on a local Calabi—Yau threefold. In both, the three field-theory objects of this
chapter become geometry,

Coulomb metric / prepotential F <— web face areas / CY triple intersection,

instanton particle «+— wrapped brane (M2 on a curve),

enhanced En,y1 — collapsed curves / 7-branes.
(I1.7.75)
The web and Calabi—Yau pictures encode the same Coulomb metric, instanton particles,
and enhanced flavor symmetry. Their geometric derivations belong to VIL.7 and
Volume X.

I.7.6 The 5d superconformal index

The enhanced Ey, 11 flavor symmetry of a 5d superconformal theory is not manifest in
any Lagrangian, so one needs a protected observable to see it. That observable is the
5d superconformal index. It is a partition function on S$* x S, a weighted trace over
the states of the theory on S4,

I(w,{ua}) = Trpysny(—1)"e 2220t Tute, (1.7.76)

a
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Here A = {Q,Q'} = E — 2j; — 3R for the chosen supercharge. The Cartans j;, jo
belong to the S* rotation group, R is the SU(2)r Cartan, and j; + R commutes with
Q and Q. We set the optional %72 refinement to y = 1; u, grade flavor and instanton
charges F,. The trace includes all states on S*; states with A > 0 cancel in pairs,
leaving the BPS condition A = 0, or E = 2j; +3R. By radial quantization, states on S*
correspond to local operators and the S' is the trace. The scalar in a conserved-current
multiplet has E =3, R = 1, j; = j» = 0, hence contributes z2; grading it by z2(F+i1)
would instead give 2. The protected trace is invariant under the stated deformation.
In particular it is blind to 1/¢2,

0T
=5 = 0 - Igaugc theory — Z.SCFTa (1777)

9(1/g3)
so the weakly-coupled gauge theory and its strongly-coupled fixed point share one index.
A quantity computed in the gauge theory by summing over instanton sectors thus
equals a quantity of the fixed point, which is how a gauge-theory computation sees the
enhanced symmetry of a theory with no Lagrangian.

The enhancement is visible at the first nontrivial order. The coefficient of 2 in
the index, the conserved-current contribution, counts the conserved currents of the
theory, refined by their flavor and instanton charges. Computed in the gauge theory
it has two parts: the perturbative currents, which assemble the adjoint character of
SO(2N¢)xU(1)1, and the one-instanton contribution, the k = +1 sector, which supplies
the spinor characters. Adding them,

k= k=—
Xadj(ENf—i-l) - XadJ(SO(2Nf)) + XU(1)r + Xgpinjrl) + Xépinor1)7 (1778)

the conserved-current order reorganizes into the adjoint character of En, 1. This
simple form (the perturbative adjoint, the U(1); current, and the k = +1 spinor
characters) closes the Ey, ;1 adjoint through Ny < 5; for Ny = 6,7 it under-counts,
and higher/dressed instanton sectors complete the E; and Fs adjoints (§1.7.4), an
enumeration developed in Part ITI. Setting all fugacities to one evaluates each character
at the identity, giving the dimension identity, exactly the count (1.7.62) of §1.7.4 now
from the index side,

dim Eg = dim SO(10) + 1+ dim16 +dim16 = 45+ 1+16+16 = 78. (1.7.79)
The two routes agree. Dropping the instanton characters breaks it,
dim SO(10) +1 = 45+ 1 = 46 # 78, (1.7.80)

so the instanton operators are as essential to the index as to the symmetry count.

There is no 5d N’ = 2 superconformal algebra, so this index story is an N’ = 1-
only object: the superconformal index counts states annihilated by a supercharge of
the 5d superconformal algebra F'(4), which exists only for eight supercharges. The
full index machinery, the instanton-partition-function integrand that produces (I1.7.76)
order by order and the higher-order coefficients beyond the conserved-current order, is
developed in Part III; here the relevant result is the conserved-current order and its
EN, 41 reorganization, worked at Ny = 5.
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Exit checklist

After this chapter the reader can

1.

identify the 5d N' = 1 vector multiplet (gauge field, one real adjoint scalar ¢,
symplectic-Majorana gaugino, SU(2)g) and hypermultiplet (four real scalars,
Dirac fermion), read off the eight-supercharge count, and derive [¢?] =4 —d = —1
from [Q%Tr F?] = d, so that 1/g3 is a dimensionful mass parameter, not a marginal
coupling;

. recognize the real Coulomb branch as a Weyl chamber of real dimension rank G

(the half-line ¢ > 0 for SU(2)), and distinguish it from the complex special-Kéhler
branch of 4d N = 2;

. assemble the cubic prepotential F(¢) = ﬁqﬁ + 15 (X oos [0 — D hypers W @+

m|3) from the root/weight |m|3 contributions, hold the instanton data separate
from this classical plus one-loop cubic, differentiate the SU(2) + N; assembly
to the leading cubic coefficient 8 — Ny of 6F, read the metric 7(¢) = F"(¢) =
1/g2 + (8 — Ny)¢ as a second derivative, and locate the sub-chamber walls at

¢ = |myl;

. verify metric positivity on the branch for Ny < 8 and the strict En,1 window

Ny <7, and reject the doubled coefficient 8 — 2N that would forbid Eg, E7, Eg;

. define the topological U (1) current j; = <= Tr(FAF) and the instanton operators

2
as disorder operators of charge k£ on a sursrﬂounding S4, anchor the instanton mass
at Mins, ~ 872 /g2 (dimension one, rejecting the dimension-two ¢/¢?), and count
the En, 41 flavor enhancement through dim Fs = dim SO(10) + 1+ 16 + 16 = 78
with the branching 78 = 459 + 19 + 16,1 + 16_;, remembering that En,11isa
flavor symmetry, not the R-symmetry SU(2)g;

. explain why 1/¢g2 — 0 is a 5d superconformal fixed point with no Lagrangian

description (the E,, theories), read the same enhancement off the conserved-current
order of the 5d superconformal index on S* x S!, and state the boundary fact
that there is no interacting 5d N/ = 2 superconformal theory (sixteen supercharges
sits above the eight-supercharge ceiling of the unique 5d superconformal algebra
F(4)), with the fixed-point existence, the full instanton partition function, and
the 6d origin to their later homes.

Status and sources

On the five-dimensional Coulomb branch, the vector-multiplet scalars are real. The eight-
supercharge count and SU(2)r follow Chapter 1. The instanton operator is a disorder operator
charged under the topological current. The fixed-point, current, index, multiplet and geometric
identifications are imported physical inputs. The mathematical calculations apply under the
stated hypotheses.
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§1.7.1 Multiplets and the irrelevant coupling. The 5d N/ = 1 vector (one real adjoint scalar,
SU(2)r) and hypermultiplet (four real scalars, Dirac fermion), the eight-supercharge count,
and the sign flip [¢?] = 4 — d = —1 (1.7.8) making 1/g3 a dimensionful mass parameter (the
U(1); real mass), contrasted with the marginal 4d value and with the 4d N' = 2 complex
adjoint of Chapter 5. (Seiberg (1996) the 5d fixed points and multiplet structure). Additional
calculations include the 8Q count from the Chapter 1 table, the R-symmetry SU(2)g (rank 1,
dim 3), [¢°] = —1 in 5d versus 0 in 4d, and [1/g3] = +1.

§1.7.2 The real Coulomb branch. The real adjoint vev breaking G — U(1)" (1.7.11), the real
Coulomb branch of dimension rank G (1.7.12) (the SU(2) half-line ¢ > 0 (1.7.13)), and the
contrast with the complex special-Kéhler branch of 4d N' = 2 (Chapter 5, recovered on a
circle by As complexifying ¢). (Seiberg (1996); Intriligator et al. (1997) the Coulomb-branch
structure). Additional calculations include the real branch dimension = rank (the SU(2)
half-line with a single wall at ¢ = 0).

§1.7.3 The cubic prepotential and its metric. The two-piece prepotential (1.7.21) (classical
ﬁ(jﬁ plus the SU(N > 3) Chern-Simons cubic, SU(2) having none; the one-loop |m/|®
0

assembly (1.7.24), piecewise cubic), classical plus one-loop exact with the instanton data held
separate; the metric as the second derivative 7;; = 8*F (1.7.26); the SU(2) 4+ N; assembly
(I.7.28) differentiated to the leading cubic coefficient 8 — Ny of 6F (1.7.31), the affine metric
7(¢) = 1/g3 + (8 — Nf)¢ (1.7.33), positivity for Ny < 8 and the strict window Ny < 7 (1.7.35),
and the chamber walls at ¢ = |my| (Table 1.7.1). (Seiberg (1996); Intriligator et al. (1997)
the full cubic prepotential and Coulomb-branch phases). Additional calculations include the
one-loop |m|® assembly retaining the absolute values, the leading coefficient 8 — N derived by
differentiating with the chosen roots £2 / weights 1, the metric as 7 (not F'), the Ny <7
window / Ny = 8 boundary, and the walls {0, |my|}.

§1.7.4 Instanton operators and the F,, enhancement. The topological current j; = #Tr(F/\
F) (1.7.49) and the integer instanton number (1.7.51), the instanton operators as disorder
operators of charge k on a surrounding S* (1.7.52) (the 5d analog of the 3d monopole operator),
the instanton-particle mass anchor Mins; ~ 87%/g§ (1.7.54) (dimension one), the perturbative
SO(2Ny) x U(1); enhancing to En,+1 (1.7.58), and the worked Ny = 5 — Eg count 45 + 1 +
16 + 16 = 78 (1.7.62) with the adjoint branching (1.7.63) (Table 1.7.2; the naive two-spinor
count honestly under-counting at Ny = 6,7). (Lambert et al. (2015) the 5d instanton operators;
Tachikawa (2015) the instanton-current symmetry enhancement; Seiberg (1996) the E,, fixed
points). The current uses the stated prefactor 1/(87%) and is closed by the Bianchi identity.
The worked example relates the basic operator’s U(1); charge 1, the mass anchor 82 /93
of dimension 1 (the ¢/g* form of dimension 2 rejected), dim SO(10) = 45 / dim16 = 2* /
dim E¢ = 78 from the Fg root system, the identity 78 = 45 + 1 4+ 16 4 16, and the naive count
closing at Ny < 5 but under-counting at Ny = 6,7 (131 < 133, 220 < 248). The enhancement
is of flavor symmetry.

§1.7.5 The 5d superconformal fixed points. The 1/g3 — 0 ultraviolet limit as a 5d supercon-
formal theory, the gauge theory as a relevant (mass) deformation, the no-Lagrangian fact,
the prepotential convexity as a necessary local test (nonnegative slope at Ny < 8, with the
sourced ordinary fixed-point family ending at Ny = 7), the Ny = O discrete-0 pair El/El
(m4(SU(2)) = Z2), and the boundary fact that there is no interacting 5d A = 2 superconformal
theory (the unique 5d superconformal algebra is F'(4) at eight supercharges; maximal 5d SYM
UV-completes to 6d (2,0) on a circle, forward-pointed to Chapter 8). (statement-level; the
existence/classification routed) (Seiberg (1996) the fixed-point existence; Cérdova et al. (2016)
the superconformal-algebra catalog / F'(4)). Additional calculations include 5d ' = 2 = 16Q
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above the eight-supercharge F(4) ceiling, the 5d SCA is F'(4) at N' =1, and the N = 2 fixed
point forbidden. a non-Lagrangian 5d theory is a real theory.

§1.7.6 The 5d superconformal index. The index on §* x S (1.7.76), with A = E — 2j; — 3R
and the commuting g2U1HER) grading at y = 1, as a protected, deformation-invariant counting
partition function, the enhancement visible at the conserved-current (as2) order as the adjoint
character of En,+1 (1.7.78), the index-side dimension identity dim Fg = 45+ 1+ 16 + 16 = 78
(1.7.79) agreeing with the symmetry count route, and the N’ = 1-only nature of the index
(no 5d N = 2 superconformal algebra). (the full index machinery routed) (Kim et al. (2012),
§3 eqgs. (3.1)—(3.2) for the BPS condition and grading, and §4.2 for the z? current character;
Tachikawa (2015), §2 eq. (2.1) for the dimension-three SU(2)g-triplet scalar). Additional
calculations include the index-side dimension sum equalling dim En;+1 computed from the
E-series Cartan root system on the clean window Ny = 4,5. The symmetry count and index
character share the group-dimension input. Without the instanton characters, the example
gives 46 # T8.

Routed (stated, not proved). The existence and classification of the 5d superconformal fixed
points (the E, sequence, the higher-rank 5d theories, the convexity / gauge-theory-phase
classification, the string / M-theory / brane-web construction that establishes existence) are
routed to Part IIT and Volume X. The full 5d instanton-operator technology (the Nekrasov
instanton partition function, the higher-order superconformal-index evaluation, the proof of the
symmetry enhancement beyond the conserved-current count, and the brane-web realization of
instanton particles) is routed to Part III and Volume X. No 5d holographic dual, S® free energy,
or 5d central-charge technology is developed beyond naming it. The 6d origin of the 5d E,,
theories on a circle, and the completion of maximal 5d SYM to 6d (2,0), are forward-pointed to
Chapter 8. The engine connection, the (p, q) five-brane webs and local-Calabi—Yau geometries
that engineer 5d superconformal theories and realize the cubic prepotential, the instanton
particles, and the E, enhancement, is a later use in VII.7 and Volume X, not a claim here.

Further reading

Five-dimensional superconformal fixed points and their exceptional flavor symmetry
are in Seiberg (1996); the geometric and extremal-transition picture in Morrison and
Seiberg (1997) and Intriligator et al. (1997); the (p,q) five-brane webs in Aharony
and Hanany (1997) and Aharony, Hanany, and Kol (1998). The systematic geometric
classification of 5d superconformal theories is developed in Jefferson et al. (2018) and
Closset et al. (2021).

Recent classification and compactification perspectives on 5d SCFTs are developed
in Bhardwaj (2020) and Bhardwaj et al. (2020); the global form of flavor symmetry,
instantonic symmetry, higher-form symmetry, and their anomalies are analyzed in
Benetti Genolini and Tizzano (2021) and Apruzzi et al. (2022).
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Chapter 1.8

6d supersymmetric field
theories

Why six dimensions is different. The eight-supercharge theories of Chapters 5
and 7 have vector-multiplet scalars. In six dimensions the vector has no scalar; a chiral
two-form instead comes with a scalar whose expectation value controls a gauge coupling
and the tension of a string. At the point where the string becomes tensionless, the
tensor-branch description breaks down. The same tensor supplies the Green—Schwarz
coupling needed when a dynamical gauge anomaly has a factorized eight-form. This
chapter follows that chain from the tensor’s three physical polarizations through an
explicit rank-one F-string anomaly calculation. It then uses the anomaly polynomial
to read the cubic Euler anomaly of the interacting ' = (2,0) theory associated with
coincident Mb-branes.

What this chapter delivers

The 6d N = (1,0) multiplets (vector, hyper, tensor with its anti-self-dual two-form) and
the on-shell count that closes the tensor multiplet (§1.8.1); the tensor branch, the tensor
scalar as the inverse gauge coupling, and the tensionless string at the origin (§1.8.2);
the anomaly eight-form Ig, its A(R) ch(F) blocks, and the irreducible tr F* obstruction,
worked on the rank-one E-string (§1.8.3); the Green—Schwarz—Sagnotti—West factorization
Is = %QiniXi and why the tensor branch is required (§1.8.4); the four Weyl coefficients
(a,c1,c2, c3), matched on the branch, with 6d beside the extremization family (§1.8.5); the
6d N = (2,0) theory, its absence of a Lagrangian, the (R®)™ ! /Sy branch, and the cubic
a~ N?® (§1.8.6); and 6d NV = (1,1) maximal super-Yang-Mills as the Lagrangian contrast

(SL.8.7).

The 6d supersymmetry data, recalled once. Six-dimensional supersymmetry
comes in three amounts, and Chapter 1’s master table fixed each. A minimal 6d chiral
(Weyl) spinor supercharge carries eight real components, so the three cases are

N =(1,0): 8, N =(2,0): 16, N=(1,1): 16 (1.8.1)

real supercharges. The minimal case 6d AN/ = (1,0) has R-symmetry SU(2)g and sits
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at the top of the eight-supercharge sequence,
6dN =(1,0) = bdN=1=4dN=2=3dN =4 (8 supercharges), (1.8.2)

the sibling family of Chapters 5 and 7. The two maximal cases each add a second
supercharge; their chirality choice fixes the R-symmetry,
N =(1,0): SU2)r,
N =(2,0): USp(4)r = Spin(5)g, (1.8.3)
N = (1,1) : Spin(4)r = SU(2)%.
The N = (2,0) pair has the same chirality (larger R-symmetry, SO(5)); the N = (1,1)
pair has opposite chirality (SO(4)). These are the Chapter 1 counts and R-symmetries.

Chapter 2’s distinction between a gauge anomaly, which must cancel, and a background
't Hooft anomaly, which may remain, will matter when we reach the Eg flavor symmetry.

Part I. The 6d N = (1,0) world

The first five sections build 6d A/ = (1,0) dynamics: the multiplets and the chiral
tensor, the tensor branch, the anomaly polynomial, its Green—Schwarz factorization,
and the conformal anomalies.

[.8.1 Multiplets and the self-dual tensor

A 6d N = (1,0) theory is assembled from three multiplets, the third with no lower-
dimensional analog.

o Vector: a gauge field A, and a gaugino, with no scalar (unlike 4d/5d, no adjoint
Coulomb-branch scalar in 6d).

o Hyper: four real scalars (an SU(2)r doublet, as in four and five dimensions) and
a fermion, the 6d matter multiplet.

o Tensor: one real scalar ¢, an antisymmetric two-form B, with anti-self-dual
H~ = dB~, and a fermion. Its chiral two-form is what makes six dimensions
special.

The vector and hyper are familiar; the tensor is the new object. Table 1.8.1 collects all
three alongside the maximal cases.

Six is the lowest dimension hosting a chiral two-form. The field strength H = dB is
a three-form, and in d = 6 a three-form is middle-dimensional,  : Q2 — Q673 = O3,
so H = + % H makes sense. We take the N' = (1,0) two-form anti-self-dual and the
N = (2,0) (and supergravity) tensor self-dual,

N=(1,00: H =—xH, N=(20): H =+xH". (1.8.4)
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Only the sign is a convention; the physical content is that the two-form is chiral. We
fix the A" = (1,0) sign as in (1.8.4) so that the tensor-branch gauge kinetic term ¢ tr F'
of §1.8.2 comes out with the right sign.

The R-symmetry SU(2)g organizes the fermions. The gaugino and the tensor
fermion are SU(2)g doublets (each a symplectic-Majorana—Weyl spinor), the bosons
A,, B, ¢ are singlets, and only the hypermultiplet has SU(2) r-charged bosons,

doublets: A, ¥r; singlets: A,, By, ¢; hyper: (2,2) of SU(2)r x SU(2)F. (1.8.5)

The four hyper scalars form two SU(2)g doublets (a half-hypermultiplet is one doublet,
for a pseudoreal representation), the same 8-supercharge state count as the 4d N' = 2
and 5d N' = 1 hypermultiplets of Chapters 5 and 7. The new element is the tensor
multiplet.

That H = 4+ x H is a real condition, not a vacuous one, rests on a signature check.
The square of the Hodge star on a k-form in d Lorentzian dimensions is (—1)*(4=*)s
with s = —1; on a 6d three-form,

*2 b3 de6 = (—DEE=R g — (—1)33 (=1) = (=1)?(=1) = +1. (1.8.6)
Because x2 = +1 the projectors %(1 =+ %) are genuine and H = 4+ H has nontrivial real
solutions. In Euclidean signature s = +1 gives 2 = —1, the real condition collapses,
and the chiral tensor is a Lorentzian object. This signature result is what permits real
chiral tensors in Lorentzian six dimensions.

Worked instance: the tensor-multiplet degree-of-freedom count

The tensor multiplet must close the supersymmetry algebra, so its on-shell bosonic
and fermionic degrees of freedom must match. Counting them is the smallest piece of
tensor-multiplet arithmetic, and it feeds directly into the anomaly polynomial of §1.8.3.
Start with the two-form off shell: an antisymmetric B, in six dimensions has

(g) =15 (1.8.7)

independent components. Gauge redundancy and the equations of motion cut this to
physical states, counted cleanest in the massless little group SO(4) = SU(2) x SU(2).
The three-form field strength splits self-dual and anti-self-dual, sitting in the (3,1) and
(1, 8), so a generic two-form carries both while self-duality keeps one half,

(3,1)®(1,3)=3+3=6 A=, (1,3) = 3. (1.8.8)
The fermion is symplectic-Majorana—Weyl. After imposing its reality condition, it has
eight real components off shell; the massless Dirac equation halves these to four on-shell
states,

Nfermi = % -8 = 4. (189)
Adding the real scalar ¢ to the tensor’s 3 states, the counts balance,
Nhose = 3 _+ 1 =4 = 4 = Nermi, (1810)
B- [ r
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as required for an eight-supercharge tensor multiplet. This checks its state count; closure
of the supersymmetry transformations is additional structure.

The same counting fixes the other two multiplets, so the anomaly assembly of §1.8.3
has all three. The vector has a gauge field (6 — 2 = 4 states, an SO(4) vector) plus a
gaugino; the hyper has four real scalars plus a Weyl fermion:

vector : 4 = 4p, hyper: 4 = 4p, tensor : (3+ 1)p = 4F. (1.8.11)

Each N/ = (1,0) multiplet carries (4,4) on-shell states, the smallest 8-supercharge
representations; the tensor is the one whose bosonic 4 splits 3 + 1 rather than 4 + 0,
and that split feeds the self-dual-tensor term into the anomaly polynomial. The three
states are a chiral two-form, the origin of every 6d-specific structure below: no covariant
Lagrangian (§1.8.6), a self-dual string (§1.8.2), a Hirzebruch term in I (§1.8.3).

supersymmetry supercharges R-symmetry multiplets

6d N = (1,0) 8 SU((2)r vector; hyper; tensor
(anti-self-dual B™)

6d N = (2,0) 16 USp(4)r tensor (self-dual B, five
scalars)

6d N =(1,1) 16 Spin(4)r vector, four scalars: maximal
SYM

Table 1.8.1: The 6d supersymmetries, their real supercharge counts, R-symmetries (the
Chapter 1 master-table 6d row), and multiplet content. The R-symmetries are SU(2) g
for N = (1,0), USp(4)g = Spin(5)g for N = (2,0), and Spin(4)g = SU(2) x SU(2)
for N = (1,1). The N = (1,0) vector has no scalar; the tensor multiplet’s two-form is
chiral. The N = (2,0) tensor is self-dual with five SO(5) g scalars; N' = (1,1) maximal
SYM is a Lagrangian gauge theory with four scalars. The supercharge counts agree
with the Chapter 1 sequence.

1.8.2 The tensor branch

A 6d N = (1,0) theory with ny tensor multiplets has np real tensor scalars ¢¢, whose
vacuum expectation values parametrize the tensor branch, the 6d member of Chapter 2’s
branch vocabulary. Its real dimension is exactly the number of tensor multiplets,

dimgp Miensor = n, (1812)

for a branch with ny independent tensor scalars. The interacting SCFT sits at the
origin (¢*) = 0; generic points admit a low-energy description in tensor and, when
present, gauge fields.
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The tensor scalars set gauge kinetic coefficients. For one gauge factor coupled to
one tensor, the relation takes the simple form

. 1 . . _
Loange O @' tr 2, — ~ (¢"), (") > 0: g —0, (9')—0: g; — 0.

' (1.8.13)
For several tensors or gauge factors, the coefficient is an appropriate linear combination
of the ¢'. Moving toward the origin sends the effective coupling to strong coupling along
the indicated ray. Thus the tensor branch carries coupling data despite the absence of
a vector-multiplet scalar.
Charged under B? is a self-dual string, a one-dimensional soliton whose tension is
the tensor scalar, tensionless at the origin,
T, ~ (¢') 27 0. (1.8.14)
A tensionless string is a new kind of light degree of freedom, not a particle, and its
appearance is the hallmark of an interacting 6d fixed point: the origin contains light
string excitations no Lagrangian in the tensor-branch fields can capture. It is the 6d
counterpart of a massless BPS particle on a lower-dimensional Coulomb branch, one
dimension bigger. The vanishing follows from the stated proportionality; the microscopic
string dynamics enters later constructions.

—— (short string, light) ———  (long string, heavy)

T 0 T ~ ()
® . > (0)

origin: SCF'T tensor branch

Figure 1.8.1: The 6d N = (1,0) tensor branch, schematic. The real tensor scalar (¢)
runs outward from the origin. On the branch the gauge coupling is set by 1/¢% ~ (¢)
and a self-dual string (charged under B) has tension T' ~ (¢). At the origin (blue)
the string becomes tensionless and the interacting superconformal field theory appears.
The figure is a one-dimensional cartoon of an np-dimensional branch; the string, not a
particle, is the light object at the origin.

Common misconception: the tensor branch is the Coulomb branch under another name

It is tempting to call the 6d tensor branch a Coulomb branch, since both are moduli
spaces carrying the low-energy coupling data, but the difference is structural. The 4d/5d
Coulomb branch is parametrized by vector-multiplet scalars, and the 6d N = (1,0) vector
has no scalar at all, so there is no 6d Coulomb branch of that type. The moduli space
carrying the special 6d data is parametrized by tensor-multiplet scalars, and it is the
tensor branch. Branch names attach to the theory’s own multiplets (Chapter 2); on the
tensor branch the scalar plays the inverse-coupling role (1.8.13) and a self-dual string, not
a particle, goes light at the origin.

A purely gravitational constraint ties nr to the spectrum. The pure-gravitational
anomaly must itself be Green—Schwarz-removable, which coupled to gravity becomes
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the 6d gravitational-anomaly condition
ng — ny + 29ny = 273, (1.8.15)

one of the sharpest constraints on 6d spectra and the reason np is not free; the coupling
to gravity is developed in later volumes.

The tensor branch is where the anomaly technology lives. The origin SCFT has
an Ig hard to compute directly; on the branch the theory is free, so its Ig is a sum of
free-field blocks. Since Ig is an RG invariant, the matching

ISSCFT _ Iénassless branch+1§§rs (1816)

makes it computable: the Green—Schwarz term accounts for the mismatch between the
origin and the massless branch fields. This relation connects factorization below to the
conformal anomalies. Later F-theory constructions supply particular tensor branches.

[.8.3 The anomaly polynomial

A chiral theory in six dimensions has gauge, gravitational, mixed, and R-symmetry
anomalies, and the right object to organize them is a polynomial. The anomaly-inflow
formalism packages the anomaly of a d-dimensional theory into a characteristic class of
degree d + 2; a one-loop anomaly in 2n dimensions comes from an (n 4 1)-gon diagram,
o)

d=2: I, (2-gon), d=4: Ig (triangle), d=6: Ig (box), (1.8.17)

and in six dimensions the whole analysis is arithmetic on the eight-form Iy, generated
by a box (four-point) diagram. The anomaly is recovered from Ig by the Stora—Zumino
descent chain. Because Iy is a closed, gauge-invariant characteristic class it is locally
exact, and one descends by two steps,

Iy = dril?, 51V = a1V, s\logZ = 27ri/ 1, (1.8.18)
Mg

), then its gauge variation (A the gauge/Lorentz

parameter) descending to the six-form Iél), and finally | Me Iél) as the anomalous
variation of the effective action. Each step lowers the degree by one, 8 — 7 — 6, landing
on a six-form over spacetime. The entire anomaly is packaged in the single polynomial

Ig, and the physics questions become algebra on its coefficients.

the Chern—Simons seven-form I§O

Common misconception: the 6d anomaly is a triangle diagram

In four dimensions the anomaly comes from a triangle (three-point) diagram and the
polynomial is the six-form Is. Six dimensions is not the same: a d-dimensional anomaly
is a degree-(d + 2) class, so the 6d anomaly is the eight-form Is, generated by a boz (four-
point) diagram, per the 2n-dimensional (n + 1)-gon pattern of (1.8.17). The consequence
is that 6d cancellation is richer than the 4d cubic vanishing: an irreducible tr F* piece
must cancel group-theoretically and the residual must factorize for Green—Schwarz inflow
to absorb it. The 6d tool is the eight-form polynomial and its factorization, not a single
triangle.
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The building blocks. The anomaly polynomial is assembled additively from the chiral
field content, each field contributing with its chirality sign. A chiral Weyl fermion in a
representation R of the gauge or flavor group contributes the degree-eight part of the
index-density form

[A(R) ch(F)],, (1.8.19)

the entry-9 inflow building block, A(R) the Dirac genus and ch(F) the Chern charac-
ter, the subscript 8 selecting the eight-form; a chiral tensor contributes a signature
(Hirzebruch) term. Expanding the two factors,

Ao b i

_ iF/27
2 5760 + ..., ch(F) = rk + tre ’22, (1.8.20)

the degree-eight product collects gravitational, mixed, and gauge pieces,

[Achls D p2, p2, (trF%)py, trF* (1.8.21)

——
Alg deg-4 x deg-4 chls

plus the c2(R) monomials from the same expansion on the SU(2) g background. Products
such as (tr F2)? arise when a residual anomaly factorizes or when a group trace reduces;
they do not occur as an independent term in the single-fermion Chern character. The
index-theorem derivation belongs to the later anomaly treatment. The full degree-eight
basis, built from F, p1,ps2, and c2(R), is

tr FY (tr F2)?%, (tr F3py, p?, p2, c2(R)? ca(R)p1, caoR) (tr F?),
(1.8.22)
and assembling Ig means computing each rational coefficient from the field content.
The gauge dependence enters through group-theory index data. For a chiral fermion
in a representation R, the quartic invariants reduce to a reference (the fundamental, or
the smallest exceptional representation) by

trpF? = Aptr F?, trrF* = Brtr F* + Cg (tr F?)?, (1.8.23)

with Ar the Dynkin index and Bg,Cg the quartic index data of R. The coefficient
of the irreducible tr F'* in Ig is then a signed sum over the chiral matter, the gaugino
minus the hypermultiplets,

[IS]trF4 X Badj - an BRf7 (1824)
f

while the reducible (tr F?)? collects the Cr and Ag pieces. When the group has no
independent quartic Casimir, tr F* itself reduces to (tr F?)? and Br — 0; the analysis
splits into a Bg (irreducible) part that must vanish and a Cr/Ag (reducible) part that
must factorize.

The irreducible tr F* obstruction. The single-trace quartic tr F* is irreducible: it is
not a product of two degree-four forms, so it has no home in the factorized %Qin X
(a sum of squares) and Green—Schwarz inflow cannot absorb it. Consistency therefore
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forces its coefficient to vanish on its own, from the group theory of the matter, the
six-dimensional analog of the 4d cubic gauge anomaly. Whether a group carries an
independent quartic Casimir decides the story,

has one: SU(N > 4), SO(N >38), Sp(N); mnone: SU(2),SU(3),G2, Fy, Eg, E7, Es.
(1.8.25)
For the second list tr F* reduces to (tr F2)2. The sharpest case is Eg, where

1 2
tI‘248F4 = ﬁ (tI‘248F2) ; (1826)
so an Eg theory has no irreducible quartic at all: any would-be tr F* folds, with the
constant 145, into the reducible (tr F2)? slot. For SU(5), which has an independent
quartic Casimir, this reduction is unavailable; its irreducible coefficient must cancel

through the matter content.

Worked instance: the anomaly eight-form of the rank-one F-
string

The example carried through this section and the next is the rank-one E-string theory:
one tensor multiplet (np = 1), no gauge algebra on the tensor branch, and an Eg
flavor symmetry. Its anomaly-polynomial coefficients are the modern values of Ohmori,
Shimizu, Tachikawa, and Yonekura (OSTY), the standard 6d Green—Schwarz source.
The E-string is the cleanest genuine example: a single tensor, a single exceptional flavor
group, and a residual anomaly that factorizes with one degree-four form.

First the group theory. Because the flavor group is Fg, the Fg identity (1.8.26)
applies, and the irreducible tr Fég coefficient in the assembled Ig is

[Is],, a = O. (1.8.27)

There is no independent quartic Casimir for Eg to obstruct the factorization; the whole
FEs dependence collapses into Tr F%s and its square. Here Fg is a background flavor
symmetry. Its terms in Ig are 't Hooft anomaly data, including any flavor dependence left
after the group identity. Vanishing of an irreducible term is a consistency requirement
for a dynamical gauge field with such a quartic invariant; this Fg calculation instead
illustrates the algebra of the reducible flavor-dependent residual.

We distinguish three objects: the rank-@) system including its decoupled center-
of-mass hypermultiplet, the interacting rank-one theory, and the residual left after
subtracting the free tensor on its tensor branch. Here = 1 counts one positive
FE-string rank, not a rank-zero relative A-series theory. Use the normalized trace
Tr = traqj/hY, with hY(Es) = 30, and include 1/(27) in the anti-Hermitian field
strength. Thus c2(R) = Tr F3/4 is the second Chern class of the rank-two SU(2)r
bundle, and f = Tr F’ ]%8 below. This Tr differs from the unnormalized adjoint trace in
(1.8.26).

The full source polynomial can be reduced before trying to factorize it. Writing
r=ca(R), l =co(L), p=p1(T) and t = po(T), its ingredients are

p(N)==2(+7),  xaN)=l-r  pN)=(-1),
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S tptf pN)+ = 3 (N) —p)?
4 — T? 8_ 48 :
[EHE(Q) = Q3pé(N) n Q2X4§N)J4 40 <J§ —Js)-

The center-of-mass hyper is a half-hyper in the SU(2);, doublet. Its polynomial and
that of one free (1,0) tensor are

- P2 —4t  Ip  I? r r rp  23p® — 116t

IH = =4 II'=—+=
8 5760 48 24’ s 95718 5760

At Q = 1, subtracting I cancels every [ term. The interacting polynomial is

1B _ 1372 ~1lrp g n 203p? — 116t ﬂ Jf
8 24 48 4 5760 16 32

For example, its 72 coefficient is 1/6 + 1/4 + 1/8 = 13/24, directly from the three
terms of IZTH(1). Subtracting I then gives 13/24 — 1/24 = 1/2 in that slot and
—11/48 —1/48 = —1/4 in the rp slot. The rf coeflicient remains —1/4. All po(T) terms
cancel in this subtraction; no separate gravitational piece is discarded. The resulting
residual is

I = 1 X, Xy, Xy = —ip1 — 1 ' FZ, + o(R), (1.8.28)

one tensor (2 = 1) with a single degree-four X,. This is the rank-one tensor-branch
anomaly difference, in agreement with the direct OSTY factorization. The global sign
X4 — —X4 leaves the residual unchanged; we choose the positive ca(R) coefficient.
Expanding this square now checks it against the independently subtracted polynomial
above,
L = Lpi+ H(Tr F2.)? + 3c2(R)?
+ L (Tr F3,)p1 — ea(R)p1 — 2e2(R)(Tr Fg).

where each square coefficient is % times the square of an X, coefficient and each cross
coefficient is a product,

(-12=21  La2=} H-hH=L @O-hH=-1 (1.8.30)

Every coefficient in (1.8.29) follows by expanding the stated X4; Table 1.8.2 records
their origin as squares and products of the X, data. The cross coefficients test the
square: they are fixed products of the X, coefficients, so an Is whose cross terms miss
those products is not a perfect square. That conspiracy is Green—Schwarz factorization,
the next section.

(1.8.29)

NI
i

The gauge-anomaly cancellation condition

In a 6d NV = (1,0) theory with a gauge group g carrying an independent quartic
Casimir, the tr F* vanishing (1.8.24) becomes a constraint on the charged matter, the
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working tool the reader most often needs. With hypermultiplets in representations Ry
of multiplicity ny,

Bagj an Bg, = (1.8.31)

must hold identically (Bg the quartic index of (I1.8.23), hypers entering opposite to
the gaugino), the direct 6d analog of the 4d cubic-anomaly cancellation. When g has
no independent quartic Casimir, (I.8.31) is vacuous and the whole gauge anomaly is
left to Green—Schwarz. When it does hold, the residual reducible anomaly (Ag, Cg,
gravitational, R-symmetry) must still factorize, fixing ny and the lattice Q;;. Both
steps are necessary; the independent SU(5) quartic illustrates why (1.8.31) is a genuine
constraint.

A concrete count makes this tangible. For su(N) (N > 4), with the fundamental
normalized to B = 1, the quartic indices are

B,gj = 2N, Bo = 1, Bantisym = N — 38, (1.8.32)
so with ng fundamental and n, antisymmetric hypermultiplets (1.8.31) reads
2N — ng — na (N —8) = 0, (1.8.33)
a Diophantine constraint on the matter with two standard solutions,
n, =0: ng =2N; na=1: ng=2N— (N —-8) =N +8. (1.8.34)

The first, su(N) with 2N fundamentals, is the 6d cousin of “vector-like matter is
anomaly-free”; the second, one antisymmetric plus N + 8 fundamentals, is the content
on the tensor branch of a well-known 6d SCFT family. Either way the residual reducible
anomaly must then factorize with suitable tensor couplings. The two solutions pass
only the irreducible test; neither is a complete anomaly-consistent theory without the
remaining conditions.

I.8.4 Green—Schwarz—Sagnotti—West factorization

Once the irreducible dynamical-gauge obstruction cancels, the part to be canceled by
tensor inflow must factorize as a bilinear expression in degree-four forms,

Iy = 3 X X}, (1.8.35)

where 4,j = 1,...,n7 run over the tensor multiplets, §};; is a symmetric integer matrix
(the Dirac-pairing lattice metric of the self-dual string charges), and each

Xi = taip Zb Ltr,F2 4+ .. (1.8.36)

is a degree-four form carrying the Green—Schwarz coefficients a’ (the gravitational
coefficient) and b, (the gauge/flavor coefficients). Choose descent forms with X} =
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monomial coefficient in Ig origin in %Xf

p 35 3(=1)? (square)

(Tr Fi,)? 3 3(=3)? (square)

c2(R)? 1 1(1)? (square)

(Tt Fig) 1 15 (=1)(=7) (cross)

c2(R) pr —% (1)(=7) (cross)

c2(R) (Tr F,) -1 (1)(—%) (cross)

tr Fég 0 irreducible: cancels by Es group theory

Table 1.8.2: The residual anomaly eight-form Ig of the rank-one E-string, coefficient
by coefficient, with each entry’s origin as a square or a cross product of the X, =
—ipi — I F 7, + c2(R) coefficients. The three cross products are the nontrivial
factorization checks: they are fixed once the squares fix X4, so they are not free.
The irreducible tr F* vanishes because Eg has no independent quartic Casimir. The
coefficients use the stated residual normalization.

dX;’(O) and 5)\X§’(0) = dXQi’(l). With §,B* = X;’(l), the classical contribution to the
logarithm of the partition function is normalized as

log Zas D —mi y / BiAX]. (1.8.37)

i, 6

For this descent choice, Xj is invariant. Hence Iéo) = %QMX;’(O) A X} and Iél) =
%Qin;’(l) AXJ: dIéO) = Ig and 5>\I§O) = dIél). Only X;’(O) varies in the latter step, so
the factor 1 remains. The variation of (1.8.37) is

oy log Zas = fm'ZQij/ xtWaAX] = —271'1'/ 1Y, (1.8.38)
’Lj Mg Mg

equal and opposite to the local consistent anomaly encoded by Ig, under the stated
descent and tensor-transformation rules. This local cancellation does not construct
a complete chiral-tensor action or establish cancellation of global anomalies. The
mechanism is the six-dimensional descendant of the 10d Green—Schwarz cancellation,
the multi-tensor version due to Sagnotti and to Schwarz and West; the counterterm is
classical, the coupling of the dynamical tensor B’ to the anomaly factor X.

The tensor fields therefore carry more than moduli: they can cancel factorized
anomalies of dynamical gauge fields. A residual gauge anomaly outside the span of
the available tensor couplings cannot be removed by this mechanism. Factorization
constrains the tensor content and charge pairing; the Eg background flavor terms in
our example remain 't Hooft anomaly data.
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Worked instance: factorizing the F-string residual

Return to the rank-one E-string, now solving (1.8.35) from the residual I§* of (I1.8.29)
rather than assuming the answer. With one tensor multiplet we take Q@ = 1 (a
single self-dual string of unit charge, the unimodular 1 x 1 lattice) and seek a single
Xy,=ap1+ 8 Tr F}%S + v c2(R). The three square coefficients fix the magnitudes,

W2 L 2oL Lyl (1.8.39)

so o = :I:i, 8= :I:i, ~v = +1. Fixing the signs by the OSTY convention (the two
Pontryagin/gauge coefficients negative, the R-symmetry coefficient positive) gives

Q=1 Xy =-ip — ITeF; + c2(R), (1.8.40)

which are the Green—Schwarz coefficients a = —1 (from X, D %apl), bg, = 1, and
co(R)-coefficient 1. So far this only used the three square coefficients; the factorization
is nontrivial because the same «, 3,y must reproduce the three cross coefficients of Ig:

of = L ya=-1 5= 1 (18.41)

matching the (Tr F2)py, c2(R)p1, and co(R)(Tr F?) coefficients of (1.8.29) exactly. All
three hold with the solved values, so the residual genuinely factorizes. Reassembling
10X7? reproduces each stated residual coefficient. As a formal coefficient control,
setting F' = p; = 0 in the residual leaves %CQ(R)Q. This substitution tests a polynomial
coefficient; it does not assert a physical background with independently realizable
characteristic classes. A coefficient 2co(R) in X4 would instead give 2c2(R)?, so neither
a trace rescaling nor a global sign could repair that choice. A stray ps or irreducible
tr F'4 has no home in this one-tensor square; dropping the overall % or the Fg term also
changes the residual. The example shows how the tensor’s bilinear term organizes an
anomaly, without treating the background Fg field as a dynamical gauge field.

I.8.5 Conformal anomalies on the tensor branch

A 6d conformal field theory has four Weyl-anomaly coeflicients; supersymmetry con-
strains them. We use the Cérdova—Dumitrescu—Intriligator normalization of the Weyl
invariants, in which a free (2,0) tensor has ¢; = ¢ = ¢3 = 1. On a curved back-
ground the trace of the stress tensor is the six-dimensional Euler density Fg plus three
Weyl-tensor invariants Iy, I3, Is,

(T",) = aBs + axli + 2z + c315. (1.8.42)

There is no single 4d-style c¢: six dimensions has three degree-six Weyl invariants where
four dimensions had one Weyl-squared term, so (a, c1, ¢2,c3) is the central-charge data.
The free multiplets fix the normalization; their (a,¢;) contributions are comparison
cases, as in Chapter 3, with two structural facts,

C1 C1

= 1o universal ¢; a monotone (the a-theorem), ¢; not.
tensor

€2 hyper C2

(1.8.43)
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The hyper and tensor ratios show that there is no single universal c. In a N' = (1,0)
superconformal theory the three ¢; also obey ¢ = %(02 + ¢3) in this convention,
leaving two independent ¢ data. The A/ = (2,0) free-tensor relation used below is the
decomposition

N = (2,0) tensor = N = (1,0) tensor & N = (1,0) hyper. (1.8.44)

These coefficients are related to the anomaly polynomial by supersymmetry. On the
tensor branch, the massless multiplets and the Green—Schwarz contribution together
match the origin anomaly,

ISSCFT _ Iénassless branch + ISGS? (1845)

where the branch spectrum can include gauge and matter multiplets as well as tensors.
This is an anomaly-matching equation, not an extremization.

The extraction works because supersymmetry ties the anomalies to Ig: the R-
symmetry sits in the stress-tensor multiplet, so the ca(R),p1,p2 coefficients of the
gravitational /R, part

1
Is 2 5(0402(3)2 + Bea(R)pr + vpT + Op2) (1.8.46)

map linearly to the conformal anomalies. The Cérdova—Dumitrescu—Intriligator (CDI)
relation for the Euler anomaly and the three Weyl coefficients are

a=H(a-F+7)+55
c1=da— FB+ P+ 56,
cr =4da— PB+ 5y + F0,
cs = 4a — 68 + 8y + 24.

(1.8.47)

Each row is a fixed linear functional in the normalization of (I.8.46). The coefficient
vector of 2¢; — ¢g — ¢3 is (0,0,0,0), so the supersymmetric relation holds separately
in all four slots. For a free (1,0) hyper the input vector is (0,0, 7/240,—1/60); for a
free (1,0) tensor it is (1,1/2,23/240,—29/60). Their sum is (1,1/2,1/8,—1/2), which
gives @ = ¢; = ¢ca = ¢3 = 1 for a free (2,0) tensor. These substitutions check the
normalization and the internal linear relation. The supersymmetric relation between the
anomaly polynomial and conformal correlators is a physical input, not proved by these
substitutions. We use its Euler row for the relative (2,0) theory in the next section.

Common misconception: 6d has a trace-extremization principle like a-maximization

Volume 0’s extremization through-line runs a-maximization (4d N' = 1), c-extremization
(2d), and F-maximization (3d), each selecting the superconformal R by extremizing an
anomaly-trace function over trial symmetries. Six dimensions hosts no such member: the
(a,ci) are fixed directly by anomaly-polynomial factorization and matching on the tensor
branch, not by a variational principle, and there is no 6d trace whose extremum is the
superconformal R. Six dimensions sits beside the a-max/c-ext/F-max family; the closest
analog is the matching (I1.8.45), an equation, not an extremum.
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There is a 6d a-theorem: along a flow between 6d SCFTs the Euler coefficient
decreases,
ayv > QIR, (1.8.48)

the cousin of the four-dimensional a-theorem. The flow to the tensor branch is itself
a 6d flow with ascrT > @free branch; we state (1.8.48); its proof belongs to the later
anomaly analysis. The worked number is the N' = (2,0) Euler coefficient a ~ N3,
computed next.

Part Il. The 6d N' = (2,0) world

The maximal N' = (2,0) theory is the non-Lagrangian contrast: an ADE-classified
interacting fixed point with no Lagrangian, its M5-brane origin, and the cubic conformal
anomaly a ~ N3.

[.8.6 The maximal N = (2,0) theory

The maximal supersymmetric fixed point of six dimensions is the 6d N' = (2,0) theory:
sixteen real supercharges (two same-chirality 6d Weyl supercharges), R-symmetry
USp(4)r = Spin(5)g, and a single N’ = (2,0) tensor multiplet,

BY (H" =+xH?"), 5 scalars in the 5 of SO(5)g, fermions, (1.8.49)

the five scalars being transverse position moduli and BT the maximal-symmetry version
of the N = (1,0) chiral tensor. The interacting theories are classified by a simply-laced
(ADE) algebra g € {A,, D,, Eg, E7, Es}, one per algebra, with tensor branch and
strings

M = (R°®@b)/W, rank = rank g, tensionless strings <> roots.  (I1.8.50)

The Apn_1 series is N coincident M5-branes in flat space; the D, E series need an
orbifold or M-theory orientifold, discussed in later volumes. The ADE pattern is the
same simply-laced structure that classified the C?/T" singularities and the 4d N = 2
gauge symmetries. We work the Ay _; series; the classification proof enters later.

M5-branes and the rank. A single M5-brane carries one free abelian N' = (2,0)
tensor, its center-of-mass sector. Stacking IV, the interacting theory is the relative
theory after decoupling that free tensor,

rank(Ay_1) = N —1, N =1: rank 0 (free tensor), Ay N=2. (1.8.51)

This is a common place to slip: a single M5 is the free tensor, not an interacting theory,
and the rank-one interacting theory A; is two coincident M5s. Equation (1.8.51) shows
why one M5 is not the interacting A; theory.
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The absence of a Lagrangian. The chiral tensor already resists an ordinary uncon-
strained covariant kinetic action. On a real self-dual three-form, its naive quadratic
term wvanishes,

/H/\*H = /H/\H =0 (H = «H up to signs), (1.8.52)

because an odd-degree form wedges with itself to zero. This on-shell identity does not
prove a general no-go theorem: auxiliary-field and non-covariant descriptions exist for
a free chiral tensor. No conventional local action for the interacting Ay_1 theory is
known. Its anomaly and moduli data nevertheless make it a precise quantum field
theory.

Common misconception: no Lagrangian means it is not a field theory

The interacting N' = (2,0) theory has no known conventional Lagrangian, and it is
tempting to conclude it is not a field theory. That is wrong. It is a bona fide local
quantum field theory: a stress tensor, R-symmetry USp(4) g, a moduli space, BPS self-
dual strings, a well-defined Ig, and conformal anomalies (a,c;) with the sharp a ~ N®
below. The absence of a Lagrangian is a statement about presentation, not existence. This
is the 6d version of Chapter 2’s field-theory distinction, and the partner of the 4d N' = 2
Argyres—Douglas fact of Chapter 5: there the obstruction was mutually non-local BPS
states, here the self-dual tensor.

The tensor branch. The five scalars of each tensor multiplet are the transverse
M>5-brane positions in R®. Separating N coincident branes gives

May_, = (B /sy, (1.8.53)

the N positions modulo the overall center of mass (leaving N — 1 factors) and modulo
the permutation Sy exchanging identical branes; its rank N — 1 matches (I.8.51). At a
generic point the theory is N — 1 free A/ = (2,0) tensors; at the origin the interacting
SCFT appears. The self-dual strings are M2-branes stretched between the M5s, with
tension proportional to the separation, so they become tensionless as the branes come
together, exactly the mechanism of §1.8.2.

The N = (2,0) anomaly polynomial. Although the NV = (2,0) theory has no
Lagrangian, its anomaly polynomial is completely known, the clearest sign that it is a
genuine field theory. For the Ax_; theory the eight-form is (Harvey—Minasian—Moore,
Intriligator)

2
M= v, (18.54)
with I£® the free-tensor eight-form (the N — 1 Cartan multiplets) and pe(Ng) the
Pontryagin class of the SO(5)g normal bundle. Two features are load-bearing,

IEV[Ana) = (N = DI +

N(N?-1) = N> =N (cubic in N), N(N*—=1)|y_, = 0 (rank 0), (I.8.55)

the cubic coefficient being the anomaly-polynomial origin of the N3 and its vanishing
at N = 1 the free single-M5 limit (I1.8.51). The a and ¢; are read off (1.8.54) by the
matching of §1.8.5, and both inherit the cubic growth.
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T ~ separation T — 0: SCFT

origin

M2 _—

M5 M5 M5 N M5

Figure 1.8.2: The N' = (2,0) Ay_1 tensor branch as M5-brane transverse positions
(here N = 3), schematic. Separated M5-branes give N — 1 free tensor multiplets; an
M2-brane stretched between two Mbs is a self-dual string with tension proportional to
the separation. As the branes coincide (right) the stretched M2 becomes a tensionless
string and the interacting superconformal field theory of rank N — 1 appears at the
origin. The five transverse directions are drawn as one.

Worked instance: the N' = (2,0) conformal anomaly a ~ N?

The characteristic number of the N' = (2,0) theory is its Euler conformal anomaly,
growing as the cube of N, the sharpest “non-Lagrangian but field-theoretic” number in
Volume 0: a theory with no Lagrangian has an exact central charge. The CDI relation
(1.8.47), evaluated on the N' = (2,0) anomaly data, gives their closed form for the Euler
anomaly of the type-g theory, a = % h;dg + 74 (CDI, Table 1). For Ay_1 = su(N) the
dual Coxeter number, dimension, and rank are (h",d,r) = (N, N> —1, N — 1), so this
splits into (N — 1) free tensors plus the contribution supplied by anomaly matching at
the interacting origin,

a(N) = $Br%d+r = (N=1)agee + aint(N), aint(N) = 28 (N?—N), (1.8.56)

in the normalization age. = 1 per free N' = (2, 0) tensor (the CDI convention); with that
normalization fixed, the interacting coefficient 1—76 is the CDI value, not a free choice.
The convention-independent content is the cubic growth a ~ N3 and the tensor-branch
decomposition into (N — 1) branch tensors plus the (N3 — N') matching contribution.
The displayed a(N) belongs to the relative An_; theory: the overall free center-of-mass

tensor of the N Mb5-branes has already been removed. Expanding,
3 3
a(N) = BN°> + N — BN -1 =8N - 2N — 1, (1.8.57)

a cubic whose leading term comes directly from the group-theory data. The limits and
the leading behaviour pin the physics,

a(l)=0, a(2)=18-18_1=18 a(N) ~ 38 N?, (1.8.58)
a(1) = 0 the trivial relative theory beside the free single-M5 tensor, a(2) = 19 the
Ay (two-M5) value, and 22 N® the large-N leading term. This beats the naive N? of a

gauge theory,
a(N)
N3

N
= 18 (finite), A}gnoo a](\TZ) = oo, (1.8.59)

lim

N—o0
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so the anomaly grows one power of N faster than the adjoint field count of an SU(N)
gauge theory. The exact coefficient comes from the CDI relation, while the symbolic
expansion fixes its cubic degree, leading term, and values at N =1, 2.

The N3 is what makes the N' = (2,0) theory strange. An ordinary SU(N) gauge
theory counts dim su(N) ~ N? gluons, so every large-N central charge grows as N?;
the A/ = (2,0) theory has no gluons, no coupling, no Lagrangian, yet grows one power
faster, both a and the ¢; sharing the cubic behaviour of (1.8.54). The same N? appears
on the gravity side as the free energy of N Mb-branes in eleven-dimensional supergravity
(Henningson—Skenderis), the holographic N3 that first signalled M5-branes have no
weakly-coupled field-theory description. The field-theory computation reproduces it
from the anomaly polynomial alone. The construction, tensionless strings, and M-theory
origin are developed later.

Compactification and the class S pointer. The A = (2,0) theory is the geometric
origin of the 4d N' = 2 S-dualities of Chapter 5. Because it is conformal it has no intrinsic
scale. In the four-dimensional limit below the torus Kaluza—Klein scale, reducing An_1
on a two-torus T2 of complex structure 7 gives a coupling controlled by 7; the torus
area sets the scale of omitted massive modes,

An_yon T? — 4d N =4 su(N), 7 = coupling, SL(2,Z)7r> = S-duality.
(1.8.60)
Montonen—Olive duality is then the statement that two SL(2,7Z)-related tori are the
same torus, invisible from six dimensions, and it exists only because the parent has no
coupling of its own. Compactifying instead on a punctured Riemann surface Cg4 , with
the partial topological twist that preserves eight supercharges gives the class S theories,

An_1onCy, — 4dN =2, couplings = moduli, S-duality = MCG, (1.8.61)

with the Seiberg-Witten curve of Chapter 5 a branched N-fold cover of C4,. We
develop none of the construction here; we have stated the A" = (2,0) field-theory facts
the class S program reads from.

Part IlIl. Maximal super-Yang—Mills

The N = (1,1) maximal super-Yang-Mills is the Lagrangian sixteen-supercharge
contrast, the non-renormalizable uplift of 4d AN/ = 4 that links to the Chapter 9
super-Yang—Mills sequence.

[.8.7 The N = (1,1) maximal super-Yang—Mills

The other sixteen-supercharge theory is 6d A" = (1, 1), and it is the opposite of N' = (2, 0)
in the one way that matters here: it is a Lagrangian gauge theory. It has R-symmetry
Spin(4)r = SU(2) x SU(2) and is maximal 6d super-Yang-Mills, the uplift of 4d N = 4,

adjoint: A, 4 scalars, fermions; manifest g% tr F? action. (1.8.62)
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But six is above the critical dimension for Yang-Mills. Since tr 2 has mass dimension
four and a 6d Lagrangian density must have dimension six,

[L} = 6-4=2  hence [¢?] = —2, (L8.63)

the theory is non-renormalizable, an effective description below a cutoff, with no
interacting 6d fixed point of its own; its UV completion is stringy (a little-string
theory). So N = (1,1) is the Lagrangian sixteen-supercharge row and A" = (2,0) the
non-Lagrangian one.

One identification must be resisted. The 6d ' = (1,1) SYM is not the N' = (2,0)
theory on a circle,

N =(2,0) on S — 5d N = 2 maximal SYM,
g2 ~R, 1/g2 ~1/R, (1.8.64)
Bt — AD),

one dimension down, with the Kaluza—Klein and wrapped-string modes the 5d instanton
tower. That reduction gives 5d, not 6d ' = (1, 1); the two are distinct theories.

The N = (1,1) SYM is the 6d entry of the sixteen-supercharge SYM sequence that
Chapter 9 continues, 6d N = (1,1) = 7d — --- — 10d. In d dimensions the coupling
dimension is

{gﬂ —d—4, 6%l =4—d, (1.8.65)

marginal at d = 4 (the conformal 4d N’ = 4) and increasingly irrelevant above, as
Table 1.8.3 records. We state AN/ = (1,1) as that contrast; the sequence is developed in
Chapter 9.

The 6d — 5d sequence bridge. The A/ = (1,0) theories close the dimension sequence
downward too. Reducing 6d N = (1,0) on a circle gives 5d N’ =1 (Chapter 7),

(¢,B7) — (¢s, A,(f))7 self-dual string on S — 5d instanton (U(1);), (1.8.66)

the tensor scalar and two-form descending to the 5d vector multiplet and the wrapped
string to the 5d instanton tower whose charge is the Chapter 7 topological U(1);. The
6d N = (1,0) SCFTs are thus the parents of the 5d AN/ = 1 theories, and the F-theory
constructions that classify 6d SCFTs (Volume XII/XIII) read their tensor-branch,
anomaly-polynomial, and Green—Schwarz data off this chapter. We state the bridge as
a pointer, not a worked reduction.

Exit checklist

After this chapter the reader can

1. identify the 6d N = (1,0) multiplets (vector with no scalar, hyper, tensor with
an anti-self-dual two-form), count the on-shell degrees of freedom of a self-dual
two-form as the dim(1,3) = 3 of the little group SO(4), and check that the tensor
multiplet closes supersymmetry as 3 + 1 = 4 bosonic = 4 fermionic;

212



dimension  supersymmetry  [¢g°] =4 —d  status

4d N =4 0 marginal: superconformal

5d N =2 -1 irrelevant: UV completion is
6d N = (2,0) on S*

6d N =(1,1) -2 irrelevant: UV completion stringy
(little string)

7d-9d maximal —3to —b irrelevant: no interacting fixed point

10d N=1 —6 low-energy limit of the open
superstring

Table 1.8.3: The sixteen-supercharge maximal super-Yang—Mills sequence. The gauge
coupling has dimension [¢?] = 4 — d, marginal only in four dimensions (4d N = 4).
Above four dimensions maximal SYM is non-renormalizable with no interacting fixed
point of its own; 6d N' = (1,1) is one rung, distinct from the A/ = (2,0) theory (which
on a circle gives the 5d row, not the 6d one). Chapter 9 develops the sequence; the
coupling dimensions here are the elementary count [1/¢%] = d — 4.

2. describe the tensor branch, its dimension nr, the tensor scalar as the inverse
gauge coupling 1/g? ~ (¢), and the self-dual string that becomes tensionless at
the origin, and distinguish it from the (absent) 6d Coulomb branch;

3. write the 6d anomaly as the eight-form Ig, assemble it from the A(R)ch(F)
building blocks and the self-dual-tensor term, and impose the irreducible tr F*

cancellation (vanishing for Eg by tr F* = 5 (tr F'2)?);

4. run the Green-Schwarz-Sagnotti-West factorization Iy = $€;; X4 X 7 on the rank-
one F-string, extract Q2 =1 and Xy = —ipl — iTr F}%s + c2(R), verify the three
cross relations, and explain why the tensor branch is required for consistencys;

5. state the four 6d Weyl-anomaly coefficients (a, ¢1, co, ¢3), read them off the anomaly
polynomial by matching on the tensor branch, and place 6d beside the a-max /
c-ext / F-max extremization family rather than inside it;

6. describe the 6d N = (2,0) theory (self-dual tensor multiplet, USp(4)g, the ADE
list), explain why it has no Lagrangian yet is a field theory, count its rank as
N —1 (a single M5 is the free tensor, A; is two M5s), and compute its conformal
anomaly a(N) = N3 — 2N — 1 ~ N3

7. contrast 6d NV = (1,1) maximal super-Yang-Mills (Lagrangian, [¢°] = —2, no
interacting fixed point) with A" = (2,0), distinguish it from the A" = (2,0) theory
on a circle (which is 5d maximal SYM), and state which deep results (the anomaly-

polynomial derivation, the 6d SCFT classification, the N’ = (2,0) construction)
are cited rather than proved.

213



Status and sources

The chapter uses the anomaly polynomial 1442, the inflow form A(R) ch(F) and the descent
chain, with OSTY (arXiv:1408.5572) for the six-dimensional Green—Schwarz normalization.
Its R-symmetries SU(2)r, USp(4)r and Spin(4)r follow Chapter 1. The chiral two-form is
anti-self-dual for N' = (1,0) and self-dual for N' = (2,0) in the chosen orientation. For the
E-string, subtracting the free fields from the full source polynomial gives the residual compared
with OSTY (3.41); a fixture using 2¢2(R) in X4 does not establish that residual.

§1.8.1 Multiplets and the self-dual tensor. The 6d N = (1,0) vector (no scalar), hyper,
and tensor multiplets (Table 1.8.1); the anti-self-dual two-form H~ = — x H~ (1.8.4), the
Lorentzian signature check x> = +1 on a 6d three-form (I.8.6), the off-shell count (g =15

(1.8.7), the on-shell self-dual count dim(1,3) = 3 (half the generic 6) and the fermion % -8 =4
(1.8.8)—(1.8.9), and the tensor-multiplet SUSY balance 3+ 1 =4 =4 (1.8.10). Source anchors
(Cérdova et al. (2019) the 6d multiplet structure). Additional calculations include the self-dual
dof count as an SO(4) little-group rep, the SUSY 4 = 4 balance, the off-shell 15, the 6d

supercharge counts against the Chapter 1 sequence, and %? = +1.

§1.8.2 The tensor branch. The tensor branch of real dimension ny (1.8.12), the gauge kinetic
term ¢’ tr F? and the tensor scalar as the inverse gauge coupling 1/¢* ~ (¢) (1.8.13), and
the self-dual string with tension T' ~ (¢) becoming tensionless at the origin (1.8.14). Source
anchors (Seiberg (1997) the interacting 6d fixed points and the tensionless string; Heckman,
Morrison, et al. (2014) the F-theory tensor-branch classification, the engine home). Additional
calculations include the tensor-branch dimension = nr for several nr and the zero limit of an
assumed linear string-tension relation. The inverse-coupling relation is a physical input. The
tensor branch is parametrized by tensor scalars, since the six-dimensional vector has no scalar.

§1.8.3 The anomaly polynomial. The 6d anomaly as the eight-form Is, generated by a box
diagram, the (n + 1)-gon pattern (1.8.17) with the descent chain 8 — 7 — 6; the A(R) ch(F)
building blocks (1.8.19) and the degree-eight monomial basis (1.8.22); the irreducible tr F*
obstruction and the Es identity tr F* = L (tr F?)* (1.8.26); and the worked assembly of the
rank-one E-string Is (1.8.29) with [Ig];, pa = 0 (1.8.27) obtained by full source subtraction.
Source anchors (Schwarz (1996) the 6d tr F* / factorization conditions; Ohmori, Shimizu,
Tachikawa, and Yonekura (2014) the OSTY anomaly-polynomial table). The direct residual
anchor is Ohmori, Shimizu, Tachikawa, and Yonekura 2014, eq. (3.41); the full rank-Q
polynomial and the decoupled hyper subtraction are Ohmori, Shimizu, and Tachikawa 2014,
egs. (1.1)—(1.5), §3.3. The free tensor is in OSTY Appendix A. The new source calculation
reproduces six residual coefficients and the vanishing ps slot; its formal F' = p; = 0 control
distinguishes 3c2(R)? from 2c2(R)?. The Es quartic identity alone does not fix the E-string
coefficients. The six-dimensional anomaly is encoded by the eight-form.

§1.8.4 Green—Schwarz—Sagnotti-West factorization. The factorization Iz = 1Q;XiX]
(1.8.35) with the degree-four form Xj (1.8.36), the B A X4 inflow coupling Y Q4; [ B* A X1
(1.8.37), and the tensor branch as required for consistency; the worked E-string factorization
solving © = 1 and X4 (1.8.40) from the square coefficients (1.8.39), with the three cross
relations (1.8.41) and the reassembly against the separately subtracted OSTY polynomial.
Source anchors (Green and Schwarz (1984) the 10d Green—Schwarz mechanism; Sagnotti (1992)
the multi-tensor 6d factorization; Ohmori, Shimizu, Tachikawa, and Yonekura (2014) the
pinned E-string coefficients). The example uses unit pairing and fixes the source coefficient
vector up to an overall sign. Squaring it reproduces the residual found by subtracting the
free fields from the full polynomial. The coefficient 2c¢2(R) in X4 fails that comparison. The
example does not prove general multi-tensor factorization.
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§1.8.5 Conformal anomalies on the tensor branch. The four 6d Weyl-anomaly coefficients
(a,c1,c2,c3) (1.8.42) (one Euler a, three Weyl c;, constrained by c1 = 3(c2 + cs) for (1,0)
supersymmetry in the stated normalization), related to the anomaly polynomial by supersym-
metry and matched on the tensor branch (1.8.45); the 6d a-theorem auy > air stated and
routed; and 6d placed beside the extremization family. Source anchors (Cérdova et al. (2019)
the 6d Weyl-anomaly (a, ¢;) structure; Cérdova et al. (2016) the 6d a-theorem on the tensor
branch). The direct Weyl anchor is Cérdova et al. 2020, eqgs. (1.5), (1.12), Table 1; its Table 2
supplies the free hyper/tensor anomaly vectors used with the Euler row (1.11). The coeflicient
calculation yields 2¢; — ¢2 — ¢s = 0 in all four slots and a = ¢; = 1 for the free (2,0) tensor.
The physical anomaly-multiplet relation remains an input. Additional calculations include the
N = (2,0) case of the matching, the marquee a ~ N3. No 6d trace-extremization member is
claimed (the family stays 4d N =1 / 2d / 3d).

§1.8.6 The A/ = (2,0) theory. The 6d A = (2,0) tensor multiplet (U Sp(4)r, self-dual BT, five
SO(5)r scalars) and the ADE list; the M5 rank count rank(Ay_1) = N —1 (1.8.51) (single M5
free, A1 two Mbs); the absence of a Lagrangian (the self-dual tensor obstruction); the tensor
branch (R°)~"/Sy (1.8.53); the marquee conformal anomaly a(N) = £N? — 2N — 1 ~ N®
(1.8.56)—(1.8.58); and the class S pointer. Source anchors (Harvey et al. (1998) the N = (2,0)
anomaly polynomial and the N scaling; Cérdova et al. (2016) the a = 1—76hvd+r Euler-anomaly
relation and Table-1 value; Intriligator (2000) the anomaly matching and rank corrections;
Henningson and Skenderis (1998) the gravity-dual N* cross-check). Additional calculations
include a(N) assembled as a polynomial, its cubic degree read off (not hard-coded), the
N3-over-N? growth by symbolic limits, the free (N = 1) and rank (N — 1) limits, and A; =
two Mb5s. The six-dimensional theory is a quantum field theory with no conventional local
Lagrangian for the interacting sector.

§1.8.7 The N/ = (1,1) maximal super-Yang—Mills. 6d N' = (1,1) as Lagrangian maximal
SYM (Spin(4)r, the uplift of 4d N' = 4), non-renormalizable with [¢%] = —2 (1.8.63) and no
interacting 6d fixed point; the warning that it is not the A" = (2,0) theory on a circle (that
reduction is 5d maximal SYM); the 6d — 5d sequence bridge (tensor — 5d vector, wrapped
string — instanton tower); and the forward pointer to the Chapter 9 sixteen-supercharge
SYM sequence. Source anchors (Witten (1995) the 6d string dynamics and the little-string /
N = (2,0) context). Statement-level aside; the 16Q count is the count in Chapter 1 and the
SYM-ladder dimension count is Chapter 9’s. No CHK (a stated contrast and a routed bridge).

Exact sources for three physical pointers. The gravity-coupled condition (I.8.15) is
the absence of the irreducible tr R* term in Ferrara et al. (1998, eq. (1.1)). For (1.8.60),
Assel and Schéafer-Nameki (2016, introduction and §2) gives the low-energy torus reduction,
complex coupling and modular duality; Dabholkar et al. (2020, introduction p. 4) states the
small-area limit at fixed complex structure. The displayed su(N) is the relative sector after
the free center-of-mass factor is removed. For (1.8.61), Gaiotto 2009, introduction and §4.2
gives the A-type twisted punctured-surface construction, the Seiberg—Witten covering and the
coupling-space/S-duality correspondence. These are source anchors for physical pointers, not
local construction proofs or new evidence tags.

Inputs and implications. The following notes state the hypotheses on dimensional reduc-

tion, multiplet assignments, and anomaly coefficients, with the scope of the corresponding

calculations.

Input 1.8.1. Supersymmetry spinor reality/count is imported; no spinor theorem with
hypotheses is supplied.

Input 1.8.2. Dimensional-reduction identification of superalgebras is imported; no controlled
worldsheet derivation is given.
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Input 1.8.3. R-symmetry group identification is imported; no representation-theoretic proof
is supplied.

Input 1.8.4. Chiral-tensor sign is a local convention; classification requires separating orienta-
tion conventions from physical multiplet content.

Input 1.8.5. R-representation assignments are imported; no transformation-rule derivation.

Mathematics 1.8.6. Hypotheses: Hodge identity star 2=(-1)"[k(d-k)+s], d=6, k=3, s=1.
Proof: Exponent 3*34+1=10 is even.

Mathematics 1.8.7. Hypotheses: Six-dimensional vector space over R; no gauge quotient is
taken. Proof: Choose unordered pairs of distinct indices: 6%5/2=15.

Input 1.8.8. Massless little-group/chiral projection is imported; only representation dimensions
are counted.

Input 1.8.9. Symplectic-Majorana-Weyl state identification is imported; halving eight is only
arithmetic.

Input 1.8.10. Spectrum input is imported; equality 34+1=4 does not establish supersymmetry
closure.

Input [.8.11. Multiplet field-content table is imported, not constructed from transformations.

Input 1.8.1. Mixed table of algebra labels and spectra is imported; no uniform MATH or WS
route.

Input [.8.12. Existence and independence of physical tensor scalars are imported; conditional
dimension counting alone is checked.

Input 1.8.13. Tensor scalar/gauge-coupling dictionary is imported; no source-level derivation
in this chapter.

Input 1.8.14. BPS string tension and existence of a tensionless fixed point are imported; a
linear zero limit cannot establish them.

Input 1[.8.1. Schematic physical branch picture is imported; geometric depiction is not a
verified geometry-to-QFT dictionary.

Input 1.8.15. The trR4 cancellation condition is sourced, but no gravity, tensor, vector and
hyper trR4 coefficients are independently assembled and matched here.

Input 1.8.16. The origin/branch/GS identity is imported; no independently computed origin
18 is compared coefficient by coefficient with branch plus GS data here.

Input 1.8.17. The anomaly-polynomial degree rule is imported; no six-dimensional spectrum
or inflow polynomial is compared with an independent anomaly here.

Input 1.8.18. The descent normalization is stated from a source; no independently computed
anomalous variation is matched to its 16 descent here.

Input 1.8.19. The index-density formula is imported; no fermion anomaly coefficients derived
from it are matched to a separate calculation here.

Input 1.8.20. The A-hat and Chern-character series are imported; no characteristic-root series
proof is included.

Input 1.8.21. Listing possible index-density monomials is not a coefficient match; no indepen-
dent eight-form vector is compared here.

Mathematics 1.8.22. Hypotheses: Assign degree 2 to F, degree 4 to pl and ¢2, and degree 8
to p2. Proof: Add the degrees of the factors in each of the eight displayed monomials.
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Input 1[.8.23. Trace decomposition is imported; representation, trace convention and
independent-Casimir proof need a specific source derivation.

Input 1.8.24. The quartic structure is imported; no representation coefficients are indepen-
dently matched here.

Input 1.8.25. The group list is imported; no per-group invariant-ring theorem/proof is
supplied.

Input 1.8.26. The E8 adjoint identity and 1/100 constant are imported; no weight-system
proof is supplied.

Input 1[.8.27. The E8 trace-reduction identity is imported; no independent E8 quartic
coefficient is matched to an anomaly calculation here.

Anomaly 1.8.28. Six formal residual monomial slots matched; rank three independent
coefficients after imposing a unit-pairing square; zero independent physical measurements.
The six coefficients of the stated rank-one residual square are compared with the
six coefficients obtained by subtracting the free hyper and tensor from the full Q=1
polynomial, and with OSTY (3.41). This is a finite source-polynomial match, not an
inflow derivation.

Anomaly 1.8.29. Six formal residual monomial slots matched; rank three independent
coefficients after imposing a unit-pairing square; zero independent physical measurements.
After expanding the imported X4, all six residual monomial coefficients are compared
with the separately transcribed full-polynomial subtraction and OSTY (3.41); square
reassembly alone would be MATH only.

Mathematics 1.8.30. Hypotheses: Commuting degree-four classes pl, TrF2, c2R over Q;
18=X472/2. Proof: Distributivity gives squares u_i 2/2 and mixed products u_i*u_j.

Input 1.8.31. Vanishing of an irreducible gauge quartic is a stated consistency condition; no
independently computed B-index sum is compared here.

Input 1.8.32. SU(N) quartic indices are imported; no independent weight-sum derivation is
supplied.

Input 1.8.33. The SU(N) quartic-index constraint uses imported group indices; no indepen-
dently derived adjoint, fundamental and antisymmetric anomaly coefficients are matched
here.

Mathematics 1.8.34. Hypotheses: 2N-n_ fund-n_ antisym*(N-8)=0 with n_ antisym=0 or 1.
Proof: Solve linearly: n_fund=2N-n_antisym™*(N-8). No existence assertion about a
SCFT follows.

Anomaly 1.8.2. Six formal residual monomial slots matched; rank three independent coeffi-
cients after imposing a unit-pairing square; zero independent physical measurements.
Each of the table’s six square/cross coefficients is compared with the corresponding
independently transcribed residual-source coefficient; the table is not counted as six
independent measurements.

Input 1.8.35. General multi-tensor factorization is a sourced premise; the rank-one E-string
comparison does not match coefficients for this general assertion.

Input 1.8.36. The displayed general X4 sign convention is imported from OSTY; the E-string
coefficient comparison tests a special X4 and cannot establish a coefficient match for
arbitrary tensor/gauge data.

Input 1.8.37. The local —7i {2 f BX4 coefficient follows from the stated descent choice and
6B = Xa; its physical chiral-tensor coupling is imported, and no complete action or
global anomaly claim follows.
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Input 1.8.38. The half-factor in Iél) gives formal local cancellation; no independent one-loop
variation vector is compared with a fermion anomaly, and global anomaly cancellation is
not established.

Mathematics 1.8.39. Hypotheses: Real coefficients; half their squares are (1/32,1/32,1/2).
Proof: Multiply by two and take nonnegative square roots; cross terms fix relative signs.

Anomaly 1.8.40. Six formal residual monomial slots matched; rank three independent
coefficients after imposing a unit-pairing square; zero independent physical measurements.
The solved X4 branch reproduces the six residual-source slots, including the two R-mixed
coefficients that reject the old 2c2(R) input; a global sign is invisible to this polynomial
match.

Mathematics 1.8.41. Hypotheses: Unit pairing, commuting formal classes, and the stated
X4 sign branch. Proof: Multiply alpha*beta, gamma*alpha, gamma*beta. Simultaneous
sign reversal leaves each product invariant.

Input 1.8.42. The Weyl-coefficient count, free-tensor normalization and supersymmetric
relation are sourced; conditional CDI row arithmetic is not a separate physical anomaly
match.

Input 1.8.43. Free-multiplet c-ratios and Euler monotonicity are sourced statements; no
independent flow or free-field anomaly coefficient comparison is performed for this atom.

Input 1.8.44. Physical multiplet decomposition is imported; adding anomaly vectors does not
prove representation equivalence.

Input 1.8.45. The tensor-branch matching rule is imported; no origin I8 is independently
computed and compared with the massless and GS eight-forms here.

Input 1.8.46. The four-monomial CDI normalization is imported; no independent alpha, beta,
gamma, delta anomaly vector is compared here.

Input 1.8.47. The CDI physical anomaly-multiplet relation is imported; four-slot row cancel-
lation and free-(2,0) normalization are conditional algebra, with no independent SCFT
anomaly-vector comparison.

Input 1.8.48. Euler monotonicity is an imported flow theorem; no independently computed
UV and IR a coefficients are matched for a specified flow here.

Input 1.8.49. USp(4) multiplet identification is imported; no transformation-rule proof.

Input 1[.8.50. ADE classification and tensor-branch realization are imported; no construction
or classification proof.

Input 1.8.51. M5/relative-theory identification is imported; N-1 arithmetic cannot establish
that dictionary.

Mathematics 1.8.52. Hypotheses: Ordinary real differential three-form on an oriented
Lorentzian six-manifold; star H=+/-H. Proof: Graded commutativity gives H wedge
H=(-1)"9 H wedge H, hence zero over R. Substitute star H=+/-H; integration is zero
when defined. No action no-go is implied.

Input 1.8.53. Separated-brane/moduli-space dictionary is imported; no covering-geometry
argument supplied.

Input 1.8.2. M2/self-dual-string dictionary is imported; the figure is schematic and no brane
calculation is performed.

Input 1.8.54. The relative A-series inflow polynomial is imported; the chapter does not
independently compute and match its p2(N_R) coefficient.
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Mathematics 1.8.55. Hypotheses: Formal variable N; use the imported inflow coefficient as
a polynomial. Proof: Expand to N”3-N and substitute N=1.

Input 1.8.56. The relative A-series Euler formula combines imported CDI and group data;
collecting polynomial terms is conditional arithmetic, not an independent anomaly
match.

Mathematics 1.8.57. Hypotheses: a=(N-1)4(16/7)(N"3-N); the physical CDI/M5 input is
imported. Proof: Distribute and collect N terms: 1-16/7=-9/7.

Input 1[.8.58. The N=1, N=2 and asymptotic values follow from the imported Euler formula;
no independently obtained anomaly coefficients are matched at those ranks.

Mathematics 1.8.59. Hypotheses: N positive and tending to infinity; a=(16/7)N"3-(9/7)N-1.
Proof: Divide termwise: lower inverse powers vanish, while a/N"2 has positive linear
leading term.

Input 1.8.60. Torus reduction transfers a physical theory; no typed duality-chain evidence is
supplied.

Input 1[.8.61. Twisted class-S construction and mapping-class dualities are imported; no
construction or chain proof.

Input 1.8.62. Maximal SYM identification and field content are imported; no supersymmetry
transformations supplied.

Mathematics 1.8.63. Hypotheses: Action integral d"6x tr(F~2)/g™2; [x]=-1 and [F]=2.
Proof: Zero action dimension requires -6+4-[g~2]=0.

Input 1.8.64. Circle reduction to 5d maximal SYM is imported; no KK/instanton derivation
supplied.

Mathematics 1.8.65. Hypotheses: Action integral d"dx tr(F~2)/g72; [x]=-1 and [F]=2.
Proof: Zero action dimension requires -d+4-[g™2]=0.

Input 1.8.3. The table mixes conditional dimensions with physical supersymmetry/content
assignments; only [g"2]=4-d is derived above.

Input 1.8.66. Tensor/vector reduction and wrapped-string/instanton identification are im-
ported; no reduction calculation.

Input 1.8.2. The absence of vector scalars and distinction of physical branches are imported
multiplet facts.

Input 1.8.2. Linear tensor-scalar/gauge-coupling dictionary is imported; no construction of
the coupling matrix.

Input 1.8.3. The background-versus-dynamical anomaly distinction is stated; no E8 flavor
coefficient is matched to an independent calculation for this prose atom.

Anomaly 1.8.3. Six formal residual monomial slots matched; rank three independent coeffi-
cients after imposing a unit-pairing square; zero independent physical measurements.
Full Q=1 polynomial minus its decoupled hyper and the free tensor agrees in six residual
slots with OSTY (3.41); ¢2(L) and p2 cancel in the same subtraction, with no extra
deletion.

Input 1.8.5. No trace extremization is used; the broader absence assertion is imported, not
established by the anomaly computation.

Input 1.8.6. Claims about known action formulations are imported; the odd-form identity is
not a no-go proof.
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Input 1.8.7. Little-string UV completion is imported; negative coupling dimension establishes
only a perturbative effective-theory limitation.

The free-field coefficient comparison includes a separate conditional calculation [MATH]:
for the four displayed CDI rows and free-field vectors, componentwise subtraction gives
(2¢1 — c2 — €3)a,8,4,6 = (0,0,0,0), and rational dot products give (a,c1,c2,¢3) = (1,1,1,1).
Its physical component remains a sourced supersymmetric relation. Routed (stated, not

proved). The anomaly-polynomial building-block derivation, the general Green—Schwarz-
factorization theorem, the full 6d anomaly-inflow argument, and the 6d a-theorem; the con-
struction of the interacting N' = (2,0) theory, the tensionless-string dynamics, the M5-brane /
M-theory origin, and the class S compactification of N'= (2,0) on a punctured surface; and
the F-theory tensor-branch classification of 6d N' = (1,0) SCFTs (the engine home, Volume
XII/XIII, named not stubbed). All are stated and cited here; their proofs and constructions
live in Part III and the engine volumes.

Further reading

The N = (2,0) theory was identified in Witten (1995), with tensionless strings from
Strominger (1996). Its anomaly polynomial and N3 scaling are in Harvey et al. (1998)
and Yi (2001), the general six-dimensional case in Ohmori, Shimizu, Tachikawa, and
Yonekura (2014), and the E-string in Ohmori, Shimizu, and Tachikawa (2014). The
Euler anomaly and the six-dimensional a-theorem are in Cérdova et al. (2016). The
classification of 6d A = (1,0) theories and conformal matter is in Heckman, Morrison,
et al. (2014), Del Zotto et al. (2015), and Bhardwaj (2015), reviewed in Heckman and
Rudelius (2019).

More recent refinements of the 6d classification appear in Bhardwaj (2020); modern
treatments of higher-group symmetry and anomaly matching in six dimensions are
Coérdova et al. (2021) and Apruzzi et al. (2022), while the bordism-based status of
global gauge anomalies is clarified in Davighi and Lohitsiri (2021).
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Chapter 1.9

7d to 10d supersymmetric field
theories

A gauge field in ten spacetime dimensions has eight physical polarizations. Its Majorana—
Weyl superpartner has eight on-shell components as well, giving the 10d ' = 1 classical
super Yang—Mills multiplet. What becomes of this multiplet when one, two, or three
spatial directions are reduced? Each lost component of the gauge field becomes an
adjoint scalar. The resulting 9d, 8d, and 7d theories still carry sixteen supercharges,
while their scalar potentials, R-symmetries, and vacuum spaces change with the number
of reduced directions.

We follow the fields through each reduction, including the spinor content, coupling,
and terms of the action. The same calculation gives the compact relations #¢ = 10 — d,
[92] = 4 — d, and dimg M coulomb = (10 — d) rank G. They distinguish the four theories
without introducing four unrelated multiplets. The 8d theory supplies the local vector
multiplet of a 7-brane, while the 7d theory supplies that of an ADE singularity in
M-theory. These connections identify the field theories used by those constructions; the
constructions themselves enter later volumes.

Take-home message of this chapter

Reducing 10d N = 1 super Yang Mills on T°~¢ gives one sixteen-supercharge vector
multiplet in each dimension 7 < d < 10. Its 10 — d adjoint scalars arise from internal
gauge-field components, and their commuting expectation values form, locally, the real
space R(m*d)’"/Wg. In the local reduced theory, transverse rotations act on those scalars;
their spin cover acts on the supercharges, giving U(1)g in 8d and SU(2)g in 7d. In every
row [g3] =4 —d < 0.

Chapter 1 supplies the supercharge and Lorentzian spinor conventions used below.
Its high-dimensional rows all have sixteen real supercharges. Here we derive their field
content from the ten-dimensional parent and explain why the R-symmetry and vacuum
spaces change as the dimension decreases.
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1.9.1 10d N =1 super Yang—Mills: the parent

The classical Lagrangian parent of this reduction is 10d N' = 1 super Yang—Mills. Its
entire field content is one multiplet, which we list explicitly rather than describe in
passing:

Pure nonabelian 10d SYM is anomalous as a standalone quantum theory. Here its
classical action supplies the local reduction formulas; the heterotic and type I gauge
sectors belong to anomaly-cancelled string backgrounds with additional string and
gravity degrees of freedom. The lower-dimensional reductions have their own quantum
status.

e The 10d N = 1 vector multiplet (sixteen supercharges; the unique multiplet
without gravity in 10d). Constraint: the gaugino is Majorana—Weyl with the fixed
chirality I';3 A = +\ (the heterotic and type I gaugino chirality of Chapter 1).
Field content: a gauge field Ay;, M = 0,1,...,9, in the adjoint of the gauge
group G, and the adjoint gaugino A; no scalars, no other fermions. Role: this one
object, in 10d or reduced, is every theory in this chapter.

The Lagrangian is the minimal gauge-covariant action for these two fields,

L = —é Tr Fyyn FMY 4 éTMFMDMA, (1.9.1)
with Fyyny = O AN — ONAn — i[An, An] the field strength and Dy, the adjoint
gauge-covariant derivative, in the mostly-plus signature of Chapter 1. Throughout this
chapter Tr is a positive invariant trace normalized by Tr(7T%T") = §% for Hermitian
generators, so for SU(N) Tr = 2Tr; when Trp(7T°T%) = §?°/2. Thus the gauge
term is —F  F4MY /(4¢?); this same Tr is used in the reduced action and potential.
The two terms are the unique gauge-invariant kinetic terms, and supersymmetry
fixes their relative coefficient. We do not vary the action here; Chapter 2 fixed the
multiplet grammar. What we do check is the one algebraic consistency condition any
supersymmetric theory must satisfy: on-shell bosonic and fermionic degrees of freedom
must match.

The on-shell degree-of-freedom match. A massless gauge field in D spacetime
dimensions has D — 2 physical transverse polarizations, after gauge-fixing and the
equations of motion remove the timelike and longitudinal modes. At D = 10,

# Au | =D-2 =38 (1.9.2)

on-shell
The gaugino count is a four-step chain, and it is worth displaying every step once. A
Dirac spinor of Spin(1,9) has 2119/2) = 32 complex components, that is 64 real ones.
The Majorana condition is a reality condition and halves the real count. The Weyl
condition I'13 A = 4+ halves it again (the two conditions are compatible precisely in
D =2mod 8, so at D = 10 in this chapter’s range):

Majorana Weyl

64 32

16 real off-shell components. (1.9.3)
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On-shell, the Dirac equation halves the count once more:

#A e = 5 =8 (L.9.4)
The bosonic and fermionic counts agree,
8 =8, (1.9.5)

the smallest sixteen-supercharge consistency check and the anchor for everything
downstream. Neither 8 is put in by hand: the polarization count is D — 2 and the spinor
count is the chain (I1.9.3) halved, both evaluated at D = 10. The same two counting
functions carry the match down the reduction sequence, where the gauge field loses
polarizations and scalars appear to replace them.

Why there is no 11d super Yang—Mills. The match is genuinely a statement about
D, and the neighboring dimension shows it. One must be careful with the formulas
here: 11 is odd, so there is no Weyl condition and the Majorana—Weyl chain (1.9.3)
does not apply. The correct 11d counting starts from the same 2117/2) = 32 complex
Dirac components; the minimal 11d spinor is Majorana, with 32 real components, and
the Dirac equation halves it on-shell:

Majorana on-shell

64 32 16. (1.9.6)

A putative 11d SYM multiplet would have to match these 16 fermionic states against a
gauge field alone, which supplies only

D-2 =9 # 16, (1.9.7)

and a pure gauge multiplet has no scalars available to make up the difference. So the
minimal 11d multiplet is not a gauge multiplet at all: it is the supergravity multiplet,
whose counting does close,

44 + 84 = 128 = 128, (1.9.8)
~~ ~ ~~
gMN Cunp Ym

the graviton (5(D —2)(D—1)—1 = 44), the three-form ((Dgz) = 84), and the Majorana
gravitino ((D —3) x 16 = 128) at D = 11. Eleven dimensions is the home of supergravity,
forced by the 32@Q) ceiling of Chapter 1, and 10d is the ceiling for a gauge theory. The
degree-of-freedom arithmetic and the supercharge ceiling agree: 10d N’ =1 SYM is the

top.

The coupling has negative mass dimension. The Yang-Mills coupling g2 carries a
mass dimension. With the gauge field at its geometric dimension [A] = 1, so [F] = 2
and [Tr F?] = 4, the requirement that [ d’z £ be dimensionless fixes the prefactor:

[giz} t4=—d — [gi?} = d—4, (1.9.9)
that is,
[¢?] = 4—d. (1.9.10)



At d = 10 this is
[?] = 4-10 = —6 < 0. (1.9.11)

A negative coupling dimension makes the Yang—Mills interaction perturbatively non-
renormalizable. Dimensional analysis identifies the scale at which its dimensionless
effective coupling becomes order one,

A~ (P)VE-D = (2716 at d =10, (1.9.12)

where the perturbative SYM description ceases to be weakly coupled. For the heterotic
and type I gauge sectors, string degrees of freedom supply the corresponding ultraviolet
description. This scale estimate by itself does not establish the detailed completion of
an arbitrary choice of gauge group.

No Coulomb branch, no continuous R-symmetry. Two absences at the parent
level shape the rest of the chapter. First, there is no Coulomb branch. A Coulomb
branch is parametrized by the vacuum expectation values of adjoint scalars in the
vector multiplet, but the 10d vector multiplet has no scalar: there is nothing to give a
vacuum expectation value, so the moduli space is a point. Second, there is no continuous
R-symmetry. The R-symmetry of a reduced theory will turn out to be the rotation group
of the reduced directions, but at d = 10 there are no reduced directions: the transverse
rotation group is SO(10 — 10) = SO(0), the trivial group. Both absences are undone
by reduction, and understanding why is the content of the next three sections. In 10d
the theory is rigid: one multiplet, one coupling, no moduli, no continuous R-symmetry.

Worked instance: the 10d degree-of-freedom match

The 10d N' = 1 vector multiplet carries, on-shell, a gauge field with D — 2 = 8 transverse
polarizations and a Majorana—Weyl gaugino with 64 — 32 — 16 — 8 real components
after the Majorana, Weyl, and on-shell halvings, so bosons match fermions, 8 = 8. The
match fails at D = 11: the minimal spinor there is Majorana with 32 real components,
giving 16 on-shell fermionic states against only 9 gauge polarizations and no scalars, so
the minimal 11d multiplet is the supergravity multiplet (1.9.8), not a SYM multiplet. The
identity (d — 2) + (10 — d) = 8 carries the bosonic total unchanged down the reduction
sequence.

1.9.2 The reduction sequence 10d — 7d

At each reduction step, one component of the gauge field along the new circle becomes
a scalar in the lower-dimensional theory. We derive this from the zero modes and the
action, then apply it successively to the 9d, 8d, and 7d theories. The first step has
no scalar commutator; the next two introduce the potential that controls the vacuum
space.

The mechanism: zero modes on a torus. Reduction means the simplest possible
operation. Place the 10d theory on the product spacetime

RbA—1 x 710-d ™ ~ 2™+ 27R,,, m=d,...,0, (1.9.13)
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a d-dimensional Minkowski factor times a torus of the remaining 10 — d directions.
Every field can be Fourier-expanded along each circle,

O(aa™) = Y (e, (L.9.14)
neZ

and a mode with Fourier number n carries a Kaluza—Klein mass set by the circle size,

]
KK — .

1.9.1
i (1.9.15)

Reduction keeps only the constant modes n = 0, the fields that do not vary along
the torus, which is the same as imposing 0,, = 0 on everything. The supersymmetry
parameter € is also a constant spinor, untouched by the truncation, so all 16 real
supercharges survive: the reduced theory carries the same 16 supercharges as the parent
at every step (the Chapter 1 reduction map, recalled, not re-derived).

The gauge-field split. The 10d gauge field A,; has its vector index split by the
reduction into a d-dimensional part and a transverse part,

Ay — (Au, ¢™),  p=0,...,d—1, m=d,...,9. (1.9.16)

The d components A, remain a d-dimensional gauge field. The 10 — d components
@™ = A, no longer carry a d-dimensional vector index; from the d-dimensional point
of view each is a scalar. The gauge transformations that survive the truncation are the
x™-independent ones, and under them the two pieces transform differently,

A, - UAU ' +iU0 U™, ¢™ = Up™U ' (1.9.17)
A, as a gauge field, each ¢™ as an adjoint scalar. So reduction produces
# adjoint scalars = 10 — d. (1.9.18)

These ¢™ are the seed of everything the parent lacked: the R-symmetry will rotate
them, and their vacuum expectation values will parametrize the Coulomb branch.

The field strength and the action, in general. With 9,, = 0, the mixed and
transverse components of Fi;n collapse to covariant derivatives and commutators of
the scalars:

Fum = 0,0™ —i[Au, ¢™] = Dud™,  Fpn = —i[¢"™, 6" (1.9.19)

Substituting into the gauge kinetic term and separating the index sums (Fy;n FMY =
F F* 4 2F ), FH™ 4 Fp,, ™) gives the master split, with repeated m,n summed:

1 1 1 1
——Tr FynFMN = ——Tv F, F* — —Tr D, ¢ D*¢™ + — Tr [, ¢" ][0, ¢"].
492 MN 492 I 2g2 H(b (b + 492 r [¢ 7¢ ][¢ 7¢ ]

(1.9.20)
Each term has a clear origin: the first is the d-dimensional gauge kinetic term; the
second is the scalar kinetic term, born from the mixed components F),,, = D,¢™ (the
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factor 2 from the two index orders becomes the standard %), the third is born from
the purely transverse components Fy,, = —i[¢™, ¢"| and is the scalar potential. For
Hermitian scalars the commutator is anti-Hermitian, so Tr [¢™, ¢"]?> < 0 and the last
term is minus a non-negative potential; §1.9.4 takes it up. The reduction also preserves
the on-shell degree-of-freedom count at every step: the gauge field contributes d — 2
transverse polarizations and the scalars contribute 10 — d, so the bosonic total is

(d—2) + (10—d) = 8, (1.9.21)

independent of d, matched at every row by the 8 on-shell components of the reduced
gaugino. This is the sense in which the whole reduction sequence is one multiplet: the
same 8 + 8 on-shell degrees of freedom, packaged differently at each dimension. We
now watch the packaging change, one circle at a time.

Worked instance: the 10d — 9d step, in full

9

Compactify the single direction x” on a circle of radius Rg and keep the zero modes,

Oy = 0.
(a) The index split. The ten components of Ay split as
Av — (A4, ¢%), pw=0,...,8 ¢ = A, (1.9.22)

a 9d gauge field plus one adjoint scalar: the scalar count is 10—9 = 1. It is instructive to
watch all (120) = 45 independent components of the antisymmetric F;y land somewhere:

45 = 36+ 9 + 0, (1.9.23)
F;u/ F;LQ an

(g) = 36 gauge components, 9 X 1 = 9 mixed components, and no purely transverse

pair, because a single reduced direction admits no antisymmetric pair. Nothing is lost
and nothing is added; the components are relabeled.

(b) The mized field strength is the scalar’s covariant derivative. With 99 = 0,
Fp9 = a;LAQ - aQA/L - i[A/IJ AQ] = ,u¢9 - i[A,UJ ¢9] = D/L¢9v (1924)

the middle term dying by the zero-mode condition. This is the general statement
(1.9.19) caught in the act.

(¢) The action splits. Substituting into the kinetic term,
Tt FynFM"Y = Tv F,, F* + 2Tr D,¢" D", (1.9.25)

with no potential term: one scalar has no partner to fail to commute with ((é) =0
commutator pairs, the 0 of (1.9.23)). The 2 integral in the action contributes the circle
volume, [ d'%z =27rRy [ d°z, so

2
- ZRE’ / &z F VFW+2DM¢9D“¢9) + . (1.9.26)
910
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(d) The coupling and its dimension. Reading off the prefactor of the 9d gauge kinetic
term defines the 9d coupling, and the circle length shifts the dimension by exactly one:

1 27TR9

= = (93] = [g70] +1 = =5 = 4 -9, (1.9.27)
99 910

consistent with the general dimension count (1.9.10) run directly at d = 9. The coupling
is still irrelevant; descending has made it less negative by one unit, not positive.

(e) The gaugino reduces and a Yukawa coupling appears. The same zero-mode condition

collapses the gaugino’s kinetic term. Since Do\ = —i[¢?, \],
7 < 7 < 1 —
— TrATYDy N — —5 TrAT*D, A + —— TrAT?[¢%, A 1.9.28
29%0 r M Qgg r 1 + 293 r [¢ ) }7 ( )

a 9d kinetic term plus the scalar-gaugino Yukawa coupling that supersymmetry demands.
As a representation of the 9d Lorentz group, the 16 real components of A simply restrict:
the transverse group Spin(1) is trivial, so

16 — 16®1, 16 = 16 x 1, (1.9.29)

one Majorana spinor of Spin(1,8), which is exactly the minimal 9d spinor: 16 real
components off-shell, 8 on-shell.

(f) The tally. The on-shell counting closes:

©9-2)+ 1 =7+1=8 = 16/2, (1.9.30)

and the Coulomb branch, once we open it in §1.9.4, will have real dimension (10—9) r = r.
The result of the step, listed:

e The 9d N = 1 vector multiplet (sixteen supercharges; the 10d vector on one circle).
Field content: gauge field A, n =0,...,8 (7 on-shell polarizations); 1 real adjoint
scalar ¢?; one Majorana gaugino of Spin(1,8) with 16 real components off-shell,
8 on-shell. R-symmetry: none (the transverse SO(1) is trivial; the scalar is an
SO(1) singlet). Role: the one-scalar counting row between the parent and the
first R-symmetric rows.

Worked instance: the 9d — 8d step

Compactify 28 on a circle of radius Rg; equivalently, run the parent on T2. The same
six displays repeat with one new phenomenon: the first commutator.

(a, b) Split and components. The 9d gauge field splits again,
Ay — (A, 0°), 0=0,...,8 pu=0,...,7, (1.9.31)

so the accumulated scalars are (¢%, ¢?), count 10 — 8 = 2, an SO(2) vector. Relative to
the 10d parent the 45 components of Fi;n now sit as

45 = 9.
5 28 4+ 16 + 1 , (1.9.32)
F/u/ F;Lm FBQ
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(g) = 28 gauge components, 8 X 2 = 16 covariant derivatives, and, for the first time,
one purely transverse component,

Fyg = —i[¢% ¢°]. (1.9.33)

(¢) The first potential. That single component feeds the master split (1.9.20) its first
commutator-squared term, minus the potential

1 1

Vo= —oa Tt 0" = oo Te((0% ¢ e% ¢]) = 0, (19.39)
293 293

non-negative because the commutator of Hermitian matrices is anti-Hermitian. At 9d

there was no potential at all; from 8d down, supersymmetric vacua must make the

commutators vanish, the seed of the Coulomb-branch analysis of §1.9.4.

(d) The complex scalar. The transverse rotation SO(2) rotates (¢°, ¢°) as a doublet,
which packages naturally as one complex adjoint scalar of definite charge,

b = ¢S +i¢?, ¢ — € ¢ under SO(2) = U(1)g, (1.9.35)
the charge-1 complex scalar of the 8d row (its conjugate carries charge —1).

(e) The fermion split. Under Spin(1,7) x Spin(2) the 16 decomposes into two Weyl
blocks,
16 — 87/2 @ 8712 16 = 848, (1.9.36)

the 10d Weyl condition locking the 8d chirality to the Spin(2) = U(1)g charge £3.
Here « is the geometric SO(2) angle of (1.9.35): it is 2m-periodic on the scalar, whereas
its spin lift is 47-periodic and acts on the fermions by e*?*/2. If the Spin(2) parameter
has period 27, the same fermions have integral charges +1 and the scalar has charge
2. The two blocks are exchanged by complex conjugation, so together they form one
Majorana gaugino of Spin(1,7), the minimal 8d spinor: 16 real components off-shell, 8
on-shell.

(f) Coupling and tally. The second circle shifts the coupling dimension by one more
unit,

1 27TR8

= = =, [92] = —5+1-1 = —4 = 48, (1.9.37)
UH 99
and the on-shell tally closes again,
8-2)+ 2 =6+2 = 8. (1.9.38)
—_——
A, #®, ¢°

o The 8d N =1 vector multiplet (sixteen supercharges; the 10d vector on T?). Field
content: gauge field A,, p = 0,...,7 (6 on-shell polarizations); 2 real adjoint
scalars (¢%, ¢°), the vector of SO(2), equivalently one complex scalar ¢ = ¢ +i¢?
of U(1)g charge 1; one Majorana gaugino of Spin(1,7), decomposing as the
Weyl pair 8?1/2 ® 8;1/2 under U(1)g, 16 real off-shell, 8 on-shell. R-symmetry:
U(1)gr = SO(2). Role: the first R-symmetric row; the field-theory home of the

F-theory 7-brane gauge theory (§1.9.5).
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Worked instance: the 8d — 7d step

Compactify 27 on a circle of radius R7; cumulatively, the parent on T3.

(a, b) Split and components.
Ay — (A, 07), p=0,...,7, pu=0,...,6, (1.9.39)

with accumulated scalars (¢7, %, ¢?), count 10 — 7 = 3, a vector of SO(3). The 45
components of the parent field strength now split as
45 = 21 + 21 + 3 , (1.9.40)
<~ =~ =~
FI“’ Fgm an
(;) =21,7x3=21, and (g) = 3 transverse pairs, which feed the potential all three of
its commutators,

1

V=55 > T(lemeflem e"),  (min) €{(T.8), (8,9), (T.9)}. (L941)
97

m<n

(c) The fermion split. Under Spin(1,6) x Spin(3) the 16 factorizes,
16 — (8,2), 16 = 8x2, (1.9.42)

the Dirac spinor 8 of Spin(1,6) times the doublet 2 of Spin(3) = SU(2). Counted
naively this is 8 x 2 = 16 complex components; a symplectic-Majorana condition, a
reality condition that uses the doublet index, halves it back to 16 real components.
The 7d gaugino is therefore an SU(2)g doublet X%, i = 1,2, with 16 real components
off-shell and 8 on-shell, and the doublet index is the first sighting of the 7d R-symmetry
acting on fermions through the cover of SO(3) (§1.9.3).

(d) Coupling and tally.
1 271'R7

- = =7, 2] = —4+1 = -3 =47, (1.9.43)
g7 93
(7T—2)+ 3 =5+3 =8 (1.9.44)
N—— ¢v7n
AF"

(e) The terminal Lagrangian, assembled. Collecting every piece the three steps produced
gives the full 7d A" = 1 SYM Lagrangian, the worldvolume theory the 7d corresponding
theory reads:

1 1 1
£7 = — —TvF UF/LV - —TrD ¢mD/L¢m, + — Tr ¢m,¢n (bm’(bn
1 T Ew Y = 5 D, ARG N

’ : (1.9.45)
+ —Tr ATHD A+ —Tr AI™[p™, A],
297 23
written in 10d spinor notation (A the reduced gaugino components, I'™ the surviving
internal gamma matrices); regrouping the fermions into the SU(2)r doublet is the
split (1.9.42). Every coefficient is the master split (1.9.20) plus the Yukawa pattern of
(1.9.28), now with all three scalars.
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o The 7d N =1 vector multiplet (sixteen supercharges; the 10d vector on T3). Field
content: gauge field A,, p = 0,...,6 (5 on-shell polarizations); 3 real adjoint
scalars (¢7, ¢%,¢?), the vector of SO(3), equivalently a triplet of SU(2)g; one
symplectic-Majorana gaugino doublet A" of Spin(1,6), the (8,2) of Spin(1,6) x
SU(2) g, 16 real off-shell, 8 on-shell. R-symmetry: SU(2)g, the spinor cover of
the transverse SO(3). Role: the terminal row of this chapter; the field-theory
home of M-theory on ADE singularities (§1.9.5).

Composing the steps. The three circles compose into one statement: reducing
directly on the torus T19~¢ divides the parent coupling by the torus volume,

1 Vol (T10—4
L _Vl@TD 12 = 64+ (10-d) = 4—d, (1.9.46)
94q 9io
with Vol (T'9~%) = T[], 27R,, carrying mass dimension —(10 — d). The one-step
relations (1.9.27), (1.9.37), (1.9.43) are this formula peeled one circle at a time.

The reduction dictionary at a glance

Per step d+1 — d: split the gauge field (1.9.16); the new scalar’s kinetic term is the mixed
field strength (1.9.19); commutators of accumulated scalars feed the potential (I1.9.20);
the circle volume shifts [g?] up by one (I1.9.46); the 16 gaugino components repackage
under Spin(1,d — 1) x Spin(10 — d); and the bosonic tally (d — 2) + (10 — d) = 8 closes.
Everything else in the chapter reads off this dictionary.

The four rows, collected. Reading the three steps top-down gives the four rows this
chapter owns, collected in Table .9.1: 10d N =1 —=9dN =1— 8N =1—=T7dN =1,
with 10 — d = 0,1, 2,3 adjoint scalars. The descent continues below 7d to 6d (1,1),
5d N' =2, and 4d N = 4, all still sixteen-supercharge reductions of the same parent,
but those rows belong to their own flavor-family chapters (the 6d neighbor of Chapter 8,
the 5d neighbor of Chapter 7, the 4d neighbor of Chapter 5, where 4d N = 4 is the
maximal 4d superconformal theory, an interacting fixed point that does exist below
seven dimensions). This chapter stops the descent at 7d.

The coupling-dimension summary. Table 1.9.2 collects the quantities determined
by the number of reduced directions. The coupling has negative mass dimension in
every row: each circle raises [g?] by exactly one unit (the circle volume in (1.9.27),
(1.9.37), (1.9.43)), and starting from —6 three steps cannot reach zero,

[¢°] = 4—d = —6, =5, —4, -3 ford =10, 9, 8, 7, (1.9.47)

strictly negative for all four rows. The pure SYM Lagrangian is perturbatively non-
renormalizable in every row. String and M-theory provide ultraviolet settings for the
particular gauge sectors described below. What grows as one descends is not the
coupling behavior but the matter and moduli data: the scalar count 10 — d, the R-
symmetry SO(10 — d), and the Coulomb-branch real dimension (10 — d) r all increase as
the number of reduced directions grows. The next two sections derive the R-symmetry
column and the Coulomb-branch column.
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d  gauge field scalars 10—d gaugino (16 real, decomposed) bosonic dof

10 A, (8 polns) 0 Majorana—Weyl, ['11A = +A 8+0=38

9 A, (7 polns) 1 Majorana of Spin(1,8): 7T+1=8
16 =16 x1

8 A, (6 polns) 2 Weyl pair 8712 @ 8./% 6+2=8
16 =848

7 A, (5 polns) 3 sympl. Majorana (8, 2): 54+3=38
16 =8 x 2

Table 1.9.1: The 10d — 7d reduction sequence. Each row is the same sixteen-supercharge
vector multiplet: the gauge field keeps d — 2 on-shell polarizations, the 10 — d lost
components become adjoint scalars, the 16 gaugino components repackage under
Spin(1,d — 1) x Spin(10 — d), and the bosonic total (d — 2) + (10 — d) = 8 is fixed,
matched by 8 on-shell gaugino components at every row. Every entry is a function of d,
not a per-row input.

Why one reduction determines all four theories. The value of this counting is
that it is the sixteen-supercharge reduction sequence that Chapter 1’s master table
quotes and that the later volumes consume. Chapter 1 tabulates the R-symmetries
and the supercharge counts; this section shows they are consequences of one operation
applied to one parent. A reader handed a 9d, 8d, or 7d N' =1 SYM theory can now
reconstruct its multiplet content from the row alone, and, more to the point, can
re-derive it: every display in the three worked steps used nothing but the zero-mode
rule 9, = 0 and index counting.

[.9.3 R-symmetry across dimensions SO(10 — d)

The internal gauge-field components ¢™ carry the vector index of the 10 — d reduced
directions. In the zero-mode Lagrangian with equal internal metric scales, rotations
among these directions act on the scalars. The supercharges transform as spinors under
the same rotations, which identifies the continuous R-symmetry algebra of the reduced
theory. A generic compact torus does not itself have this full continuous isometry; the
rotation statement concerns the local zero-mode theory or the decompactified internal
geometry. At the algebra level the result is

R(d) = SO(10 — d) (1.9.48)

at the algebra level. The representation assignments are uniform down the whole
reduction sequence, and it is worth displaying the rule once, in one line:

@™ € vector of SO(10 — d), A, @ € spinor of Spin(10 — d), (1.9.49)

scalars see the rotation group, fermions see its spin cover, with the low-rank covers
Spin(2) = U(1) and Spin(3) = SU(2). Reading the algebra data down the reduction
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d scalars 10 —d  [¢°]=4—d  R-symmetry SO(10 —d)  Coulomb dim (10 — d) r

10 0 6 S0(0) (none) 0
9 1 -5 SO(1) (none) T
8 2 —4 S0(2) = U(1)r 2
7 3 -3 SO(3), cover SU(2)r 3r

Table 1.9.2: The per-row summary of the sixteen-supercharge SYM reduction sequence,
r = rank G. The coupling dimension [g?] = 4 — d is strictly negative for every row,
so the non-renormalizability is uniform down the whole > 7d reduction sequence, not
10d-only. The scalar count, R-symmetry, and Coulomb-branch dimension all grow as
10 — d increases. Each entry is computed from d (and, for the last column, the rank).

sequence makes the pattern concrete. The dimension and rank of so(n) are

-1
dim so(n) = m, rank so(n) = MEJ, (1.9.50)
2 2
so with n = 10 — d we get, for d = 10,9, 8,7,
s0(0), so(1), so(2), so(3), dim=0, 0, 1, 3. (1.9.51)

The two top rows are trivial. At d = 10 the transverse rotation group is SO(0), the
trivial group, which is why the parent has no continuous R-symmetry. At d = 9 the
transverse group is SO(1), again trivial (a single direction has no rotations), so the 9d
row also has no continuous R-symmetry; the one scalar of the 9d row is just counting,
carried but not rotated. The R-symmetry turns on at d = 8.

The 8d row: U(1)g. At d = 8 there are two reduced directions, so the transverse
rotation group is SO(2), the rotations of a plane. This is an abelian group, isomorphic
to U(1), with rank 1 and dimension 1:

R(8) = SO(2) = U(1)g, (rank, dim) = (1, 1). (1.9.52)

The single generator rotates the two scalars ¢, ¢° into each other, equivalently rotates
the complex combination ¢ = ¢® +i¢? of (1.9.35) by a phase, and acts on the gaugino’s
two Weyl blocks with the charges +3 of (1.9.36): the half-integer fermion charges
against the integer scalar charge are precisely the spin-cover rule (1.9.49) at work. The
8d N =1 SYM theory carries U(1)g, and, as the catalog of §1.9.5 records, this is
the field-theory home of the F-theory 7-brane gauge theory (whose worldvolume is
7+ 1 = 8-dimensional).

The 7d row: SU(2)g, the spinor cover. At d = 7 there are three reduced directions,
so the transverse rotation group is SO(3), with rank 1 and dimension 3. But the
R-symmetry group is not literally SO(3). The R-symmetry is the automorphism group
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acting on the supercharges, and the supercharges are spinors; spinors transform under
the double cover of the rotation group, which for SO(3) is

SU(2) = Spin(3) — SO(3), s0(3) = su(2) as Lie algebras, (1.9.53)

the isomorphism holding at the level of the Lie algebra (both have rank 1 and dimension
3) while the groups differ by the Zs center. The genuine R-symmetry of 7d A/ =1 SYM

is the spinor cover,
R(7) = SU(2)g, (1.9.54)

the master-table row “SO(3) transverse, double-covered by SU(2).” This is the chapter’s
central structural statement: the transverse rotation group of the reduced dimensions
becomes the R-symmetry, and the cover to SU(2) passes exactly at 7d, where SO(3)
first appears. The three adjoint scalars ¢, ¢%, ¢° form a vector of SO(3), equivalently
a triplet of SU(2)g; the gaugino forms the doublet \* that the 8d — 7d step (1.9.42)
already displayed. The same rule keeps working below this chapter’s range, which is a
useful cross-check against a row the reader already owns: continuing the reduction to
d = 4 gives six reduced directions and

1

Spin(6) = SU(4), s0(6) su(4), (rank,dim) = (3,15), (1.9.55)

the SU(4)g of 4d N'= 4 SYM quoted in Chapters 1 and 5, produced by the identical
transverse-rotation logic.

Common misconception: the 7d N’ =1 R-symmetry is SO(3)

The transverse rotation group of the three reduced directions is SO(3), and it rotates the
three adjoint scalars ¢™ as a vector. But the R-symmetry is the automorphism of the
supercharges, and the supercharges are spinors: they transform under the double cover
SU(2) = Spin(3), not SO(3). So the 7d R-symmetry is SU(2)r. The cover is physical,
not a labeling choice, because the gaugino sits in the spinor (doublet) representation,
so the genuine R-symmetry group is SU(2). The same pattern is why 4d N' = 4 has
SU(4)r = Spin(6) and not SO(6): whenever the reduced rotation group acts on spinors,
the R-symmetry is its spinor cover.

1.9.4 The Coulomb branch on reduction

The parent has no Coulomb branch because it has no adjoint scalar. Reduction produces
10 — d adjoint scalars ¢™, and their vacuum expectation values open a Coulomb branch.
We work out which configurations are supersymmetric vacua and count the resulting
moduli.

The flat-direction condition. The scalars ¢™ inherit their interactions from the
10d gauge kinetic term: the last term of the master split (I1.9.20) is minus the scalar
potential, which the 9d — 8d step derived with its coefficient (1.9.34). In general,

L m o ni2 __ 1 m nifrom n
@%“W O = 295”;”%(@ e, 6m) > 0, (19.56)

V() = -
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a sum of squared commutator norms, non-negative because each commutator of Hermi-
tian matrices is anti-Hermitian. The fixed Pauli-matrix exercise computes an ordinary
matrix Frobenius norm; a physical coefficient in V' additionally uses the declared gen-
erator trace and coupling normalization. A supersymmetric vacuum is a zero-energy
configuration, V' = 0, which because each term is a norm forces every commutator to

vanish:
™, 0" = 0  for all m,n. (1.9.57)

The flat directions are the commuting configurations of the 10 — d adjoint scalars: sets
of matrices that can be simultaneously diagonalized. Simultaneously diagonalizable
adjoint matrices lie, up to a gauge rotation, in a common Cartan subalgebra. So the
vacuum moduli are the 10 — d scalars each taking a value in the Cartan of G, modulo
the residual gauge identifications, which for the Cartan is the Weyl group W¢. For a
local reduction, these coordinates give the real Coulomb space

Coulomb

Migeal = R(10-9) T/Wg, r = rank G, (1.9.58)

each of the 10 — d scalars contributing its » Cartan directions. On a genuinely compact
torus, a large gauge transformation can shift a Cartan component by a cocharacter
divided by its circle radius. The global Wilson-line space therefore has further periodic
identifications. The displayed real quotient is the local scalar description, which is the
one used for the dimension count and the brane interpretations below.

The dimension, and the generic breaking. The real dimension of the Coulomb
branch is therefore
dimg M coulomb = (10 — d) T, (1.9.59)

the number of reduced directions times the rank. At a generic point the adjoint scalars
have distinct Cartan eigenvalues and Higgs the gauge group to its maximal torus,

G — UQ), # massive gauge bosons = dimG —r (= N?— N for SU(N)).
(1.9.60)
The mechanism is visible in the commutators. A Cartan-valued vev acts diagonally on
the root generators E,,

[0, Ey) = alam) Eq for ¢™ in the Cartan with eigenvalue data a,,, (1.9.61)

so the off-Cartan modes are charged under the surviving U(1)" and pick up masses
proportional to the vevs through the commutator terms of (1.9.20), while the r Cartan
modes commute with everything and stay massless: exactly the dim G — r count of
(1.9.60). At the parent d = 10 the formula (1.9.59) gives (10 — 10) 7 = 0: no Coulomb
branch, consistent with the absence of any adjoint scalar. The dimension grows as one
descends, since 10 — d grows: r at 9d, 2r at 8d, 3r at 7d. This is the last column of
Table 1.9.2.

The branch is real. The Coulomb branch here is a real moduli space, a space of
commuting Hermitian matrices modulo Weyl. This is the high-dimensional analog of
the 5d A = 1 real Coulomb branch of Chapter 7, where the single real vector-multiplet
scalar likewise takes real Cartan values. It is not the complex special-Kéahler Coulomb
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branch of 4d A = 2 (Chapter 5), whose scalar is a complex combination protected into
a rigid special geometry, and it is not a hyperkdhler Higgs branch: a Higgs branch
needs hypermultiplets, and pure super Yang—Mills has none. The reduced scalars are
real adjoint fields, and their moduli space is flat and real, the simplest kind of Coulomb
branch.

Worked instance: the 7d N =1 SU(N) Coulomb branch

Take 7d N' = 1 SYM with gauge group SU(N). The reduced-direction count is 10—7 = 3,
so there are three adjoint scalars, the SO(3) vector, equivalently the SU(2)g triplet.
The rank of SU(N) is r = N — 1. The Coulomb-branch real dimension is

dimR MCoulomb = (107 7)(N - 1) = 3(N - 1), (1.9.62)

three real Cartan directions per unbroken U(1). For SU(2), r = 1 and the branch is
3(2 — 1) = 3-dimensional: three real scalars, the SU(2)g triplet of the single Cartan
direction. For SU(3), r = 2 and the branch is 3(3 — 1) = 6-dimensional. A generic point
Higgses SU(N) to its maximal torus U(1)V~!, giving mass to N2 — N gauge bosons (2
for SU(2), 6 for SU(3), per (1.9.60)).

The flat-direction condition is concrete at SU(2). Write the three adjoint scalars as
2 x 2 traceless Hermitian matrices, and align them all with the Cartan generator oj:

o™ = a;, o3, m="17,8,9 am€R. (1.9.63)

Every commutator [¢™,¢"| = aman[os, 03] = 0 vanishes, the potential V = 0, and
the configuration is a supersymmetric vacuum: three real moduli a7, ag, ag, matching
3(N — 1) = 3. The root action (1.9.61) is explicit here: with o4 = (01 £i02)/2,

[¢™ 04] = £2amox, (1.9.64)

the two off-Cartan generators are charged and become the two massive gauge bosons
of (1.9.60). If instead two of the scalars point along non-commuting generators, say
¢" =01 and ¢® = 09, then

[0’1, 0'2] = 2 g3 75 0, (1965)

the potential is strictly positive, and the configuration is not a vacuum. Only the
commuting, Cartan-aligned configurations survive, exactly the R3(N—1) /W count.

Common misconception: high-dimensional SYM has a rank-dimensional Coulomb branch

10d N' =1 SYM has no Coulomb branch at all: the gauge field has no adjoint-scalar
superpartner. The Coulomb branch appears only on dimensional reduction, where the
10 — d gauge-field components along the reduced directions become 10 — d adjoint scalars.
Its real dimension is therefore (10 — d) 7, the number of reduced directions times the rank,
which grows as you descend, not a fixed r. And it is a real moduli space of commuting
Hermitian matrices, the high-dimensional analog of the 5d real Coulomb branch, not the
complex special-Kéhler branch of 4d N/ = 2 and not a hyperkéihler Higgs branch (pure
SYM has no hypermultiplets). The flat directions are the simultaneously diagonalizable
configurations [¢™, ¢"] = 0, Higgsing G — U(1)" at a generic point.

237



1.9.5 The per-dimension catalog and string or M-
theory setting

The four rows can now be read off with their R-symmetries and their string or M-theory
homes. Table 1.9.3 collects them. The R-symmetry entry in each row is the grounding
computation of §1.9.3, SO(10 — d) with the 7d cover; the final column is a later-use
pointer, naming the construction that reads its field content off this row, not something
built here.

d R-symmetry content string or M-theory setting (later-use
pointer)

10 none (SO(0)) Ay, 0 scalars heterotic / type I gauge sector

9 none (SO(1)) Ay, 1 scalar the one-scalar counting row; no separate

construction discussed here

8 U1)r (SO(2)) Ay, 2 scalars F-theory 7-brane gauge theory (world-
volume 8d)

7 SU(2)r (SO(3) cover) A,, 3 scalars M-theory on ADE / G2-holonomy singu-
larities

Table 1.9.3: The per-dimension catalog of the 7d-10d sixteen-supercharge SYM rows.
The R-symmetry is SO(10 — d) (trivial at 9d/10d, U(1)r at 8d, the SU(2)r cover at
7d); the content is the 10d vector reduced, A, plus 10 — d adjoint scalars; the final
column identifies settings in which these field theories appear; their construction lies
beyond this chapter.

The 10d row supplies the classical gauge-field content of the heterotic string and of
type L. Its vector multiplet has I'11 A = 4+; the anomalous standalone nonabelian action
is not the complete quantum gauge sector. In the string backgrounds the gauge fields
couple to additional string and gravity fields, with anomaly cancellation imposed on
the full system. The next two examples explain where the reduced multiplets occur in
string and M-theory.

Why the 8d row matters: F-theory 7-branes. A 7-brane has a 7+ 1 = 8-
dimensional worldvolume, so its gauge theory lives in the 8d row (not the 7d row: the
“7” counts spatial worldvolume dimensions, an off-by-one this row-labeling prevents).
The brane sits at a point in the two transverse directions, and the row’s field content is
the geometry of that statement:

¢ = ¢*+i¢? «— 21, Ul)r = SO2)L, (1.9.66)

the complex adjoint scalar is the brane’s complex transverse position, and the U(1)g
we derived is the rotation of the transverse plane. In F-theory the 7-brane’s gauge
group is read off from the singularity type of an elliptic fibration; what the construction
consumes from this chapter is exactly the 8d row of Table 1.9.3: multiplet, U(1)g, and
the 2r-dimensional Coulomb branch of transverse positions.
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Why the 7d row matters: M-theory on ADE singularities. A 7d N = 1 gauge
theory arises locally on the singular locus of an ADE ALE fiber in M-theory: eleven
dimensions minus the four real dimensions of the fiber leave a 7d worldvolume. For
each of the r = rank(G) independent exceptional two-cycles C, the three Cartan-scalar
directions encode its hyperkéhler resolution parameters,

(Ea A (/ Wi, / w2, / W3), a:l,...,r, SU(2)R = Spln(3)UJ7
Ca Ca Cq

(1.9.67)
where w; are the three hyperkédhler two-forms. The proportionality between these
geometric periods and canonically normalized fields depends on the M-theory reduction
and is not computed here. Their SO(3) rotation has the displayed spin cover on
supercharges. At generic local resolution the Cartan theory has U(1)"; M2-branes
wrapped on exceptional cycles become massless as the cycles collapse, restoring the
ADE gauge symmetry. The Ga-holonomy compactifications that engineer 4d physics
pass through this local 7d description, but global resolution and dynamics require
additional input.

[.9.6 No superconformal field theory above six di-
mensions

The final structural fact removes this whole dimension range from the extremization
through-line that organized Chapters 3, 4, and 6. There is no interacting superconformal
field theory in d > 7 at sixteen supercharges. Consequently there is nothing here to
extremize: no a-maximization, no c-extremization, no F-maximization, and no conformal
central charges a, ¢ to compute, because there is no conformal fixed point to compute
them at.

The superconformal-algebra classification recalled in Chapter 1 excludes an interact-
ing fixed point with these supercharges above six dimensions. This algebraic result sets
the scope. The coupling calculation in §1.9.2 separately shows why the pure Yang—Mills
Lagrangian requires ultraviolet input:

] =4—d < -3 <0 foreveryd>T7: (1.9.68)

the perturbative Yang—Mills description is non-renormalizable. Negative coupling
dimension alone does not exclude a nonperturbative ultraviolet fixed point. The absence
of a superconformal algebra is the separate reason no interacting superconformal
completion occurs in these dimensions. The string and M-theory settings named above
provide ultraviolet settings for particular gauge sectors; their dynamics are developed
elsewhere.

This is why the chapter has no extremization member and closes the dimensional
reduction sequence. The rich extremization structure of the lower dimensions, the
a-maximization anchor of Chapter 3 and its 2d and 3d analogs, has no counterpart here
because it presupposes a fixed point that does not exist at these dimensions. Specific
lower-dimensional examples include 4d ' = 4 SYM and the 6d (2, 0) theory, which have
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superconformal fixed points. Five-dimensional maximal SYM instead has a dimensionful
coupling and a six-dimensional (2,0) completion; it does not give a five-dimensional
interacting fixed point. Chapter 1’s 32(Q) ceiling caps the reduction sequence above 10d
with supergravity, and this chapter’s 11d counting (1.9.7) is the same ceiling seen in
degrees of freedom; Nahm’s d = 6 ceiling caps the superconformal theories below; and
this chapter fills the 7d-10d gap between them with the non-renormalizable pure-SYM
interface, which is exactly the field theory the string and M-theory constructions start

from.

Exit checklist

After this chapter the reader can

1.

identify 10d N' = 1 super Yang—Mills as the maximal-dimension parent, list its
vector multiplet (A, Majorana—Weyl gaugino, no scalars), run the counting
chain 64 — 32 — 16 — 8 against the D — 2 = 8 polarizations to verify 8 = 8, and
compute the coupling dimension [¢g?] =4 — 10 = —6 < 0 (non-renormalizable);

. explain why there is no 11d SYM without misusing the even-dimensional Majorana—

Weyl formula: the 11d minimal spinor is Majorana with 32 real components, giving
16 on-shell fermionic states against 9 gauge polarizations and no available scalars,
so the minimal 11d multiplet is the supergravity multiplet, 44 + 84 = 128 = 128;

. run each reduction step d + 1 — d explicitly: split the gauge field with its index

ranges, track the 45 field-strength components (36 4+940, 28 +16+1, 21 421+ 3),
derive F,,, = D,¢™ and Fy,,, = —i[¢"™, ¢"] from the zero-mode rule, split the
action into gauge, scalar-kinetic, and commutator-potential terms, and shift the
coupling dimension by one unit per circle (—6, -5, —4, —3);

. decompose the 16 gaugino components at each row, 16 = 16 x 1 (9d Majorana),

16 = 848 (the 8¢ Weyl pair with U(1) charges £3), 16 = 8x 2 (the 7d symplectic-
Majorana SU(2)g doublet), and verify the preserved totals (d —2) + (10 — d) =
8 =16/2;

. state each reduced vector multiplet as a list (gauge field, 10 — d real scalars,

fermion content, R-symmetry representations: scalars in the vector of SO(10 — d),
fermions under Spin(10 — d), with Spin(2) = U(1) and Spin(3) = SU(2));

. count the Coulomb branch that opens on reduction from the commuting-vev

flat directions [¢™, ¢"] = 0, giving the local real moduli space R0~ " /W, of
dimension (10 —d) r (3(N — 1) for 7d SU(N), 0 at d = 10), with dim G — r gauge
bosons massive at a generic point;

. place each row in its catalog with its string or M-theory setting (heterotic / type I

at 10d, the F-theory 7-brane theory at 8d with the complex transverse position
¢ = ¢® +i¢?, M-theory on ADE / G singularities at 7d with the scalar triplets
as local ALE resolution periods), knowing these are later-use pointers routed to
the construction volumes;
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8. state that there is no interacting superconformal field theory at d > 7 with sixteen
supercharges, from the Nahm classification; [¢?] < —3 < 0 separately shows
perturbative non-renormalizability, so no extremization runs here and this chapter
closes the dimensional reduction sequence.

Status and sources

The invariant trace and gauge coupling are normalized as in the displayed action.

The reduction uses the spinor and supercharge conventions of Chapter 1, the Yang—Mills
dimension [¢?] = 4 — d, and the real Coulomb branch for the indicated gauge group. Pure
nonabelian 10d SYM is used here as a classical reduction action; its standalone quantum gauge
anomaly is not removed by this calculation (Seiberg (1998, §2)).

§1.9.1 The 10d parent. The itemized 10d N' = 1 vector multiplet (A, Majorana—Weyl
gaugino), the Lagrangian (1.9.1), the counting chain 64 — 32 — 16 (1.9.3) and the on-shell
dof match D — 2 = 8 (1.9.2) against 16/2 = 8 (1.9.4) giving 8 = 8 (1.9.5), the coupling
dimension [¢°] = 4 — 10 = —6 < 0 (1.9.9)—(1.9.11) with the cutoff scale (g3,)~"/® (1.9.12)
(non-renormalizable), the corrected 11d argument (the 11d minimal spinor is Majorana, 32
real — 16 on-shell (1.9.6), against 9 polarizations (1.9.7); the minimal 11d multiplet is the
supergravity multiplet 44 + 84 = 128 = 128 (1.9.8)), and the absence of a Coulomb branch
or continuous R-symmetry at d = 10. (Brink et al. (1977) the classical 10d action and its
reduction; Gliozzi et al. (1977) the dof match; Cremmer, Julia, and Scherk (1978) the 11d
supergravity multiplet). Additional calculations include the dof counts computed from D
(polarizations D — 2, the Majorana / Weyl / on-shell halving chain 64 — 32 — 16 — 8),
[¢°] = —6 < 0, the 11d counting (32 real Majorana, 16 on-shell, 9 = D — 2, 16 # 9, and the
supergravity match 44 4+ 84 = 128 = 128, every entry computed from D = 11), no continuous
R (50(0)), no Coulomb scalar at d = 10.

§1.9.2 The reduction sequence. The zero-mode reduction on 7%~ (1.9.13)—(1.9.15), the gauge-
field split Ayr — (Ap, ¢™) (1.9.16) with the surviving gauge transformations (1.9.17) and the
scalar count 10 — d (1.9.18), the general component formulas F,p, = D,¢™, Frn = —i[¢™, ¢"]
(1.9.19), the master action split (1.9.20), the preserved bosonic dof (d —2) + (10 — d) = 8
(I.9.21); the three worked steps: 10d — 9d in full ((1.9.22)—(1.9.30): the 45 = 36 +9 + 0
component split, F,9 = D, ¢°, the action split, the coupling relation 1/g3 = 2w Ry/g3, with
[¢95] = —5, the Yukawa coupling, the fermion restriction 16 = 16 x 1), 9d — 8d ((1.9.31)—(1.9.38):
45 = 28 + 16 + 1, the first commutator Fgg and potential, the complex scalar, the Weyl-pair
split 16 = 8 + 8, [g3] = —4), and 8d — 7d ((1.9.39)—(1.9.44): 45 = 21 + 21 + 3, the three
commutator pairs, the symplectic-Majorana split 16 = 8 x 2, [g?] = —3, the assembled terminal
Lagrangian (1.9.45)); the composed torus-volume coupling relation (1.9.46); the itemized
9d/8d/7d vector multiplets; the field-content table (Table 1.9.1) and the coupling-dimension
summary [¢°] = 4 —d = —6, =5, —4, —3 (1.9.47) (Table 1.9.2, the non-renormalizability uniform
through the reductions). (Brink et al. (1977) the dimensional reduction; Seiberg (1998) the
sixteen-supercharge rows). Additional calculations include the scalar count 10 — d and the
coupling dimension 4—d computed from d for every row, the per-circle shift [g3] = [g3,1]+1, the
16 supercharges preserved (from the supercharge count in Chapter 1), the (d —2)+ (10—d) =8
identity at each row, the field-strength component splits 45 = 36+9+40 = 284+16+1 = 21+21+3
(and the identity (‘21) +d(10 — d) + (102_d) = 45 symbolically in d), the commutator-pair count
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(102_d) =0, 1, 3, the fermion splits 16 = 16 x 1 = 8 + 8 = 8 x 2 with the block dims computed

from 2L%/2) and 2110=9/2] and the reduced-Lagrangian mass-dimension homogeneity per row.

§1.9.3 R-symmetry across dimensions. The R-symmetry as the transverse rotation group
SO(10 — d) (1.9.48), the uniform representation rule (scalars in the vector of SO(10 — d),
fermions under Spin(10 — d), with Spin(2) = U(1) and Spin(3) = SU(2)) (1.9.49), the so(n)
rank/dimension formulas (1.9.50) giving the sequence so(0), so(1), so(2), so(3) of dimension
0,0,1,3 (1.9.51), the 84 SO(2) algebra and its Spin(2) cover (I.9.52) with the 1 geometric-
angle fermion charges, the 7d SO(3) — SU(2)r spinor cover (1.9.53)—(1.9.54), and the below
this range cross-check Spin(6) = SU(4) at (rank,dim) = (3,15) (1.9.55). (Seiberg (1998)
theories with sixteen supercharges in various dimensions). The rank and dimension follow from
the stated SO(10 — d) formula. the 7d so(3) = su(2) coincidence at (rank,dim) = (1, 3) with
the R-group the spinor cover SU(2); the 8d U(1)r; the so(6) = su(4) coincidence at (3,15);
the transverse spinor dims 21(1°=4/2) hehind (1.9.49).

§1.9.4 The Coulomb branch on reduction. The scalar potential with its derived coefficient
V= —ﬁ Y men Tr[@™, ™2 > 0 (1.9.56) (inherited from the master split (1.9.20); the sign
from the anti-Hermiticity of the commutator), the flat-direction / commuting-vev condition
[¢™, "] = 0 (1.9.57), the real moduli space R1O=9" /W (1.9.58) of dimension (10—d) r (1.9.59),
the generic Higgsing G — U(1)" with dim G — r massive gauge bosons (1.9.60) through the root
action (1.9.61), the real-branch type (vs the complex / hyperkéhler branches), and the worked
7d SU(N) count 3(N —1) (1.9.62) (SU(2): 3; SU(3): 6) with the explicit Cartan configuration
(1.9.63), the root eigenvalues [¢™, 0+] = +2amo+ (1.9.64), and the non-commuting rejection
[o1,02] = 2io3 (1.9.65). (Seiberg (1998) the sixteen-supercharge Coulomb branch). The worked
rows give dimensions 1, 2 and 3 for SU(2) in 9d, 8d and 7d, and dimension 6 for 7d SU(3).
The massive-boson count for SU(N) is N> — N. The trace identity Tr(CC) = —Tr(CTC)
gives zero potential on the commuting Cartan configuration and a positive value for the
noncommuting pair. The off-diagonal eigenvectors satisfy [aos, 0+] = £2ac+, while the Cartan
mode commutes.

§1.9.5 The per-dimension catalog. The per-row catalog (Table 1.9.3) of R-symmetry, content,
and engine home: 10d heterotic / type I gauge sector; 9d the one-scalar row; 8¢ U(1)r the
F-theory 7-brane gauge theory (worldvolume 8d; the complex scalar as the transverse position
(1.9.66)); 7d SU(2) r M-theory on ADE / G2-holonomy singularities (the three scalar triplets as
ALE resolution periods (1.9.67)). Sources: Vafa (1996) for the F-theory 7-brane setting; Acharya
and Gukov (2004, §5.1, pp. 40-43) the local ADE/ALE cycle, three hyperkihler parameters,
wrapped M2 enhancement, and SO(3) action; Acharya and Witten (2001) the G singular-locus
setting. The local r-cycle dictionary is the claim. The period-to-canonically-normalized-scalar
factor and global G2 resolution are outside this local geometric result.

§1.9.6 No > 7d superconformal field theory. The statement that no interacting superconformal
field theory exists in d > 7 at sixteen supercharges is imported from the Nahm classification
recalled from Chapter 1. The dimension estimate [¢?] = 4 —d < —3 in (1.9.68) separately
establishes perturbative non-renormalizability, not a theorem excluding nonperturbative fixed
points. Nahm (1978) supports the superconformal-algebra classification; Seiberg (1998, §7)
distinguishes the dimensionful 5d maximal-SYM coupling from its 6d (2,0) completion. This
is a statement-level recall: the absence follows from the Nahm classification cited in Chapter 1.
The coupling dimension is a separate calculation.

Routed (stated, not proved). Ultraviolet settings for these gauge sectors, without a
universal completion theorem for arbitrary pure SYM: the anomaly-cancelled heterotic / type I
string-plus-gravity sectors at 10d, F-theory 7-branes at 8d (worldvolume 7 4+ 1 = 8d), and
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M-theory on ADE / G2-holonomy singularities at 7d. The lower sixteen-supercharge rows
(6d (1,1), 5d N =2, 4d N' = 4) are pointed at their flavor-family chapters (Chapters 8, 7, 5)
and not developed here. All are stated and named here; their constructions live in the engine
volumes and Part III.

Further reading

The local ADE resolution-period and wrapped-M2 dictionary is in Acharya and Gukov
(2004, §5.1, pp. 40-43). Ten-dimensional super Yang—Mills and its dimensional reduction
are in Brink et al. (1977) and Scherk and Schwarz (1979); eleven-dimensional supergravity
in Cremmer, Julia, and Scherk (1978) and Cremmer and Julia (1979), with the membrane
perspective of Townsend (1995) and the Kaluza—Klein review Duff et al. (1986). The
role of these maximal theories as limits of string and M-theory dynamics is discussed
in Witten (1995), and the M-theory realization of gauge dynamics on G3 and ADE
singularities in Acharya (1999) and Atiyah and Witten (2003).

For modern viewpoints beyond flat-space component reduction, the twists of SYM in
dimensions 2 < d < 10 are classified in Elliott et al. (2022), curved-space 7d localization
is developed in Iakovidis et al. (2020), and the 7d gauge-theory description of local
G4 backgrounds is studied in Barbosa et al. (2020). The pure-spinor organization
of ten-dimensional on-shell data and its field-theory limit are reviewed in Mafra and
Schlotterer (2023).
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